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4.  Statement  of  the  Problem  Studied 


This  project  is  concerned  with  theoretical  and  experimental  studies  of  the  scattering  of 
light  from  and  its  transmission  through  randomly  rough  surfaces.  The  problems  studied 
include  the  design  of  one-dimensional  random  surfaces  that  transmit  light  in  a  specified 
fashion;  the  scattering  of  light  from  the  random  surface  of  an  amplifying  (gain)  medium 
multiple-scattering  effects  in  the  second  harmonic  generation  of  light  in  reflection  from  a 
clean  random  metal  surface  and  in  transmission  through  a  rough  metal  film  in  the 
Kretschmann  attenuated  total  reflection  geometry;  the  theoretical  study  of  the  wavelength 
dependence  of  the  reflectivity  and  total  scattered  energy  when  p-polarized  light  is 
scattered  from  a  rough  dielectric  film  deposited  on  a  metallic  substrate;  the  development 
of  a  new  perturbation  theory  of  rough  surface  scattering  in  which  the  small  parameter  is 
the  dielectric  contrast  between  the  medium  of  incidence  and  the  scattering  medium;  and 
the  investigation  of  spectral  changes  (Wolf  shifts)  obtained  from  a  real  image  of  a  point 
source. 
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5.  Scientific  Progress  and  Accomplishments 

(*The  numbers  in  brackets  refer  to  the  list  of  papers  published  under  ARO  sponsorship 
during  this  reporting  period) 

A.  Designer  Surfaces 

Optical  devices  that  give  rise  to  a  scattered  intensity  that  is  proportional  to  the  cosine  of 
the  scattering  angle  are  frequently  used  in  the  optical  industry,  e.g.  for  calibrating  scat- 
terometers.  Such  diffusers  have  the  property  that  their  radiance  or  luminance  is  the  same 
in  all  scattering  directions.  Due  to  this  angular  dependence  such  devices  are  often  referred 
to  as  Lambertian  diffusers.  In  the  visible  region  of  the  optical  spectrum  volume  disordered 
media,  e.g.  compacted  powdered  barium  sulfate  and  freshly  smoked  magnesium  oxide,  are 
used  as  Lambertian  diffusers.  However,  this  type  of  diffuser  is  inapplicable  in  the  infrared 
region  due  to  its  strong  absorption  and  the  presence  of  a  specular  component  in  the  scattered 
light,  in  this  frequency  range.  The  design  of  a  random  surface  that  acts  as  a  Lambertian 
diffuser,  especially  in  the  infrared  region  of  the  optical  spectrum,  is  therefore  a  desirable 
goal.  In  a  recent  paper  [1]  a  method  was  described  for  designing  a  one-dimensional,  random 
surface  that  acts  as  a  Lambertian  diffuser.  The  method  was  tested  using  rigorous  computer 
simulations,  and  was  shown  to  yield  the  desired  scattering  pattern. 

In  a  subsequent  paper  [2]  a  method  for  designing  a  two-dimensional  random  surface  that 
acts  as  a  Lambertian  diffuser  was  described.  The  idea  underlying  the  approach  used  in  this 
work  was  that  if  it  is  desired  to  have  a  circularly  symmetric  distribution  of  the  intensity 
of  light  scattered  from  a  two-dimensional  random  surface  when  it  is  illuminated  at  normal 
incidence,  the  surface  itself  should  be  circularly  symmetric.  Thus,  a  general  approach  to  the 
design  of  a  two-dimensional  random  surface  that  has  circular  symmetry  was  presented  in 
this  work.  A  method  of  fabricating  such  surfaces  on  photoresist  was  described.  A  longer, 
more  detailed  presentation  of  this  work  was  presented  in  Ref.  [3] . 

An  improved  method  for  designing  one-dimensional  random  surfaces  that  scatter  light 
with  a  specified  angular  dependence  of  the  intensity  of  the  scattered  light  was  presented  inn 
Ref.  [4],  A  method  for  fabricating  such  surfaces  on  photoresist  was  described.  A  longer, 
more  detailed  presentation  of  this  method  was  presented  in  Ref.  [5] . 

The  phenomenon  of  enhanced  backscattering  in  the  scattering  of  light  from  a  randomly 
rough  surface  is  the  presence  of  a  well-defined  peak  in  the  retroreflection  direction  in  the 
angular  dependence  of  the  intensity  of  the  light  scattered  diffusely  from  the  surface.  A 
striking  feature  of  this  phenomenon  is  that  it  occurs  for  any  angle  of  incidence.  Suppose, 
however,  that  one  would  like  to  have  a  random  surface  that  displays  enhanced  backscattering 
for  only  a  single,  specified,  angle  of  incidence.  Such  a  surface  could  be  useful,  for  example, 
in  situations  where  one  wishes  to  position  a  source  (and  hence  the  detector)  at  a  specified 
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direction  with  respect  to  the  site  at  which  the  scattering  surface  is  located.  In  [6]  it  was 
shown  how  a  one-dimensional  random  surface  can  be  generated  that  produces  an  enhanced 
backscattering  peak  for  only  one  specified  angle  of  incidence  when  illuminated  by  p-polarized 
light  whose  plane  of  incidence  is  perpendicular  to  the  generators  of  the  surface.  Numerical 
calculations  confirmed  this  angular  dependence  of  the  intensity  of  the  light  scattered  diffusely 
from  this  surface. 

In  a  recent  paper  [7]  a  method  was  proposed  for  designing  two-dimensional  random 
surfaces  that  scatter  light  uniformly  within  a  rectangular  region  and  produce  no  scattering 
outside  that  region.  The  method  was  first  tested  by  means  of  computer  simulations.  Then 
a  procedure  for  fabricating  such  surfaces  on  photoresist  was  described,  and  light  scattering 
measurements  with  the  fabricated  samples  were  presented.  The  results  validated  the  design 
procedure,  and  showed  that  the  fabrication  method  is  feasible. 

B.  Band-Limited  Diffusers  in  Transmission 

The  transmission  of  light  through  a  structure  consisting  of  vacuum  in  the  region  X3  > 
C(xi),  a  dielectric  film  characterized  by  a  real,  positive,  dielectric  constant  e  in  the  region 
— D  <  x\  <  C(Ti)>  and  vacuum  in  the  region  X3  <  —  D  was  studied  theoretically  [8].  The 
surface  profile  function  C(Ti)  was  assumed  to  be  a  single-valued  function  of  x±,  that  is 
differentiable,  and  constitutes  a  random  process.  This  structure  was  illuminated  from  the 
region  X3  >  C(a;i)  by  s-polarized  light  whose  plane  of  incidence  was  the  aqa^-plane.  By 
the  use  of  the  geometrical  optics  limit  of  phase  perturbation  theory  it  was  shown  how  to 
design  the  surface  profile  function  C(Ti)  in  such  a  way  that  the  mean  differential  transmission 
coefficient  has  a  prescribed  form  within  a  specified  range  of  the  angle  of  transmission,  and 
vanishes  outside  this  range.  In  particular,  the  case  in  which  the  transmitted  intensity  was 
a  constant  within  a  specified  range  of  the  angle  of  transmission  ,  and  vanished  outside  it, 
was  considered.  Rigorous  numerical  simulation  calculations  showed  that  the  transmitted 
intensity  indeed  had  this  property. 

In  a  subsequent  paper  [9]  the  same  problem  was  studied  for  a  more  general  system 
consisting  of  a  dielectric  medium  characterized  by  a  dielectric  constant  e±  in  the  region  X3  > 
H,  a  second  dielectric  medium  characterized  by  a  dielectric  constant  62  in  the  region  C(Ti)  < 
X3  <  H,  and  vacuum  in  the  region  X3  <  £(xi).  This  structure  was  illuminated  from  the 
region  X3  >  H  by  s-polarized  light  whose  plane  of  incidence  was  the  xix,3-plane.  The  surface 
profile  function  C(a;i)  was  designed  in  such  a  way  that  the  mean  differential  transmission 
coefficient  had  a  specified  form  as  a  function  of  the  angle  of  transmission.  The  particular 
case  where  the  incident  light  was  incident  normally  on  this  structure,  and  the  intensity  of 
the  transmitted  light  was  a  constant  within  a  specified  range  of  the  angle  of  transmission 
and  vanished  outside  this  range,  was  considered.  Rigorous  numerical  simulations  showed 
that  the  scattered  light  also  had  a  constant  intensity  within  a  certain  (different)  range  of  the 
scattering  angle  and  vanished  outside  this  range. 
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C.  Angular  Intensity  Correlation  Functions 

An  experimental  study  was  carried  out  of  the  angular  intensity  correlation  function  of  far-held 
speckle  patterns  scattered  in  the  double  passage  of  waves  through  a  one-dimensional  random 
phase  screen  [10].  The  theoretical  analysis  of  the  symmetry  of  speckle  patterns  around  the 
backscattering  direction,  and  the  motion  of  the  speckles  as  the  source  was  moved,  carried 
out  by  Escamilla  et  al.  [Appl.  Opt.  32,  2734  (1993)],  were  verified. 

In  two  recent  theoretical  studies  (B.  Shapiro,  Phys.  Rev.  Lett.  83,  4733  (1999),  S.  E. 
Skipetrov  and  R.  Maynard,  Phys.  Rev.  B62,  886  (2000))  of  angular  intensity  correlation 
functions  of  light  scattered  from  volume-disordered  systems,  a  new  contribution,  in  addition 
to  the  known  C/P,  C/10\  C^1,5\  and  C/P  correlations,  was  predicted.  This  new  long- 
range  correlation  function  was  labeled  the  Co  correlation  function  and,  in  contrast  with  the 
C<4),  (A10\  C^1’5),  C/P  and  C®  correlation  functions,  is  non-universal:  its  value  depends 
on  the  specific  type  of  disorder  in  the  random  medium.  It  describes  the  correlation  in  the 
immediate  vicinity  of  the  source  and/or  of  the  detector,  and  provides  information  on  the 
details  of  the  disorder  in  these  regions.  In  [11]  the  contribution  Co  to  the  normalized  angular 
intensity  correlation  function  for  the  scattering  of  p-  and  s-polarized  light  from  the  weakly 
rough  one-dimensional  random  interface  between  a  medium  characterized  by  a  dielectric 
constant  eo  (the  medium  of  incidence)  and  a  medium  characterized  by  a  dielectric  constant 
e  (the  scattering  medium)  was  determined.  It  was  shown  that  the  Co  contribution  comes 
from  the  correlations  of  the  clastic  initial  or  final  single-scattering  processes,  and  can  be  the 
leading  contribution  to  the  long-range  correlation  function  C/2/  Experimental  conditions 
under  which  the  C/P  and  C/10)  correlation  functions  vanish,  and  Co  is  much  larger  than  the 
CP-5),  C/P,  and  C®  correlations,  were  indicated.  Under  these  conditions  Co  is  the  dominant 
contribution  to  the  normalized  angular  intensity  correlation  functions.  These  conditions 
should  serve  as  a  guide  to  experimentalists  seeking  to  observe  this  new  correlation  function. 

In  subsequent  theoretical  work  [12]  two  computer  simulation  studies  of  the  speckle  cor¬ 
relations  in  the  light  scattered  from  a  volume  disordered  dielectric  medium  consisting  of  a 
random  array  of  dielectric  spheres  were  carried  out.  In  both  studies,  light  was  treated  in  the 
scalar  wave  approximation,  and  the  wavelength  of  the  light  was  assumed  to  be  much  greater 
than  the  radius  of  the  spheres.  In  one  study  the  scattering  medium  was  formed  by  placing 
the  spheres  randomly  in  space.  The  spheres  occupied  space  uniformly  under  the  provision 
that  no  two  spheres  overlap.  In  the  second  study  the  scattering  medium  was  formed  by 
placing  the  spheres  randomly  on  the  vertices  of  a  simple  cubic  lattice,  so  that  a  fixed  frac¬ 
tion  of  the  vertices  was  occupied  by  the  spheres.  The  lattice  constant  of  the  simple  cubic 
lattice  was  taken  to  be  of  the  order  of  magnitude  of  the  wavelength  of  light  in  vacuum.  In 
both  studies  the  volume  filling  fraction  was  the  same  and  the  region  outside  the  spheres  was 
vacuum.  The  equation  for  the  wave  held  was  solved  numerically  to  determine  the  scattered 
held,  and  the  result  was  used  to  calculate  the  angular  intensity  correlation  function.  Par¬ 
ticular  attention  was  paid  to  regions  of  angles  of  incidence  and  scattering  angles  in  which 
either  the  C/P  or  C/10)  contributions  dominate  the  correlation  function.  In  the  case  where 
the  dielectric  spheres  were  placed  randomly  on  the  sites  of  a  simple  cubic  lattice,  so  that  the 
resulting  system  was  periodic  on  average  rather  than  uniform,  structure  was  observed  in  the 
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C(1)  and  C(10)  contributions  that  was  caused  by  scattering  processes  involving  one  or  more 
Bragg  reflections. 

The  statistical  properties  of  the  scattering  matrix  S(q\k)  were  studied  in  the  scattering 
of  light  of  frequency  u  from  a  randomly  rough  one-dimensional  surface  whose  surface  profile 
function  constituted  a  zero-mean,  stationary,  Gaussian  random  process  [13].  This  was  done 
by  studying  the  effects  of  S(q\k)  on  the  angular  intensity  correlation  function  C(q,k\q',k') 
=  (I(q\k)I(q'\k'))  —{I(q\k)){I(q'\k')),  where  the  intensity  I{q\k)  is  defined  in  terms  of  S(q\k) 
by  I{q\k)  =  L^l{(jj /c)\S(q\k)\2 ,  with  L\  the  length  of  the  x \ -axis  covered  by  the  random 
surface.  Attention  was  focused  on  the  and  C^10-*  correlation  functions,  which  are  the 
contributions  to  C(q,  k\q\  k ')  that  are  proportional  to  S(q  —  k  —  q'  +  k')  and  S(q  —  k  +  q' •-  k'), 
respectively.  The  existence  of  both  of  these  correlation  functions  is  consistent  with  the 
amplitude  of  the  scattered  field  obeying  complex  Gaussian  statistics  in  the  limit  of  a  long 
surface  and  in  the  presence  of  weak  surface  roughness.  It  was  shown  that  the  deviation 
of  the  statistics  of  the  scattering  matrix  from  complex  circular  Gaussian  statistics  and  the 
C(10)  correlation  function  are  determined  by  exactly  the  same  statistical  moment  of  S(q\k). 
As  the  random  surface  becomes  rougher,  the  amplitude  of  the  scattered  field  no  longer 
obeys  complex  Gaussian  statistics  but  obeys  complex  circular  Gaussian  statistics  instead. 
In  this  case  the  C^10)  correlation  function  should  therefore  vanish.  This  result  is  confirmed 
by  numerical  simulation  calculations. 

D.  The  Scattering  of  Light  from  the  Random  Interface  between 
Two  Dielectric  Media  with  Low  Contrast. 

The  coherent  and  incoherent  scattering  of  p-  and  s-polarized  light  incident  from  a  dielectric 
medium  characterized  by  a  real,  positive,  dielectric  constant  eo  onto  its  one-dimensional,  ran¬ 
domly  rough,  interface  with  a  dielectric  medium  characterized  by  a  real,  positive,  dielectric 
constant  e,  has  been  calculated  by  means  of  a  perturbation  theory  with  a  new  small  param¬ 
eter,  namely  the  dielectric  constant  q  =  eo  —  e  between  the  medium  of  incidence  and  the 
scattering  medium  [14].  The  proper  self-energy  entering  the  expression  for  the  reflectivity 
was  obtained  as  an  expansion  in  powers  of  q  though  the  second  order  in  q,  and  the  reducible 
vertex  function  in  terms  of  which  the  scattering  intensity  is  expressed  was  obtained  as  an 
expansion  in  powers  of  q  through  the  fourth.  The  roughness-induced  shifts  of  the  Brew¬ 
ster  angle  (in  p-polarization)  and  of  the  critical  angle  for  total  internal  reflection  (eo  >  e) 
were  obtained.  The  angular  dependence  of  the  intensity  of  the  incoherent  component  of  the 
scattered  light  was  found  to  display  an  enhanced  backscattering  peak,  which  is  due  to  the 
coherent  interference  of  multiply-scattered  lateral  waves  supported  by  the  interface  and  their 
reciprocal  partners.  Analogues  of  the  Yoneda  peaks  observed  in  the  scattering  of  x-rays  from 
solid  surfaces  are  also  present.  The  results  of  this  small-contrast  perturbation  theory  were 
found  to  be  in  good  agreement  with  those  obtained  in  computer  simulation  studies. 
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E.  Spectral  Changes  of  Light  on  its  Scattering  from  a  Random 
Surface 

Coherence  theory  predicts  that  the  correlation  in  the  fluctuations  of  a  source  distribution  can 
cause  frequency  shifts  in  the  spectrum  of  the  emitted  radiation,  even  when  the  source  is  at 
rest  relative  to  the  observer.  Recently,  the  Wolf  effect,  or  frequency  shifts  from  a  real  image 
of  a  point  source,  was  measured  [15],  and  the  coherent  interference  effect  of  a  finite-band 
source  was  verified. 

In  a  subsequent  experimental  study  [16]  the  angular  spectrum  redistribution,  or  frequency 
shifts,  in  the  scattering  of  light  from  ID  and  2D  surfaces  illuminated  by  a  laser  source  was 
measured,  and  an  additional  verification  of  the  spectral  and  spatial  coherent  interference 
effect  of  a  finite-band  source  was  provided. 

F.  Enhanced  Backscattering  at  Grazing  Angles 

The  backscattering  signal  at  small  grazing  angles  is  very  important  for  vehicle  re-entry  and 
missile  tracking  applications.  It  is  also  useful  in  FTIR  grazing  angle  microscopy.  Recently, 
an  experimental  study  was  performed  of  the  far-field  scattering  at  small  grazing  angles, 
especially  the  enhanced  backscattering  at  grazing  angles  [17].  For  a  weakly  rough  random 
dielectric  film  on  a  reflecting  metal  substrate,  an  enhanced  backscattering  peak  that  is  higher 
than  the  background  at  its  position  by  a  factor  significantly  larger  than  two  was  observed. 

G.  Wavelength  Dependence  of  the  Light  Scattered  from  a  Dielectric 
Film  Deposited  on  a  Metal  Substrate. 

The  scattering  of  p-polarized  light  from  a  system  consisting  of  a  dielectric  film  deposited  on 
a  semi-infinite  metal  (silver)  was  studied  theoretically  with  an  emphasis  on  the  wavelength 
dependence  of  the  total  integrated  scattering  and  angle  resolved  scattering  from  this  system 
[18].  In  particular,  the  reflectivity  R( A)  and  the  total  scattered  energy  U (A)  were  determined 
as  functions  of  the  wavelength  of  the  incident  light  by  a  rigorous  numerical  simulation  ap¬ 
proach.  Both  surfaces  of  the  dielectric  film  could  be  one-dimensional  random  surfaces.  It 
was  found  that  the  total  scattered  energy  was  reduced  the  most  by  making  the  vacuum-film 
interface  rough  while  at  the  same  time  keeping  the  film-metal  interface  planar. 

H.  An  Effective  Impedance  Boundary  Condition  for  the  Coherent 
Scattering  of  Light  from  a  One-Dimensional  Randomly  Rough  Sur¬ 
face. 

As  a  continuation  of  our  studies  of  impedance  boundary  conditions  that  can  be  useful  in  the¬ 
oretical  studies  of  the  scattering  of  light  from  random  surfaces,  an  impedance  boundary  con¬ 
dition  was  derived  [19]  for  a  system  of  vacuum  separated  from  a  metal  by  a  one-dimensional 
interface  defined  by  x\  =  C(Ai)>  that  relates  the  mean  value  (L(xi\u>))  to  the  mean  value 
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(H(xi\u>)),  where  L(xi\u)  =  [dH£(x  1,  x3\u) /dx3\X3=0  (=  [dE^(x1,  x3\uj) / dx3\X3=0)  and  H(x1\u) 
=  [H^(x1,x3\u)]X3=0(=  [E2  (xi, x3|a;)]X3=o),  where  H^(x1,x3\u)  (E£(xi,x3\lu))  is  the  total 
magnetic  (electric)  held  in  the  vacuum  region  in  the  case  of  a  p-polarized  (s-polarized)  elec¬ 
tromagnetic  held  whose  plane  of  incidence  is  the  apa^-plane.  The  angle  brackets  here  denote 
an  average  over  the  ensemble  of  realizations  of  the  surface  profile  function  £(xi).  The  result 
was  used  to  calculate  the  reflectivity  of  the  metal  surface  in  both  polarizations,  and  yielded 
results  in  reasonable  agreement  with  those  obtained  by  the  use  of  phase  perturbation  theory. 

I.  Enhanced  Backscattering  of  Light  from  the  Random  Surface  of 
an  Amplifying  Medium 

An  experimental  study  was  carried  out  of  the  enhanced  backscattering  of  light  from  a  ran¬ 
domly  rough  surface  through  a  laser  dye-doped  polymer  [20].  The  sample  was  a  slice  of  a 
pyrromethene-doped  polymer  coupled  with  a  two-dimensional  rough  gold  layer  with  a  large 
slope.  When  the  sample  was  illuminated  with  an  s-polarized  He-Ne  laser  and  was  pumped 
by  a  cw  argon-ion  laser,  amplified  scattering  was  observed.  The  enhanced  backscattering 
peak  increased  sharply,  and  its  width  narrowed  for  a  sample  with  a  small  (negative)  value 
of  the  imaginary  part  of  its  dielectric  constant. 

In  a  second  experimental  study  of  the  scattering  of  light  from  the  same  system  [21],  the 
satellite  peaks  supported  by  the  scattering  structure  were  increased  as  well  as  the  enhanced 
backscattering  peak. 

In  [22]  the  scattering  of  s-polarized  light  from  a  rough  dielectric  him  deposited  on  the 
plane  surface  of  a  semi-infinite  perfect  conductor  was  investigated  by  numerical  simulations. 
The  dielectric  him  was  allowed  to  be  either  active  or  passive,  situations  that  were  modeled  by 
assigning  negative  and  positive  values,  respectively,  to  the  imaginary  part  62  of  the  dielectric 
constant  of  the  him.  The  reflectance  7 Z  and  the  total  scattered  energy  U  for  the  system 
were  studied  as  functions  of  both  62  and  the  angle  of  incidence  of  the  light.  In  addition,  the 
positions  and  widths  of  the  enhanced  backscattering  and  satellite  peaks  were  studied.  It  was 
found  that  these  peaks  become  narrower  and  higher  when  the  amplification  of  the  system  is 
increased,  and  that  their  widths  are  linear  functions  of  62-  The  position  of  the  backscattering 
peak  was  found  to  be  independent  of  62,  while  a  weak  dependence  of  the  positions  of  the 
satellite  peaks  on  62  was  found. 

J.  Multiple-Scattering  Effects  in  the  Generation  of  Second  Har¬ 
monic  Light  in  Scattering  from  or  Transmission  Through  a  Random 
Metal  Surface. 

Perturbative  calculations  of  the  second  harmonic  light  generated  in  the  transmission  of  p- 
polarized  light  through  a  thin  metal  him  with  a  one-dimensional  random  surface  in  the 
Kretschmann  attenuated  total  reflection  geometry  have  been  carried  out  [23] .  The  metal  him 
is  deposited  on  the  planar  surface  of  a  prism  through  which  the  light  is  incident.  The  back 
surface  of  the  him  is  a  one-dimensional  random  surface  whose  generators  are  perpendicular 
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to  the  plane  of  incidence.  It  is  in  contact  either  with  a  semi-infinite  vacuum  or  a  semi-infinite 
nonlinear  crystal  (quartz).  It  was  found  that  when  the  random  surface  separates  the  metal 
film  from  vacuum  so  that  the  nonlinearity  of  the  him  surfaces  gives  rise  to  the  harmonic  light, 
for  a  general  angle  of  incidence  a  dip  appears  in  the  angular  dependence  of  the  intensity  of 
the  transmitted  harmonic  light  in  the  direction  normal  to  the  mean  surface.  When  the 
second  harmonic  generation  is  due  to  the  nonlinearity  of  the  crystal  in  contact  with  the 
metal  him,  a  peak  in  the  angular  dependence  of  the  intensity  of  the  transmitted  harmonic 
light  occurs  in  this  direction.  These  dips  and  peaks  are  multiple-scattering  effects.  However, 
when  the  angle  of  incidence  is  optimal  for  the  excitation  of  surface  plasmon  polaritons  at 
the  him- vacuum /nonlinear  crystal  interface,  the  nonlinear  mixing  of  the  incident  light  and 
the  backward  propagating  surface  plasmon  polariton  leads  to  an  intense  peak  in  the  angular 
dependence  of  the  intensity  of  the  transmitted  harmonic  light  in  the  direction  normal  to  the 
mean  surface.  This  peak  is  already  present  in  the  single-scattering  approximation. 

In  [24]  a  computer  simulation  approach  was  used  to  study  the  generation  of  second 
harmonic  light  in  reflection  and  transmission  in  the  Kretschmann  attenuated  total  reflection 
geometry  in  the  case  where  the  back,  randomly  rough,  face  of  the  metal  him  was  in  contact 
with  vacuum.  The  nonlinearity  responsible  for  the  second  harmonic  generation  was  assumed 
to  arise  at  the  prism-metal  and  metal-vacuum  interfaces,  and  thus  entered  the  problem 
only  through  the  boundary  conditions  at  these  interfaces  at  the  harmonic  frequency.  The 
source  terms  entering  these  boundary  conditions  were  obtained  from  the  solutions  of  the 
corresponding  scattering  and  transmission  problems  at  the  fundamental  frequency.  It  was 
found  that  a  peak  in  the  angular  dependence  of  the  intensity  of  both  the  transmitted  and 
rehected  second  harmonic  light  occurs  in  the  directions  normal  to  the  mean  scattering  surface, 
in  addition  to  an  enhanced  backscattering  peak  in  the  retroreflection  direction.  The  enhanced 
transmission  peak  occurs  in  the  non-radiative  region,  and  therefore  cannot  be  observed  in 
the  far  field. 

K.  Surface  Electromagnetic  Waves 

In  a  recent  theoretical  study  of  the  scattering  of  a  surface  plasmon  polariton  by  a  circularly 
symmetric  protuberance  or  indentation  on  an  otherwise  planar  metal  surface  in  contact  with 
vacuum  (A.  V.  Shchegrov,  I.  V.  Novikov,  and  A.  A.  Maraudin,  Phys.  Rev.  Lett.  78, 
4269-4272  (1997)),  it  was  found  that  the  angular  dependence  of  the  intensity  of  the  volume 
electromagnetic  waves  scattered  into  the  vacuum  region  possesses  a  maximum  in  the  plane 
of  incidence  at  a  polar  scattering  angle  of  approximately  28°.  This  suggests  that  if  a  p- 
polarized  volume  electromagnetic  field  in  the  form  of  a  beam  of  finite  width  is  incident  on 
the  same  surface  defect,  the  efficiency  of  exciting  a  surface  plasmon  polariton  will  be  greatest 
for  a  polar  angle  of  incidence  close  to  28°.  To  test  this  hypothesis  the  latter  problem  was 
studied  theoretically  [25] .  The  reduced  Rayleigh  equations  for  the  amplitudes  of  the  p-  and  s- 
polarized  components  of  the  scattered  field  were  reduced  to  a  set  of  one-dimensional  integral 
equations  by  exploiting  the  circular  symmetry  of  the  surface  defect,  which  was  assumed  to 
have  a  Gaussian  form.  The  efficiency  of  exciting  surface  plasmon  polaritons  in  this  fashion 
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was  calculated  as  a  function  of  the  polar  angle  of  incidence,  and  was  found  to  be  maximal 
when  this  angle  is  close  to  28°. 

The  possibility  of  the  strong  (Anderson)  localization  of  surface  plasmon  polaritons  prop¬ 
agating  along  a  metal  surface,  a  finite  part  of  which  is  randomly  rough,  was  studied  theoret¬ 
ically  [26].  The  surface  roughness  assumed  was  such  that  the  roughness-induced  conversion 
of  a  surface  plasmon  polariton  propagating  on  it  into  volume  electromagnetic  waves  in  the 
vacuum  above  the  surface  was  suppressed.  Estimates  of  the  Anderson  localization  length  of 
the  surface  plasmon  polariton  were  obtained  analytically  and  numerically. 

By  means  of  Green’s  second  integral  identity  in  the  plane,  and  a  parameterization  of  the 
surface  profile  function,  the  dispersion  relation  for  surface  electromagnetic  waves  guided  by  a 
straight  channel  cut  into  the  otherwise  planar  surface  of  a  solid  in  contact  with  vacuum  was 
determined  numerically  [27].  The  solid  could  be  either  a  metal  or  a  dielectric  medium,  and 
was  characterized  by  an  isotropic,  real,  frequency-dependent  dielectric  function  e(cu)  that 
is  negative  in  some  range  of  frequencies.  The  resulting  propagating  bound  electromagnetic 
modes  were  named  channel  polaritons. 

L.  Left-Handed  Media 

Recently  a  physical  medium  was  fabricated  (D.  R.  Smith  et  al,  Phys.  Rev.  Lett.  84, 
4184  (2000))  in  which  both  the  effective  permittivity  e(co)  and  the  effective  permeability 
p(u)  are  negative  over  a  restricted  frequency  range.  Thus,  in  this  frequency  range,  such  a 
medium  is  “left-handed,”  and  is  characterized  by  a  negative  refractive  index.  A  left-handed 
medium  should  exhibit  unusual  phenomena  associated  with  the  propagation  and  scattering 
of  electromagnetic  waves.  Thus,  in  a  recent  paper  [28]  the  scattering  of  p-  and  s-polarized 
electromagnetic  waves  from  a  weakly  rough  one-dimensional  random  surface  of  a  left-handed 
medium  was  studied  theoretically.  It  was  assumed  that  the  surface  profile  function  was  a 
single- valued  function  of  the  coordinate  in  the  mean  plane  of  the  surface  that  is  normal  to  its 
grooves  and  ridges,  and  constitutes  a  zero-mean,  stationary,  Gaussian  random  process.  It  was 
shown  that  in  contrast  to  nonmagnetic  media  with  a  negative  dielectric  function,  the  planar 
surface  of  a  left-handed  medium  can  support  both  p-  and  s-polarized  surface  electromagnetic 
waves.  The  reflectivity  of  such  a  surface  as  a  function  of  the  angle  of  incidence  displays 
structure  associated  with  the  existence  of  a  Brewster  angle  and  a  critical  angle  for  total 
internal  reflection  in  both  polarizations.  The  angular  distribution  of  the  intensity  of  the 
light  that  has  been  scattered  incoherently  displays  an  enhanced  backscattering  peak,  and 
Yoneda  bands,  for  both  polarizations  of  the  incident  light. 

M.  Review  Articles. 

During  the  reporting  period  four  major  review  articles  were  written  . 

The  Erst  [29]  was  devoted  to  a  survey  of  recent  theoretical  work  on  multiple-scattering 
phenomena  in  the  scattering  of  light  from  randomly  rough  surfaces.  The  phenomena  dis¬ 
cussed  were  enhanced  backscattering,  enhanced  transmission,  satellite  peaks,  changes  in  the 


spectrum  of  light  scattered  from  a  random  surface,  and  the  design  of  random  surfaces  that 
scatter  light  uniformly  within  a  specified  range  of  scattering  angles  and  produce  no  scattering 
outside  this  range. 

The  second  article  [30]  was  devoted  to  a  survey  of  recent  theoretical  work  on  multiple- 
scattering  effects  in  the  second  harmonic  light  generated  at  clean,  randomly  rough,  one¬ 
dimensional  metal  surfaces.  Both  weakly  rough  and  strongly  corrugated  surfaces  were  consid¬ 
ered,  and  comparisons  between  theoretical  and  existing  experimental  results  were  presented. 
The  agreement  was  quite  good. 

A  more  extensive  treatment  of  this  problem  in  which  second  harmonic  generation  in  the 
Kretschmann  attenuated  total  reflection  geometry  was  also  studied,  was  presented  in  the 
third  review  article  [31]. 

The  fourth  article  [31]  dealt  with  theoretical  and  experimental  aspects  of  the  scattering 
of  light  from  randomly  rough  surfaces  and  from  random  phase  screens. 
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Abstract 

We  describe  a  method  for  designing  a  one-dimensional  random  surface  that 
acts  as  a  Lambertian  diffuser.  The  method  is  tested  using  rigorous  computer 
simulations  and  is  shown  to  yield  the  desired  scattering  pattern. 


Optical  devices  that  give  rise  to  a  scattered  intensity  that  is  proportional  to  the  cosine 
of  the  scattering  angle  are  frequently  used  in  the  optical  industry,  e.g.  for  calibrating 
scatterometers  [  1  ] .  Such  diffusers  have  the  property  that  their  radiance  or  luminance  is  the  same 
in  all  scattering  directions.  Due  to  this  angular  dependence  such  devices  are  often  referred 
to  as  Lambertian  diffusers.  In  the  visible  region  of  the  optical  spectrum  volume  disordered 
media,  e.g.  compacted  powdered  barium  sulfate,  and  freshly  smoked  magnesium  oxide  [2]  are 
used  as  Lambertian  diffusers.  However,  this  type  of  diffuser  is  inapplicable  in  the  infrared 
region  due  to  its  strong  absorption  and  the  presence  of  a  specular  component  in  the  scattered 
light,  in  this  frequency  range. 

The  design  of  a  random  surface  that  acts  as  a  Lambertian  diffuser,  especially  in  the  infrared 
region  of  the  optical  spectrum,  is  therefore  a  desirable  goal,  and  one  that  has  been  regarded 
as  difficult  to  achieve  [3].  In  this  paper  we  present  a  solution  to  this  problem  that  is  based 
on  an  approach  used  in  several  recent  papers  to  design  one-dimensional  random  surfaces  with 
specified  scattering  properties  [4-6],  and  to  fabricate  them  in  the  laboratory  [5,7].  The  design 
of  a  two-dimensional  random  surface  that  acts  as  a  Lambertian  diffuser  will  be  described 
elsewhere  [8]. 

To  motivate  the  calculations  that  follow  we  begin  by  considering  the  scattering  of  s- 
polarized  light  of  frequency  o>  from  a  one-dimensional,  randomly  rough,  perfectly  conducting 
surface  defined  by  x 3  =  £(xi).  The  region  X3  >  £(xi)  is  vacuum,  the  region  *3  <  t;(x  1)  is 
the  perfect  conductor  (figure  1).  The  plane  of  incidence  is  the  X1X3 -plane.  The  surface  profile 
function  £(xi)  is  assumed  to  be  a  single-valued  function  of  X\  that  is  differentiable,  and  to 
constitute  a  random  process. 
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The  mean  differential  reflection  coefficient  ( 8R/d6s },  where  the  angle  brackets  denote 
an  average  over  the  ensemble  of  realizations  of  the  surface  profile  function,  is  defined  such 
that  { dR/86s )  d0s  is  the  fraction  of  the  total  time-averaged  flux  incident  on  the  surface  that  is 
scattered  into  the  angular  interval  (0S ,  0S  +  d 9S)  in  the  limit  as  d0s  —>  0.  In  the  geometrical 
optics  limit  of  the  Kirchhoff  approximation  it  is  given  by  [5] 


I3R\ 

,  1  w  1 

"  1  +  cos(0o  +  osy 

7: 

\  99s  1 

L  i  2tx  c  cos 

COS  00  +  COS  0J 

d.v 


£ 


d u  exp[i(g  —  k)u] 


x  (exp[iflMt;'(xi)]>.  (1) 

In  this  expression  L\  is  the  length  of  the  x\ -axis  covered  by  the  random  surface,  0q  and 
Bs  are  the  angles  of  incidence  and  scattering,  respectively,  a  =  (&>/c)(cos0o  +  cos  0S),  and 
q  —  ( a>/c )  sin0s,  k  —  ( co/c )  sin0o.  In  the  following,  we  will  restrict  ourselves  to  the  case  of 
normal  incidence  (9q  =  0°),  in  which  case  equation  (1)  simplifies  to 


dR 


1  co 
L\  2nc 


/OO  PC 

dxi  / 

-OO  J  —  C 


Au  expigi^expliflM^'^i)]) 
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where  a  is  now  given  by  a  —  (co/c){  1  +  cos  6S). 

We  wish  to  find  a  surface  profile  function  C,  (x  \ )  for  which  the  mean  differential  reflection 
coefficient  has  the  form 


dR 


1 

=  -  cos  ( 
2 


(3) 


To  this  end  we  write  £  (xi)  in  the  form  [5] 

OO 

£(*i)  =  Q  s(x\  -  £2b). 


l=—o O 


(4) 
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Here  the  C(  are  independent,  positive,  random  deviates,  b  is  a  characteristic  length,  and  the 
function  s(.ri)  is  defined  by  [5] 


ro 


s(xi) 


i  //;  +  1  )bh  —  hx  i 
—bh 

—  (m  +  1  )bh  +  hx  i 

0 


X\  ^  —  (/«  +  1  )b 

—  (m  +  1  )b  ^  xi  ^  —mb 
—mb  Sj  i  sC  mb 
mb  ^  x\  ^  (m  +  1  )b 
(m  +  \)b  ^  x\ 


(5) 


where  m  is  a  positive  integer.  Such  trapezoidal  grooves  can  be  generated  experimentally  [5,7]. 

Since  the  q  are  positive  random  deviates,  their  probability  density  function  (PDF) 
f(y)  —  (8(y  —  q))  is  non-zero  only  for  positive  values  of  y. 

It  has  been  shown  [5]  that  when  the  surface  profile  function  is  given  by  equations  (4) 
and  (5),  the  expression  (2)  for  the  mean  differential  reflection  coefficient  becomes 
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J  '  h 
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Thus,  we  find  that  in  the  geometrical  optics  limit  of  the  Kirchhoff  approximation  the  mean 
differential  reflection  coefficient  is  determined  by  the  PDF  of  the  coefficients  c;(;  entering  the 
expansion  (4),  and  is  independent  of  the  wavelength  of  the  incident  light.  If  we  make  the 
change  of  variable  tan(0J/2)  =  yh,  0  ^  yh  ^  1,  so  that  2  cos  6S  —  2(1  —  y2h2)/{\  +  y2h2), 
on  combining  equations  (3)  and  (6)  we  find  that  the  equation  determining  f{y)  is 

1  -  y2h2 


f(-y )  +  f(y )  =  2h 


(1  +  y2h2)2' 


(7) 


It  follows  that 


f(y)  =  2 h 


1  -  y2h2 
(1  +  y2h2)2 


0(y). 


(8) 


The  preceding  results  were  obtained  in  the  geometrical  optics  limit  of  the  Kirchhoff 
approximation  for  a  perfectly  conducting  surface.  However,  our  earlier  experience  in  designing 
surfaces  with  specified  scattering  properties  [4-6]  shows  that  when  a  surface  designed  on 
the  basis  of  these  assumptions  is  ruled  on  a  lossy  metal,  the  results  of  rigorous  scattering 
calculations  show  that  the  resulting  scattering  pattern  retains  the  form  prescribed  in  the 
approximate,  single-scattering  calculations.  We  now  demonstrate  that  such  a  result  is  obtained 
in  the  context  of  the  present  problem. 

From  the  form  of  f(y)  given  in  equation  (8)  a  long  sequence  of  ci  was  generated  by 
applying  the  rej  ection  method  [9] ,  and  the  resulting  surface  profile  function  £  (x  i )  was  generated 
using  equations  (4)  and  (5).  We  found  from  numerical  experiments  that  in  order  to  have 
a  surface  that  acts  as  a  Lambertian  diffuser  in  reflection  the  parameter  b  had  to  be  large. 
Physically,  this  means  that  the  grooves  ^(x\)  have  to  be  wide. 

In  figure  2  we  present  the  results  of  rigorous  numerical  Monte  Carlo  simulations  [10] 
for  the  angular  dependence  of  the  mean  differential  reflection  coefficient  (3 R/d6s)  for  s- 
polarized  incident  light  of  wavelength  X  —  612.7  nm  scattered  from  a  randomly  rough  silver 
surface  of  the  type  described  above  (noisy  curve).  The  value  of  the  dielectric  constant  of 
silver  at  this  wavelength  is  e(co)  —  —17.2  +  i0.5.  The  surface  was  characterized  by  the 
parameters  b  =  80/.  =  49  /irn,  h  —  0.2  and  m  —  1,  and  its  length  used  in  the  simulation 
was  L\  —  1641  =100  //m.  Furthermore,  the  plot  in  figure  2  was  obtained  by  averaging  the 
results  for  Nc  =  35  000  realizations  of  the  surface  profile  function  C  (x  \ ) .  Such  a  large  number 
of  surface  realizations  was  needed  in  order  to  reduce  the  noise  level  sufficiently.  The  reason 
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0S  (deg.) 


Figure  2.  The  noisy  curve  is  (dR/d8s)  calculated  by  a  numerical  simulation  approach  for  a  random 
silver  surface  defined  by  equations  (4)  and  (5)  with  b  =  803.,  h  =  0.2,  m  =  1,  and  the  PDF  (8), 
when  s-polarized  light  of  wavelength  X  =  612.7  nrn  ( f  ( co)  =  —17.2  +  i0.5)  is  incident  normally 
on  it.  The  upper  full  curve  is  ( dR/dds )  given  by  equation  (3).  The  lower  full  curve  is  the  error  in 
the  calculated  mean  differential  reflection  coefficient  as  measured  by  its  standard  deviation. 

(This  figure  is  in  colour  only  in  the  electronic  version) 


for  the  slow  convergence  of  the  mean  DRC  with  increasing  N ^  we  believe  is  due  to  the  large 
value  of  b  used  in  the  simulations.  Without  compromising  the  spatial  discretization  used  in 
the  numerical  calculation  (Aat  =  0.1641)  needed  in  order  to  resolve  the  oscillations  of  the 
incident  field,  only  a  few  grooves  s(xi)  could  be  included  for  each  realization  in  the  sum  (4) 
defining  the  surface. 

The  lower  smooth  curve  represents  an  estimate  of  the  error  in  the  calculated  (dR/dOs)  due 
to  the  use  of  a  finite  number  of  surface  realizations  for  its  calculation.  This  error  is  obtained 
as  the  standard  deviation  of  the  mean  differential  reflection  coefficient  (see  [10]  for  details). 

The  upper  smooth  full  curve  in  figure  2  represents  the  geometrical  optics  limit  of  the 
Kirchhoff  approximation,  equation  (3).  As  can  be  readily  observed  from  this  figure,  the 
agreement  between  the  geometrical  optics  limit  of  the  Kirchhoff  approximation  for  a  random 
perfectly  conducting  surface  and  the  result  of  rigorous  numerical  simulations  for  a  real  random 
silver  surface  is  excellent  within  the  noise  level.  This  is  indeed  the  case  for  all  scattering  angles 
6S ,  which  we  find  somewhat  surprising,  since  one  might  have  expected  the  geometrical  optics 
approximation  to  break  down  for  the  largest  scattering  angles.  That  this  is  not  observed  in 
our  simulation  results  is  probably  an  indication  that  multiple  scattering  processes  are  of  minor 
importance  in  the  scattering  taking  place  at  the  random  surface  even  for  the  largest  scattering 
angles. 

Simulations  (results  not  shown)  were  also  performed  where  the  wavelength  of  the  incident 
light  was  changed  by  plus  and  minus  10%  from  its  original  value  of  k  —  612.7  nm.  Such 
changes  did  not  affect  the  Lambertian  nature  of  the  scattered  light  in  any  significant  way. 
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This  weak  wavelength  sensitivity  is  consistent  with  our  earlier  experience  in  designing  surfaces 
with  specified  scattering  properties  [4-6].  Surfaces  generated  on  the  basis  of  different  b 
parameters  have  also  been  considered.  We  found  that  the  scattered  intensity  showed  little 
sensitivity  to  this  parameter  as  long  as  it  is  large. 
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Optical  diffusers  that  produce  a  scattered  intensity 
proportional  to  the  cosine  of  the  polar  scattering 
angle  are  frequently  used  in  the  optical  industry,  e.g., 
for  calibrating  scatterometers.1  Such  diffusers  have 
the  property  that  their  radiance  or  luminance  is  the 
same  in  all  scattering  directions.  For  this  reason 
they  are  often  referred  to  as  Lambertian  diffusers. 
In  the  visible  region  of  the  optical  spectrum  volume- 
disordered  media,  such  as  compacted  powdered  bar¬ 
ium  sulfate  and  freshly  smoked  magnesium  oxide,2 
are  used  as  Lambertian  diffusers.  However,  this 
type  of  diffuser  is  inapplicable  in  the  medium-  or 
far-infrared  regions  because  of  its  strong  absorption 
and  the  presence  of  a  specular  peak  in  the  scattered 
light.  A  different  realization  of  such  a  diffuser  is 
therefore  required. 

The  design  of  a  two-dimensional  random  surface 
that  acts  as  a  Lambertian  diffuser,  especially  in  the 
medium-  or  far-infrared  region  of  the  optical  spectrum, 
is  therefore  a  desirable  goal.  In  this  Letter  we  propose 
a  method  for  designing  a  two-dimensional  randomly 
rough  Dirichlet  surface  that,  when  it  is  illuminated 
at  normal  incidence  by  a  scalar  plane  wave,  scatters 
the  wave  with  a  prescribed  circularly  symmetric  dis¬ 
tribution  of  intensity.  We  illustrate  this  method  by 
applying  it  to  the  design  of  a  surface  that  acts  as  an 
achromatic  Lambertian  diffuser. 

The  physical  system  that  we  consider  consists  of  vac¬ 
uum  in  the  region  X3  >  £(x||),  where  X||  =  {x\,  X2,  0)  is 
a  position  vector  in  the  plane  X3  =  0,  and  the  scattering 
medium  in  the  region  X3  <  £(x||).  The  surface  profile 
function  £(x||)  is  assumed  to  be  a  single-valued  function 
of  X||  that  is  differentiable  with  respect  to  x\  and  _t'2  and 
constitutes  a  random  process.  The  surface  X3  =  £(x||) 
is  illuminated  at  normal  incidence  by  a  scalar  plane 
wave  of  frequency  co ,  and  the  Dirichlet  boundary  con¬ 
dition  is  satisfied  on  it. 

The  mean  differential  reflection  coefficient 
(8R / 3fls),  where  the  angle  brackets  denote  an  average 
over  the  ensemble  of  realizations  of  the  surface  profile 
function,  is  defined  such  that  (3i?/3Ds)dDs  is  the 


fraction  of  the  total  time-averaged  incident  flux  that 
is  scattered  into  the  element  of  solid  angle  dHs  about  a 
given  scattering  direction.  In  the  geometrical  optics 
limit  of  the  Kirchhoff  approximation  the  coefficient  is 
given  by 


dR  \  =  1  /  to  \2 
3fL  /  S  \2ttc 


J  d2u\\  exp(-iqN  ■  uM) 


X  J  d2x||(exp[iau||  •  V£(xN)]>,  (1) 


where  S  is  the  area  of  the  X1X2  plane  covered 
by  the  random  surface,  qn  =  («/c)sin  0s(cos  (f>s, 
sin  <l>s,  0),  ( 9S ,  4>s)  are  the  polar  and  azimuthal  angles 
of  scattering,  and  a  =  {co/c)(  1  +  cos  6S). 

The  idea  underlying  our  approach  to  the  design  of 
a  two-dimensional  random  surface  that  scatters  in  a 
circularly  symmetric  fashion  a  scalar  plane  wave  that 
is  normally  incident  on  it  is  that  the  surface  itself 
should  have  circular  symmetry.  Consequently,  we  as¬ 
sume  that  the  surface  profile  function  £(x||)  is  a  func¬ 
tion  of  the  radial  coordinate  r  =  |x|||  alone,  ^(x||)  = 
H(r ),  and  we  choose  H(r)  to  have  the  form 


H(r)  =  anr  +  bn  ,  11b  £  r  s  (n  +  1)6  , 

n  =  0,1,2,...,  (2) 

where  {a„}  are  independent  identically  distributed  ran¬ 
dom  deviates,  b  is  a  characteristic  length,  and  {bn}  are 
determined  in  such  a  way  as  to  make  H(r)  a  continu¬ 
ous  function  of  r: 


bn  =  b0  +  (c0  +  ai  +  •  •  •  +  a„_i  -  nan)b , 

n>  1 .  (3) 

We  seek  the  probability  density  function  (pdf)  of 
a„,  f(y)  =  (S{y  -  an )),  such  that  the  surface  profile 
defined  by  Eqs.  (2)  and  (3)  yields  a  mean  differential 
reflection  coefficient  of  a  prescribed  form.  The  av¬ 
erage  over  the  ensemble  of  realizations  of  the  surface 
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profile  function  in  the  definition  of  f(y)  is  equivalent 
to  an  average  over  the  ensemble  of  realizations  of  {an} 
and  the  independence  of  fa,,},  and  the  fact  that  they 
are  identically  distributed  has  the  consequence  that 
this  pdf  is  independent  of  n. 

For  the  form  of  the  surface  profile  function  that  we 
have  chosen,  Eq.  (1)  becomes 


If  we  make  the  change  of  variable  y  =  q \\/a  = 
tan(  0s/2),  we  find  that  f(y)  is  given  by 

v-0-  «> 

We  seek  to  design  a  surface  that  acts  as  a  Lamber¬ 
tian  diffuser,  for  which 


/  BR  \  i 

y%“'' 


o  <  es  <  77/2. 


We  find  from  Eq.  (5)  that 


fW  = 8  yl) 3 e d  -  r)*(r)  ’ 


(6) 


(7) 


where  6{z)  is  the  Heaviside  unit  step  function.  From 
the  result  given  by  Eq.  (7),  a  long  sequence  of  {«„}  is 
obtained,  e.g.,  by  the  rejection  method,3  and  the  sur¬ 
face  profile  function  H (r)  is  constructed  on  the  basis  of 
Eqs.  (2)  and  (3). 

Because  rigorous  calculations  of  scattering  from 
two-dimensional  random  surfaces  are  time  consuming, 
we  illustrate  this  approach  to  the  design  of  random 
surfaces  that  scatter  light  in  a  circularly  symmetric 
fashion  by  performing  the  calculations  of  the  mean 
differential  reflection  coefficient  in  the  Kirchhoff 
approximation.  In  this  approximation  we  have  that 


where 


N-l 

Kqn)  =  273-  ^  exp {-iabn) 

n=0 

r  ( n+l)b 

X  /  drrJ0(q\\r)exp(-iaanr) ,  (9) 

J  nb 

Jo{z)  is  a  Bessel  function,  a  =  {co/c){  1  +  cos  6S),  q\\  = 
(w/c)  sin  6S,  and  the  area  S  is  S  =  Tr(Nb)2.  A  large 
number  Np  of  realizations  of  the  random  surface  is 
now  generated,  and  for  each  realization  |r(q||)|2  is  cal¬ 
culated.  The  Np  results  for  |r(qn)|2  that  are  obtained 
are  summed,  and  we  then  divide  the  sum  by  Np  to 
yield  the  average  indicated  in  Eq.  (8).  The  average 
<|r(qn)|2)  must  increase  quadratically  with  N  to  pro¬ 
duce  a  mean  differential  reflection  coefficient  that  is 
independent  of  N.  This  is  indeed  found  to  be  the  case 
for  the  example  studied. 


In  Fig.  1  we  plot  a  segment  of  one  realization  of  the 
surface  profile  function  H  (r)  and  its  derivative  calcu¬ 
lated  by  the  approach  proposed  here.  The  parameters 
used  in  generating  these  functions  were  b  =  200 A  and 
b 0  =  0.  Because  of  the  form  of  f(y)  given  by  Eq.  (7), 
each  slope  an  is  positive,  and  as  a  result  H(r)  increases 
monotonically  with  increasing  r.  The  average  slope  of 
the  surface  is  (an)  =  0.4292,  independently  of  n,  with 
a  standard  deviation  of  0.2078. 

A  plot  of  (dR / dfls)  as  a  function  of  6S,  calculated  for 
the  parameters  used  in  obtaining  the  surface  profile 
function  plotted  in  Fig.  1,  is  presented  in  Fig.  2.  The 
results  obtained  for  Np  =  15,000  realizations  of 
the  surface  profile  function  were  used  in  obtaining  the 
average  in  Eq.  (8).  The  random  surface  generated 
by  our  approach  is  seen  to  act  as  a  Lambertian 
diffuser:  The  mean  differential  reflection  coefficient 
follows  the  cosine  law  Eq.  (6)  very  closely. 


r/X 


Fig.  1.  Segment  of  a  single  realization  of  (a)  a  numerically 
generated  surface  profile  function  H(r)  and  (b)  its  deriva¬ 
tive  for  a  two-dimensional  surface  that  acts  as  a  Lamber¬ 
tian  diffuser.  The  parameters  are  b  =  200A  and  b0  =  0. 


Fig.  2.  Mean  differential  reflection  coefficient  for  scatter¬ 
ing  from  a  two-dimensional  Lambertian  diffuser  estimated 
from  Np  =  15,000  realizations  of  the  surface  profile  func¬ 
tion  for  normal  incidence.  The  parameters  are  b  =  200A, 
b0  =  0,  and  N  =  200.  The  dashed  curve  is  a  plot  of  the 
function  given  by  Eq.  (6). 


74 


OPTICS  LETTERS  /  Vol.  28,  No.  2  /  January  15,  2003 


iX2 


incoherent 

illumination 

Fig.  3.  Schematic  diagram  of  the  setup  proposed  for  the 
fabrication  of  a  circularly  symmetric  random  surface. 

Several  comments  need  to  be  made  concerning  the 
calculations  that  led  to  Fig.  2.  If  the  coefficients  {an} 
are  obtained  by  a  straightforward  application  of  the 
rejection  method  to  the  pdf  f(y)  given  by  Eq.  (7),  a 
fraction  of  the  surfaces  that  are  generated  possess 
regions  in  which  several  consecutive  an  are  very  small 
(<10~2).  The  presence  of  such  practically  horizontal 
regions  on  the  surface  gives  rise  to  a  peak  in  the  mean 
differential  reflection  coefficient  in  the  immediate 
vicinity  of  the  specular  direction  6S  =  0°.  To  eliminate 
this  peak,  as  a  particular  realization  of  the  function 
H(r)  was  being  generated,  we  calculated  the  corre¬ 
sponding  differential  reflection  coefficient  at  6S  =  0°, 
and  if  its  value  exceeded  2  max(3.R/3fls)  that  surface 
was  discarded.  Although  this  procedure  alters  the 
statistics  of  the  resulting  surface  from  the  statistics 
defined  by  the  pdf  f{ y),  the  altered  statistics  produce  a 
surface  with  the  desired  scattering  properties  and  can 
be  used  in  fabricating  surfaces  with  these  properties. 
The  coherent  interference  of  waves  scattered  from 
symmetric  regions  of  the  surface  also  contributes  a 
peak  in  the  specular  direction.  We  can  eliminate  this 
contribution  by  making  the  surface  large  enough.  In 
addition,  a  fraction  of  the  surfaces  generated  possess 
regions  in  which  several  consecutive  an  are  almost 
equal  to  unity.  The  presence  of  such  regions  on  the 
surface  gives  rise  to  a  peak  in  the  immediate  vicinity 
of  the  grazing  directional.  This  peak,  however,  can 
also  be  eliminated  by  use  of  larger  surfaces. 

The  form  of  f( y)  given  by  Eq.  (7)  allows  some  seg¬ 
ments  of  the  surface  to  have  large  enough  slopes  that 
when  they  are  illuminated  at  normal  incidence  they 
give  rise  to  scattered  rays  that,  because  of  the  coni¬ 
cal  bowl  shape  of  the  surface,  strike  the  surface  a  sec¬ 
ond  time  before  being  reflected  back  into  the  vacuum 
region.  Such  double-scattering  processes,  which  are 
not  captured  by  the  Kirchhoff  approximation,  shadow 
grazing-angle  scattering  and  in  principle  should  cause 
the  mean  differential  reflection  coefficient  to  depart 
from  the  desired  Lambertian  form  by  decreasing  more 


rapidly  to  zero  as  the  scattering  angle  ds  approaches 
90°.  However,  estimates  of  the  double-scattering  con¬ 
tribution  to  (dR/d Os),  to  be  described  in  the  future, 
show  that  this  departure  is  negligibly  small. 

Surfaces  of  the  type  considered  here  can  be  fabri¬ 
cated  on  photoresist  in  the  following  way:  Consider 
the  function  h{p)  that  constitutes  a  single  realization  of 
the  random  process  constructed  according  to  Eqs.  (2), 
(3),  and  (7)  and  satisfies  the  requirement  that  the  cor¬ 
responding  differential  reflection  coefficient  at  ds  =  0° 
does  not  exceed  2  max(SR/dfls).  We  define  the  func¬ 
tion  8h{p)  =  —  Kh(p )  that,  with  an  appropriate  choice 
of  the  constant  k,  can  be  interpreted  as  an  angle.  A 
disk-shaped  mask  is  then  constructed,  whose  transpar¬ 
ent  section  is  defined  by  the  condition  8h{p)  <  0  <  0g, 
where  0g  is  a  constant  greater  than  [6  hip  )]max- 

A  well-corrected  optical  system  forms  a  demagnified 
image  of  the  mask  on  a  photoresist-coated  plate,  as 
shown  in  Fig.  3.  The  rotating  photoresist  plate  is  ex¬ 
posed  for  a  time  Te,  during  which  it  executes  a  large  in¬ 
teger  number  of  revolutions.  The  total  exposure  of  the 
plate  will  then  be  circularly  symmetric,  with  a  radial 
dependence  of  the  form  E(r )  =  KTe[6g  - 
where  dff(r)  is  a  scaled  version  of  the  function  dhip), 
and  A  is  a  constant  related  to  the  sensitivity  of  the 
photoresist  and  the  intensity  of  the  illumination.  The 
exposure  of  the  plate  can  be  put  in  the  final  form 
E(r)  =  E o  +  aH(r),  where  Eq  and  a  are  constants 
that  one  can  adjust  by  varying  the  shape  of  the  mask 
and  the  exposure  time.  Assuming  that  the  relation 
between  exposure  and  resulting  height  on  the  plate  is 
linear,  the  developed  surface  will  have  the  desired 
properties.  Moreover,  the  characterized  nonlinear¬ 
ities  of  the  photoresist  response  can  be  taken  into 
account  by  prescribed  deformations  of  the  mask  in 
Fig.  3. 

In  conclusion,  we  have  proposed  a  method  for  gen¬ 
erating  a  two-dimensional  random  surface  that,  when 
it  is  illuminated  at  normal  incidence  by  a  scalar  plane 
wave,  scatters  the  wave  with  a  circularly  symmetric 
distribution  of  intensity.  We  illustrated  this  method 
by  designing  a  surface  that  acts  as  a  Lambertian  dif¬ 
fuser.  We  validated  this  method  by  computer  simula¬ 
tions  and  described  a  procedure  for  fabricating  such 
surfaces  on  photoresist. 
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ABSTRACT 

We  propose  a  method  for  designing  a  two-dimensional  random  Dirichlet  surface  which,  when  illuminated  nor¬ 
mally  by  a  scalar  plane  wave,  scatters  it  with  a  prescribed  circularly  symmetric  distribution  of  intensity.  The 
method  is  applied  to  the  design  of  a  surface  that  scatters  light  uniformly  within  a  circular  region  and  produces 
no  scattering  outside  that  region,  and  a  surface  that  acts  as  a  Lambertian  diffuser.  The  method  is  tested  by 
computer  simulations,  and  a  procedure  for  fabricating  such  surfaces  on  photoresist  is  described. 

Keywords:  random  surfaces,  scattering,  band-limited  uniform  diffusers,  Lambertian  diffusers,  Kirchhoff  ap¬ 
proximation 

In  several  recent  articles  the  present  authors  and  their  colleagues  have  addressed  the  question  of  how  to 
design  random  surfaces  that  scatter1-5  or  transmit6, 7  light  in  a  specified  manner.  The  majority  of  these  studies 
have  dealt  with  one-dimensional  random  surfaces.1-7  The  only  study  of  two-dimensional  random  surfaces  in  this 
context  dealt  with  surfaces  that  scatter  light  uniformly  within  a  rectangular  region  and  produce  no  scattering 
outside  this  region.8  Such  surfaces  are  called  band-limited  uniform  diffusers,  and  can  be  useful  in  projection 
systems  where  one  wishes  to  illuminate  a  screen  uniformly,  but  does  not  wish  to  waste  light  by  illuminating 
outside  the  boundaries  of  the  screen. 

It  seems  desirable  to  extend  such  calculations  to  the  design  of  two-dimensional  random  surfaces  that  produce 
a  more  general  specified  angular  distribution  of  the  intensity  of  the  light  scattered  from  them  in  more  general 
regions  of  scattering  angles.  Thus,  in  this  paper  we  propose  a  method  for  designing  a  two-dimensional  randomly 
rough  Dirichlet  surface  which,  when  illuminated  at  normal  incidence  by  a  scalar  plane  wave,  scatters  it  with  a 
prescribed  circularly  symmetric  distribution  of  intensity.  This  method  differs  from  the  one  employed  in  Refs.  1-8, 
and  is  simpler  to  implement  than  the  latter,  both  theoretically  and  experimentally.  We  illustrate  it  by  applying 
it  to  the  design  of  a  two-dimensional  random  surface  that  scatters  a  scalar  plane  wave  with  a  uniform  intensity 
within  a  circular  region  and  produces  no  scattering  outside  this  region  (a  band-limited  uniform  diffuser),  and 
one  that  acts  as  a  Lambertian  diffuser.  We  validate  the  results  obtained  by  computer  simulations,  and  describe 
a  procedure  for  fabricating  such  surfaces  on  photoresist. 

The  physical  system  we  consider  in  this  work  consists  of  vacuum  in  the  region  x%  >  C(x||)i  where  xy  = 
(xi  0)  is  a  position  vector  in  the  plane  X3  =  0,  and  the  scattering  medium  in  the  region  X3  <  C(x||)-  The 
surface  profile  function  C(x||)  is  assumed  to  be  a  single-valued  function  of  xy,  that  is  differentiable  with  respect 
to  x\  and  ;ro,  and  constitutes  a  random  process,  but  not  necessarily  a  stationary  one. 

The  surface  X3  =  C(x||)  is  illuminated  from  the  vacuum  side  by  a  scalar  plane  wave,  =  U(x| w);„c 

exp(—  iwt),  where 

f  (x\u))inc  =  exp[— -iky  •  xy  -  ia0(k\i)x3].  (1) 
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In  this  expression  ky  =  (ki,k2,0)  is  a  two-dimensional  wave  vector,  and  ao(k\\)  =  [(cc/c)2  —  fcj j]  = ,  with 

i?edo(fc||)  >  0,  Imao{k\\)  >  0.  The  scattered  field  in  the  far  field,  ip(x,t)sc  =  ^i(ic\uj)sc exp(—  iwt),  is  a  su¬ 
perposition  of  outgoing  waves, 


(2) 


in  the  region  x2  >  C(xy)maa..  the  total  field  in  the  vacuum  region  is  assumed  to  satisfy  the  Dirichlet  boundary 
condition 


['■(x. /),„£+  r(x./).„y/  ^  Cjx  .  =  0 


(3) 


on  the  surface  xz  =  £(xy). 

The  differential  reflection  dR/dfls  is  defined  in  such  a  way  that  8R/dflsdfls  is  the  fraction  of  the  total  time- 
averaged  incident  flux  that  is  scattered  into  the  element  of  solid  angle  dfls  about  a  given  scattering  direction. 
It  is  given  in  terms  of  the  scattering  amplitude 


OR 

dfls 


1 

S 


cos2  0S 
cos  8q 


l^(qn|kn)|2. 


(4) 


where  S  is  the  area  of  the  plane  xz  =  0  covered  by  the  random  surface.  In  this  expression  the  wave  vectors 
qy  and  ky  must  be  expressed  in  terms  of  the  polar  and  azimuthal  angles  of  scattering  (9s,<ps)  and  incidence 
{9s,(f> o),  respectively,  according  to 


qy  =  {oj/c)  sin  #s (cos  <j)s,  shuf>s,  0)  (5a) 

ky  =  (w/c)  sin 9q( cos <po ,  sin <p0 , 0) ,  (5b) 


As  we  are  concerned  with  the  scattering  of  a  wave  from  a  random  surface,  it  is  the  mean  differential  reflection 
coefficient  that  we  must  calculate.  It  is  given  by 


cos2  9S 
cos  9q 


<l^(qii|k|i)|2}. 


(6) 


where  the  angle  brackets  denote  an  average  over  the  ensemble  of  realizations  of  the  surface  profile  function. 

The  application  of  Green’s  second  integral  identity  to  the  region  xz  >  C(x||)  yields  the  following  expression 
for  the  scattering  amplitude  i?(qy|ky)8 


#(q||lk||)  =  2ial(q  )  /  rf2rcII  exP[— *q||  'x||  -*ao(<7||)C(x|l)]^(x|l)1 


2ia0(q\\) 

where  the  source  function  F(xy)  is  defined  by 


F(xl|)  = 


9C(xh)  d  5C(xh)  d  |  9 

dx\  dx\  dx-2  dx-2  dxz 


x  ^(x \uj)inc  +  V>(x  |w)i 


a=3=C(^< 


(7) 


(8) 


In  the  Kirchhoff  approximation,  which  we  adopt  here  for  simplicity,  the  source  function  is8 


r(  %  of  5^Xli)  9  ^(Xl])  9  ,  9  1  ,,  ,  . 

F(x"}  =  -  (  ‘  ^ 

-ik l-TT— ^  ^  11  ^  -  ia 0(fcy)  )  expfiky 


(9a) 


dxi 


dx-2 


!C3=((X||) 

Xy  -iQ!o(fcy)C(xy)J> 
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(9b) 


Substitution  of  Eq.  (9b)  into  Eq.  (6)  yields  the  result  that 


ao{q\\) 

x  exp[— i(qy  -  ky 


-i{a0{q\\)  +  Q!o(fc||))C(x||)]. 


•  xi  - 


After  an  integration  by  parts  this 


ovnrDCOiAn 
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^(qiilkn) 


(u/c)2  +  ao(g||)ao(fc||)  -  qy  •  ky 
ao(9||)[ao(9||)  +a0(k\\)] 

x  f  d2.Ty  exp[-*(qy  -ky)  •  xy  -  i{a0{q\\)  +  a0(A:y))C(xy )]. 


(10) 


(11) 


It  follows  from  Eqs.  (5)  and  (10)  that  the  mean  differential  reflection  coefficient  can  be  written  in  the  form 


/  dR  \  1  /  u  \2  [1  +  cos^o  cosOg  —  sin#0  sin#s  cos(d>o  —  d>s)]2 

\dQs  /  S  \2ttc)  cos9o{cos9o  +  cos#s)2 

X  ./  d2x]l  J  ^  expf_'^qli  “  kli)  '  (XH  “  xl|)] 

x(exp[-*(w/c)(cos6»0 +cos6»s)(C(xy)  —  C(x||))]>.  (12) 


The  result  (11)  for  i?(qy|ky)  was  obtained  on  the  assumption  that  the  total  field  in  the  vacuum  region 
satisfies  the  Dirichlet  boundary  condition  (3)  on  the  surface  xz  =  C(x||)-  If,  instead,  it  is  assumed  that  the  total 
field  in  the  vacuum  region  satisfies  the  Neumann  boundary  condition 


dC(x y)  d 

dx\  dx\ 


dC(x||)  d 

dxo  dxz 


[r(x./)„„  +#(x. /).«,)  ^  Cjx  =  0 


(13) 


on  the  surface  xz  =  C(x||)i  the  corresponding  scattering  amplitude  i?(qy|ky)  is  given  by  Eq.  (11),  but  with 
the  opposite  sign.  Since  f?(qy|ky)  enters  the  mean  differential  reflection  coefficient  ( dR/dfls )  only  in  the  form 
|jR(qy  |ky)|2,  it  follows  that  the  result  given  by  Eq.  (12)  is  valid  for  a  two-dimensional  Neumann  surface  as  well 
as  for  a  two-dimensional  Dirichlet  surface. 

The  result  given  by  Eq.  (12)  simplifies  greatly  in  the  case  of  normal  incidence,  9q  =  0,  ky  =  0. 

{w)  =  I  *•*  f  **”*-*M-*ifi 

x-cxpf  wiqx  )  -  C(xy))]),  (14) 

where  a  =  {oj/c)(  1  +  cos#s),  and  we  will  restrict  ourselves  to  this  case  in  what  follows. 

The  geometrical  optics  limit  of  the  Kirchhoff  approximation  is  obtained  by  making  the  change  of  variables 
xj|  =  xy  —  uy)  in  Eq.  (12),  expanding  the  difference  C(x||)  —  C(x||  —  u||  in  powers  of  uy,  and  keeping  only  the 
linear  term.  In  this  way  we  obtain  the  result 


5  V2t tcJ 


J  d2M|j  exp(— jqy  •  Uy) 
J  d2;cy  (exp[— fauy  •  VC(xy)]). 


(15) 


The  idea  underlying  our  approach  to  the  design  of  a  two-dimensional  random  surface  that  scatters  in  a 
circularly  symmetric  fashion  a  scalar  plane  wave  incident  normally  on  it,  is  that  the  surface  itself  should  have 


circular  symmetry.  Consequently,  we  assume  that  the  surface  profile  function  C(x||)  is  a  function  of  the  radial 
coordinate  r  =  |x|||  alone,  C(x||)  =  H(r ),  and  we  choose  H(r )  to  have  the  form 

H(r )  =  anr  +  bn  nb  <  r  <  (n  +  1  )b,  n  =  0, 1,  2  . . .  (16) 

where  the  {a.„}  are  independent  random  deviates,  b  is  a  characteristic  length,  and  the  {bn}  are  determined  in 
such  a  way  as  to  make  H(r)  a  continuous  function  of  r, 

bn  =  b0  +  { a0  +  a.\  +  ■  ■  ■  +  a„- j  -  na„)b  n  >  1.  (17) 

We  seek  the  probability  density  function  (pdf)  of  a„, /(y)  =  (S(^f  —  an ))  such  that  the  surface  profile  defined  by 
Eqs.  (5)  and  (6)  yields  a  mean  differential  reflection  coefficient  of  a  prescribed  form.  Due  to  the  independence 
of  the  {an}  the  pdf  /(y)  is  independent  of  n. 

For  the  form  of  the  surface  profile  function  we  have  chosen,  the  gradient  of  the  surface  profile  function  is 
given  by 


VC(X||)  =  X||ara  nb  <  r  <  (n  +  1  )b. 
The  double  integral  in  Eq.  (15)  therefore  becomes 


J  d2u\\  exp(—  iqy  •  uy)  J  t72ar|| <exp[— ia,U||  •  VC(X||)]> 

JV—l  ("+1)6  7T 

=  j  d2u.||  exp(-*q||  •  uy)  ^  j  dx yxy  j  (/o.,.(exp[  ion „a-.  cos(o„  a/)) 


n= 0 


N- 1 


/  (fu\\  exp(— iq|j  •  U||)  ^2  n[{n  +  l)2^2  ~  n2b2]{Jo(aanu\\)) 

J  n=0 

N—  1  00 

/  d2u\\  exp(-*q||  •  uy)  ^  7r[(n  +  l)2b2  -  n2b2]  /  d-/f{-f)J0{a-fu\\) 

J  "=°  -oo 

OO  7 T  OO 

S  J  dum  /  d<pu  exp[-fgr||U||  cos{(pq  -  <j>u)]  J  '/' ./'(y  )./„((/' (/  ) 

—  OO  —  7T  — OO 

OO  OO 

J  J  du\\U\\Jo(qnun)Jo{a'yu\\) 

-oo  0 

oo 

J  dif  {i)^(q\\  -  ay) 


=  2  nS 


=  2t tS 


=  s*L±fm 

a  q\ |  V  a  / 


(18) 


(19) 


where  S  =  ir(Nb)2.  On  combining  Eqs.  (15)  and  (19)  we  find  that  the  mean  differential  reflection  is  given  by 


o\is  /  a  \Z7rcS  q ||  \  a  / 


(20) 


Thus,  the  mean  differential  reflection  coefficient  is  given  in  terms  of  the  pdf  of  an.  If  we  make  the  change  of 
variable  7  =  q\\/a  =  tan(#s/2),  we  find  that  /(y)  is  given  by 


/( 7)  =  8t r 


dR 


(i  +  y2)2  \an 


(y)  y  >  0. 


(21) 


We  first  seek  to  design  a  surface  that  acts  as  a  band-limited  uniform  diffuser  within  the  circular  region 
0  <  9S  <Qm  and  0  <  <f>s  <  '2ir.  For  such  a  surface 

/dR\  =  9(9m  -  9S)9(9S ) 

\d9s  /  4irsm2(9m/2) 

#(tan(#m/2)  —  tan(9s/‘2))9(tan(9s/‘2)) 

Air  sin2(#.m/2) 

=  (22) 
^  '  im 

where  9(z )  is  the  Heaviside  unit  step  function,  and  7m  =  tan(#m/2).  It  follows  from  Eq.  (21)  that  /( 7)  in  this 
case  is  given  by 


/(7)  =  2l^(vPW#<7”'  7W7)- 

Similarly,  if  we  seek  to  design  a  surface  that  acts  as  a  Lambertian  diffuser,  for  which 

/  dR  \  1 

\m:)  =  ncoses 


(23) 


(24) 


we  find  from  Eq.  (21)  that 


/W  =  87rTW'f(1“7)9(7)-  (25) 

From  the  results  given  by  Eqs.  (23)  and  (25)  a  long  sequence  of  {a,n}  is  obtained,  e.g.  by  the  rejection  method,9 
and  the  surface  profile  function  H(t)  constructed  on  the  basis  of  Eqs.  (16)  and  (17). 

Because  rigorous  calculations  of  scattering  from  two-dimensional  random  surfaces  are  time  consuming,  we 
illustrate  this  approach  to  the  design  of  random  surfaces  that  scatter  light  in  a  circularly  symmetric  fashion 
by  performing  the  calculations  of  the  mean  differential  reflection  coefficient  in  the  Kirchhoff  approximation, 
but  without  going  to  the  geometrical  optics  limit  of  it.  From  Eqs.  (11)  and  (15)  we  find  that  the  scattering 
amplitude  I?(<7|||0)  in  the  Kirchhoff  approximation  can  be  written  as 

i?(q'i|0)  =  -^:r(q")’  (26) 


where 


r(q||)  =  J  c/2.T||  exp(-fq||  •  x|j)exp[— ^ iaH(r)} 


]\—l  (n  +  L6  IT 
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nb 


(27) 


where  Jo (|§  is  a  Bessel  function,  a  =  (w/c)(  1  +  cos#s),  and  gy  =  (w/c)  sin#s.  The  mean  differential  reflection 
coefficient  is  then  given  by 


(28) 


where  the  area  S  is  S  =  ir(Nb)2. 

The  procedure  now  is  to  generate  a  large  number  Np  of  realizations  of  the  random  surface,  and  for  each 
realization  to  calculate  the  corresponding  values  of  |r(q||)|2.  The  Np  values  of  |r(qy)|2  so  obtained  are  summed 
and  the  sum  then  divided  by  Np  to  yield  the  average  indicated  in  Eq.  (28).  It  should  be  noted  that  the  average 
(|r(q||)|2)  must  increase  quadratically  with  N  in  order  to  produce  a  mean  differential  reflection  coefficient  that 
is  independent  of  N.  This  is  indeed  found  to  be  the  case  for  the  examples  studied. 

An  example  of  the  surface  profile  function  H(r)  and  its  derivative  calculated  by  the  approach  proposed  here 
is  plotted  in  Fig.  1  for  the  case  of  a  circular  uniform  diffuser  defined  by  Eq.  (22).  The  parameters  used  in 
generating  these  functions  were  8m  =  20°,  b  =  200A,  and  N  =  20.  In  addition,  we  set  bo  =  0  in  Eq.  (17). 
Due  to  the  form  of  /(y  )  given  by  Eq.  (23)  each  slope  an  is  positive,  with  the  result  that  the  surface  increases 
monotonically  with  increasing  r. 
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Figure  1.  Numerically  generated  surface  profile  function  H(r)  (a)  and  its  derivative  (b)  for  a  two-dimensional  surface 
that  acts  as  a  circular  band-limited  uniform  diffuser.  The  parameters  employed  are  9m  =  20°,  b  =  200 A,  to  =  0,  and 
N  =  20. 

Figure  2.  The  mean  differential  reflection  coefficient  for  scattering  from  a  circular  uniform  diffuser  estimated  from 
Np  =  8000  realizations  of  the  surface  profile  function  for  the  case  of  normal  incidence.  The  parameters  employed  are 
8m  =  20°,  6  =  200A,  to  =  0,  and  N  =  200.  The  dashed  curve  is  a  plot  of  the  function  given  by  Eq.  (22). 


In  Fig.  2  we  present  a  plot  of  (dR/dfls)  as  a  function  of  8S  for  this  circular  uniform  diffuser  obtained  by 
the  approach  proposed  in  this  paper.  The  parameters  used  in  obtaining  the  result  plotted  in  this  figure  were 
the  same  as  those  assumed  in  obtaining  the  surface  profile  function  plotted  in  Fig.  1.  The  results  obtained 
for  Np  =  8000  realizations  of  the  surface  profile  function  were  used  in  calculating  the  average  indicated  in  Eq. 
(28).  We  see  from  this  figure  that  the  random  surface  generated  by  our  approach  indeed  acts  as  a  band-limited 
uniform  diffuser.  There  is  no  scattered  intensity  for  scattering  angles  larger  than  20°,  and  the  cutoff  is  very 
sharp.  For  values  of  8S  in  the  interval  0  <  8S  <  20°  the  scattered  intensity  is  very  closely  uniform. 
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Figure  3.  Numerically  generated  surface  profile  function  H(r)  (a)  and  its  derivative  (b)  for  a  two-dimensional  surface 
that  acts  as  a  Lambertian  diffuser.  The  parameters  employed  are  b  =  200A,  bo  =  0,  and  N  =  20. 

Figure  4.  The  mean  differential  reflection  coefficient  for  scattering  from  a  two-dimensional  Lambertian  diffuser  estimated 
from  Np  =  15000  realizations  of  the  surface  profile  function  for  the  case  of  normal  incidence.  The  parameters  employed 
are  b  =  200A,  bo  =  0,  and  N  =  200.  The  dashed  curve  is  a  plot  of  the  function  given  by  Eq.  (24). 


In  Fig.  3  we  have  plotted  an  example  of  the  surface  profile  function  H(r )  and  its  derivative  calculated 
by  the  approach  proposed  here  for  the  case  of  a  Lambertian  diffuser  defined  by  Eq.  (24).  The  parameters 
used  in  generating  these  functions  were  b  =  200A,  bo  =  0,  and  N  =  20.  Again,  due  to  the  form  of  /(y)  given 
by  Eq.  (25),  each  slope  an  is  positive,  and  as  a  result  the  surface  increases  monotonically  with  increasing 
r.  A  plot  of  ( dR/dfls )  as  a  function  of  9S  for  the  Lambertian  diffuser  obtained  by  the  approach  proposed 
in  this  paper  is  presented  in  Fig.  4.  The  parameters  used  in  obtaining  the  result  plotted  in  this  figure  were 
the  same  as  those  assumed  in  obtaining  the  surface  profile  function  plotted  in  Fig.  3.  The  results  obtained  for 
Np  =  15000  realizations  of  the  surface  profile  function  were  used  in  obtaining  the  average  appearing  in  Eq.  (28). 
The  random  surface  generated  by  our  approach  is  seen  to  act  as  a  Lambertian  diffuser:  the  mean  differential 
reflection  coefficient  follows  the  cosine  law  given  by  Eq.  (24)  very  closely. 

Several  comments  need  to  be  made  concerning  the  calculations  that  led  to  Figs.  2  and  4.  If  the  coefficients 
{a„},  and  hence  the  surface  profile  function  H(r),  are  obtained  by  a  straightforward  application  of  the  rejection 
method  to  the  pdfs  /(y)  given  by  Eqs.  (23)  and  (25),  a  fraction  of  the  surfaces  generated  possess  regions 
in  which  several  consecutive  an  are  very  small,  namely  smaller  than  10-2.  The  presence  of  such  practically 
horizontal  regions  on  the  surface  gives  rise  to  a  peak  in  the  mean  differential  reflection  coefficient  in  the  immediate 
vicinity  of  the  specular  direction  9S  =  0°.  To  eliminate  this  peak,  as  a  particular  realization  of  the  function 
H(r )  was  being  generated,  the  differential  reflection  coefficient  at  9S  =  0°  was  calculated,  and  if  its  value 
exceeded  2ma x(dR/dfls)  that  surface  was  discarded.  Although  this  procedure  alters  the  statistics  of  the  resulting 
surface  from  the  statistics  defined  by  the  pdf  /(y),  the  altered  statistics  produces  a  surface  with  the  desired 
scattering  properties,  and  can  be  used  in  fabricating  surfaces  on  photoresist  with  these  properties.  The  coherent 
interference  of  the  waves  scattered  from  symmetric  regions  of  the  surface  also  contributes  to  the  peak  in  the 
specular  direction.  This  contribution  can  be  eliminated  by  making  the  surface  large  enough.  In  addition,  in  the 
case  of  the  Lambertian  diffuser,  a  fraction  of  the  surfaces  generated  possess  regions  in  which  several  consecutive 
an  are  almost  equal  to  unity.  The  presence  of  such  regions  on  the  surface  gives  rise  to  a  peak  in  the  mean 
differential  relection  coefficient  in  the  immediate  vicinity  of  the  grazing  direction.  This  peak,  however,  can  also 
be  eliminated  by  using  larger  surfaces. 


To  fabricate  surfaces  of  the  type  considered  here,  we  begin  with  the  function  h(p)  that  constitutes  a  re¬ 
alization  of  the  required  random  process,  constructed  according  to  Eqs.  (16),  (17),  and  (21).  We  define  the 
function 

9h(p)  =  -Kh(p).  (29) 

With  an  appropriate  choice  of  the  constant  k,  9h{p)  can  be  interpreted  as  an  angle  [i.  e.  k  must  have  suitable 
dimensions  and  be  chosen  in  such  a  way  that  Oh(p)  <  27t]. 

A  disk-shaped  mask  is  constructed  as  depicted  in  Fig.  5.  The  transparent  sector  is  defined  by  the  condition 

0h(p)  <9<eg,  (30) 


where  8g  is  a  constant  greater  than  [9h(p)]max- 


Figure  5:  The  disk-shaped  mask  employed  in  the  fabrication  of  a  circularly  symmetric  random  surface. 


To  fabricate  the  circular ly-symmetric  surface,  a  well-corrected  optical  system  is  employed  to  form  a  demagni- 
fied  image  of  the  mask  on  a  photoresist-coated  plate,  as  shown  in  Fig.  6.  It  is  assumed  that  the  radial  structure 
of  the  mask  is  resolvable. 


The  rotating  photoresist  plate  is  exposed  for  a  time  Te,  during  which  it  executes  a  large  integer  number  of 
revolutions.  The  total  exposure  of  the  plate  should  be  rotationally  symmetric,  with  a  radial  dependence  of  the 
form 


E(r)  =  KTt 


9g  -  0H(r ) 


2t r 


(31) 


where  0ii{r)  is  a  scaled  version  of  the  function  9h{p),  and  K  is  a  constant  related  to  the  sensitivity  of  the 
photoresist  and  the  intensity  of  the  illumination. 

The  exposure  of  the  plate  can  be  put  in  the  final  form 

E(r)  =  Eo  +  aH(r),  (32) 

where  E0  and  a  are  constants  that  can  be  adjusted  with  the  shape  of  the  mask  and  the  exposure  time. 
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Figure  6:  Schematic  diagram  of  the  setup  proposed  for  the  fabrication  of  a  circularly  symmetric  random  surface. 

With  this  arrangement,  the  total  radial  exposure  is  proportional  to  a  scaled  version  of  the  original  random 
profile  h(p)  and,  thus,  has  suitable  statistical  properties.  Assuming  that  the  relation  between  exposure  and 
resulting  height  on  the  surface  is  linear,  the  developed  surface  will  have  the  desired  properties.  Moreover, 
characterized  nonlinearities  of  the  photoresist  response  may  be  taken  into  account  by  prescribed  deformations 
of  the  mask  illustrated  in  Fig.  5. 

In  conclusion,  we  have  proposed  a  method  for  generating  a  two-dimensional  random  Dirichlet  or  Neumann 
surface  that  when  illuminated  normally  by  a  scalar  plane  wave  scatters  it  with  a  prescribed  circularly  symmetric 
distribution  of  intensity.  We  have  illustrated  this  method  by  applying  it  to  the  design  of  a  surface  that  acts 
as  a  band-limited  uniform  diffuser  for  scattering  angles  within  a  circular  region,  as  well  as  a  two-dimensional 
surface  that  acts  as  a  Lambertian  diffuser.  We  have  validated  this  method  by  computer  simulations,  and  have 
described  a  procedure  for  fabricating  such  surfaces  on  photoresist. 
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We  propose  a  method  for  designing  a  one-dimensional  random  perfectly  conducting  surface  which, 
when  illuminated  by  a  plane  wave,  scatters  it  with  a  prescribed  angular  distribution  of  intensity.  The 
method  is  applied  to  the  design  of  a  surface  that  scatters  light  uniformly  within  a  specified  range  of 
scattering  angles,  and  produces  no  scattering  outside  this  range.  It  is  tested  by  computer  simulations, 
and  a  procedure  for  fabricating  such  surfaces  on  photoresist  is  described.  ©  2002  American 
Institute  of  Physics.  [DOI:  10.1063/1.1495900] 


In  a  recent  series  of  papers  the  present  authors  and  their 
colleagues  have  presented  a  method  for  designing  one¬ 
dimensional  random  surfaces  that  scatter  light  in  a  specified 
manner.1  2  This  method  is  based  on  expressing  the  random 
surface  profile  function  as  a  superposition  of  equally  spaced 
trapezoidal  grooves,  whose  statistically  independent  random 
amplitudes  are  drawn  from  a  probability  density  function 
(PDF)  that  is  determined  in  such  a  way  that  the  mean  inten¬ 
sity  of  the  scattered  light  has  the  specified  angular  distribu¬ 
tion.  It  has  been  shown  that  such  surfaces  can  be  fabricated 
on  photoresist,1’2  to  produce  the  specified  angular  distribu¬ 
tion  of  the  intensity  of  the  scattered  light.2,3 

In  this  letter  we  present  a  method  for  designing  a  one¬ 
dimensional  random  surface  that  scatters  light  in  a  prescribed 
manner,  that  is  simpler  to  implement,  both  theoretically  and 
experimentally  than  the  method  of  Refs.  1  and  2.  Like  the 
latter  it  is  based  on  the  geometrical  optics  limit  of  the  Kirch- 
hoff  approximation  for  the  scattering  of  s  -polarized  light  in¬ 
cident  normally  on  a  perfectly  conducting  surface.  This 
method  is  illustrated  by  applying  it  to  the  determination  of  a 
surface  that  scatters  light  uniformly  within  a  specified  range 
of  scattering  angles,  and  produces  no  scattering  outside  this 
range  (a  band-limited  uniform  diffuser).  It  is  tested  by  rigor¬ 
ous  computer  simulation  calculations.  Finally,  we  indicate 
how  the  kinds  of  surfaces  generated  by  our  approach  can  be 
fabricated  on  photoresist. 

The  physical  system  we  initially  consider  consists  of 
vacuum  in  the  region  x3>£(x0  and  a  perfect  conductor  in 
the  region  x3<^’(x1).  The  surface  profile  function  £(xj)  is 
assumed  to  be  a  single-valued  function  of  xi  that  is  differen¬ 
tiable,  and  constitutes  a  random  process.  The  surface  x3 
=  fix  ] )  is  illuminated  from  the  vacuum  region  by  an 
s  -polarized  plane  wave  of  frequency  w,  whose  plane  of  inci¬ 
dence  is  the  xix3-plane. 

Our  starting  point  is  the  geometrical  optics  limit  of  the 
Kirchhoff  approximation  for  the  mean  differential  reflection 


coefficient  which,  in  the  case  of  normal  incidence,  is  given 
by1 


1  co 
L1  2  TTC 


du  exp (iqu) 


X(exp  (iauif  (xf))), 


(1) 


where  L ,  is  the  length  of  the  x ,  -axis  covered  by  the  random 
surface,  i/  =  (  oj/i: ) s i n  0S ,  where  0S  is  the  angle  of  scattering 
measured  clockwise  from  the  x3-axis,  and  a  =  (co/c)(  1 
+  cos  Of).  The  angle  brackets  denote  an  average  over  the  en¬ 
semble  of  realizations  of  £,{xf).  We  now  define  a  set  of 
equally-spaced  points  along  the  x , -axis  by  x„  =  nb,  where  b 
is  a  characteristic  length  and  n  =  0,±1,±2,...  .  The  surface 
profile  function  £(xq)  is  then  given  by 

£(xl)  =  anx\  +  bn  ;  nb^x\^(n  +  1  )b,  (2) 

where  the  {a,,}  are  independent  random  deviates.  Therefore, 
the  probability  density  function  of  an  , 

f(y)=(8(y-an)),  (3) 

is  independent  of  n .  In  order  that  the  surface  be  continuous 
at  x1  =  (n+  l)b,  the  relation 


b„  +  i  =  bn-(n+l)(an  +  i-an)b  (4) 

must  be  satisfied.  From  this  recurrence  relation  the  {b„}  can 
be  determined  from  a  knowledge  of  the  {a„},  provided  that 
an  initial  value,  for  example,  that  of  b0,  is  specified.  It  is 
convenient  to  choose  b 0  =  0,  and  we  will  do  so  in  what  fol¬ 
lows. 

The  double  integral  in  Eq.  (1)  can  now  be  evaluated, 
with  the  result 


dR\ 

dOj 


1 


1  +COS  0 


-/I 


—  sin  0S 
1  +  cos  0S 


(5) 
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x,  [urn] 

FIG.  1.  (a)  A  segment  of  the  surface  profile  function  £(x , )  for  the  case  of  a 
band-limited  uniform  diffuser,  (b)  The  derivative  S'(xi)  °f  this  surface  pro¬ 
file  function. 


FIG.  2.  The  mean  differential  reflection  coefficient  ( dR!dds )  estimated  from 
Np  =  20  000  realizations  of  perfectly  conducting  surface  profiles:  6m  =  20°, 
b  =  22  |Un,  X  =  632.8  nm. 


Thus,  we  find  that  the  mean  differential  reflection  coefficient 
is  expressed  in  terms  of  the  PDF  of  the  random  deviate  an  . 
We  now  make  the  change  of  variable  sin  9J(\  +cos  9S) 
=tan(0/2)  =  y  and  obtain  from  Eq.  (5)  that  /( y)  is  given  by 

2  /  dR\ 

/(r)  =  Y^i(^)(-r).  (6) 

It  should  be  noted  that  this  result  does  not  depend  explicitly 
on  the  wavelength  of  the  incident  light.  A  long  sequence  of 
{ a  n }  is  then  generated,  for  example,  by  the  rejection 
method,4  and  the  corresponding  sequence  of  {bn}  is  obtained 
from  Eq.  (4).  The  surface  profile  function  £(x  , )  is  then  con¬ 
structed  on  the  basis  of  Eq.  (2). 

We  illustrate  this  approach  by  applying  it  to  the  design 
of  a  random  surface  that  gives  rise  to  a  mean  differential 
reflection  coefficient  that  is  a  constant  in  the  angular  interval 
Kl  <0m<  tt/2,  and  vanishes  for  1 6s\>0m  (a  band-limited 
uniform  diffuser), 


dimensional  perfectly  conducting  random  surface  designed 
to  act  as  a  band-limited  uniform  diffuser  with  9m  =  20° ,  ob¬ 
tained  by  means  of  rigorous  computer  simulation 
calculations5  that  take  into  account  multiple-scattering  pro¬ 
cesses  of  all  orders.  We  see  that  the  surface  displays  the 
scattering  property  for  which  it  was  designed  for  both  polar¬ 
izations  of  the  incident  light. 

In  Fig.  3  we  present  the  results  of  a  rigorous  computer 
simulation  calculation  of  (dR/d0s)  as  a  function  of  9S  for 
y-polarized  light  incident  normally  on  a  one -dimensional 
random  silver  surface  designed  to  act  as  a  band-limited  uni¬ 
form  diffuser  with  9m  =  20°.  Results  are  presented  for  three 
wavelengths  of  the  incident  light:  (a)  A.  =  632.8  nm  (He-Ne 
laser);  (b)  A  =  532  nm  (the  second  harmonic  of  the  YAG  la¬ 
ser);  (c)  A.  =  442  nm  (He-Cd  laser).  These  wavelengths  cover 
the  entire  visible  region  of  the  optical  spectrum.  We  see  that 
even  when  the  scattering  medium  is  a  finitely  conducting 
metal,  a  surface  ruled  on  it  in  accordance  with  Eqs.  (2),  (4), 


dR 

Jo. 


o(em-\es  |)  9{ym-\y\) 


2  9„ 


4  tan  1  y„ 


(7) 


where  9(z)  is  the  Heaviside  unit  step  function  and  ym 
=  tan(0m/2).  We  find  from  Eq.  (6)  that  the  PDF  of  an  is  given 
by 


f(y)  = 


l 


2  tan 


7m 


Q(ym-\y\) 

1  +  y2 


(8) 


A  segment  of  the  surface  profile  function  £(x , )  and  its  de¬ 
rivative  calculated  by  the  approach  proposed  here  are  plotted 
in  Figs.  1(a)  and  1(b),  respectively.  The  parameters  used  in 
generating  these  functions  were  9m  =  20°  and  b  =  22  fim. 

Although  the  derivation  of  the  PDF  /( y)  given  by  Eq. 
(6)  was  based  on  a  single-scattering  approximation  and  the 
assumption  of  s  -polarization,  the  random  surfaces  generated 
by  its  use  retain  the  scattering  properties  for  which  they  were 
designed  when  multiple  scattering  is  taken  into  account  and 
the  incident  light  is  p -polarized.  To  demonstrate  this,  we 
present  in  Fig.  2  plots  of  ( 9R/d9s )  as  functions  of  9S  for  the 
scattering  of  both  p-  and  -polarized  light  from  a  one- 
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FIG.  3.  The  mean  differential  coefficient  ( dR/dds }  estimated  from  Np 
=  40  000  realizations  of  metallic  surface  profiles  in  s -polarization:  6m 

_ 0  __  _ r  _  _  _  _  _  -  _  =20°,  b  =  22  yum. 
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FIG.  4.  Schematic  diagram  of  the  proposed  experimental  arrangement  for 
the  fabrication  of  surfaces  with  /(  y)  given  by  Eq.  (6).  The  mask  is  imaged 
on  the  photoresist  plate,  which  is  then  scanned  along  Xn . 

and  (8)  still  acts  as  a  band-limited  uniform  diffuser,  although 
with  a  weak  dependence  of  the  scattering  pattern  on  the 
wavelength  of  the  incident  light.  We  attribute  this  depen¬ 
dence  to  the  strong  wavelength  dependence  of  the  dielectric 
function  of  silver  in  the  range  of  wavelengths  considered. 

We  conclude  this  paper  by  describing  the  manner  in 
which  one-dimensional  surfaces  of  this  kind  can  be  fabri¬ 
cated  on  photoresist.  First,  a  single  realization  of  a  profile 
function  £0(x),  generated  in  accordance  with  Eqs.  (2),  (4), 
and  (6),  is  used  to  fabricate  a  slit  of  variable  width  in  the 
manner  shown  in  Fig.  4.  A  good  quality  optical  system  is 
used  to  form  an  incoherent,  demagnified  image  of  the  slit  on 
the  photoresist  plate.  Assuming  that  the  object  is  resolvable, 
we  express  the  intensity  image  on  the  photoresist  plate  as 

I(x1,x2)  =  Iq  0(x2  +  <7)0[£(xi)-x2] ,  (9) 

where  70  is  a  constant,  the  coordinates  xq  and  x2  are  fixed  on 
the  plate,  and  £(x , )  is  a  scaled  version  of  the  mask  profile 
£0(x).  The  plate  is  then  scanned  in  the  x2  direction  at  speed 
v ,  producing  a  total  exposure  of  the  form 

rr/2 

E(x\)  =  K\  /(x^x^  +  ufjc/f,  (10) 

J  -T/2 

where  K  is  a  constant  related  to  the  sensitivity  of  the  photo¬ 
resist,  T=L2/v  is  the  time  it  takes  to  execute  the  scan,  and 
the  total  scan  length  L2  is  assumed  to  be  greater  than  the 
physical  size  of  the  plate.  Then,  the  limits  in  Eq.  (10)  can  be 
extended  to  infinity.  Substitution  of  Eq.  (9)  into  Eq.  (10) 
gives 


E(xl)  =  E0+  a£(xi),  (11) 

where  E0  =  KI0d/v  and  a  =  KI 0/v.  This  expression  shows 
that  the  exposure  has  a  linear  dependence  on  the  heights  of 
the  numerically  generated  realization  of  the  surface  profile 
function.  Assuming  that  the  relation  between  exposure  and 
height  is  linear,  the  surface  on  the  developed  plate  will  have 
the  desired  properties.  Note  also  that  the  vertical  scale  of  the 
resulting  profile  can  be  adjusted  through  70  and  the  speed  of 
the  scan. 

Thus,  in  this  letter  we  have  presented  a  method  for  gen¬ 
erating  a  one-dimensional  random  surface  that  scatters  light 
incident  normally  on  it  in  such  a  way  that  the  angular  depen¬ 
dence  of  the  intensity  of  the  scattered  light  has  a  prescribed 
form.  This  method  is  simpler  to  implement  than  the  one  used 
in  our  earlier  studies  of  the  same  problem.1'2  Although  it  is 
based  on  a  single-scattering  approximation,  for  scattering 
from  a  perfectly  conducting  surface,  we  have  shown  by  rig¬ 
orous  numerical  simulation  calculations  that  the  surfaces 
generated  by  this  approach  yield  the  desired  scattering  pat¬ 
tern  for  both  p  and  .v  polarizations  of  the  incident  light,  when 
multiple  scattering  is  taken  into  account,  and  when  the  per¬ 
fect  conductor  is  replaced  by  a  finitely  conducting  metal  as 
well.  In  addition,  we  have  shown  that  the  resulting  scattering 
patterns  are  virtually  independent  of  the  wavelength  of  the 
incident  light  over  a  broad  spectral  range.  Finally,  we  have 
described  a  procedure  for  fabricating  such  surfaces  on  pho¬ 
toresist. 
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We  propose  a  method  of  designing  two-dimensional  random  surfaces  that  scatter  light  uniformly  within 
a  specified  range  of  angles  and  produce  no  scattering  outside  that  range.  The  method  is  first  tested  by 
means  of  computer  simulations.  Then  a  procedure  for  fabricating  such  structures  on  photoresist  is 
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1.  Introduction 

In  many  practical  situations  it  is  desirable  to  have 
optical  diffusers  with  specific  light-scattering  proper¬ 
ties.  In  particular,  a  nonabsorbing  diffuser  that 
scatters  light  uniformly  within  a  range  of  angles  and 
produces  no  scattering  outside  this  range  constitutes 
an  attractive  and  useful  optical  element.  We  call 
this  a  band-limited  uniform  diffuser.  Such  an  ele¬ 
ment  would  have  applications,  for  example,  in  pro¬ 
jection  systems,  in  which  it  is  important  to  produce 
even  illumination  without  wasting  light.  Among 
other  things,  a  band-limited  uniform  diffuser  can  also 
be  useful  in  microscope  illumination  systems,  the  fab¬ 
rication  of  displays  and  projection  screens,  and  Fou¬ 
rier  transform  holography. 
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The  design  of  band-limited  uniform  diffusers  has 
been  considered  by  several  authors  in  the  past. 
Using  a  two-level  random  height  distribution  on  a 
surface,  Kurtz1  proposed  a  method  for  producing 
quasi-band-limited  diffusers.  An  improvement  was 
reported  by  Kurtz  et  al.,2  who  used  a  method  based  on 
the  fabrication  of  deterministic  microelement  arrays 
with  the  appropriate  slope  distribution.  A  few  years 
later,  Nakayama  and  Kato3  considered  the  case  of 
pseudorandom  diffusers,  and  Kowalczyk4  reported 
some  theoretical  considerations  on  the  more  general 
random  case. 

More  recently,  diffractive  optical  elements  that 
scatter  light  uniformly  over  specified  angular  regions 
have  become  commercially  available.5  These  ele¬ 
ments,  however,  are  not  random  and  possess  the  de¬ 
sired  characteristics  over  only  a  relatively  narrow 
range  of  wavelengths.  In  other  words,  they  are  not 
achromatic. 

Another  kind  of  diffuser,  whose  design  is  based  on 
a  randomized  microlenslet  concept,  is  also  produced 
commercially.6  Although  these  holographic  light- 
shaping  diffusers  are  achromatic  and  posses  charac¬ 
teristics  that  approximate  the  desired  ones,  the 
scattering  distribution  they  produce  is  not  uniform, 
and  they  do  not  have  a  well-defined  maximum  angle 
of  scattering. 

Despite  the  interest  in  the  subject,  until  recently 
there  were  no  clear  procedures  reported  in  the  liter¬ 
ature  for  designing  and  fabricating  random  surfaces 
that  behave  as  band-limited  uniform  diffusers,  and  it 
was  unclear  what  kind  of  surface  statistics  were  re¬ 
quired  for  the  production  of  such  an  optical  element. 
Following  previous  work  with  one-dimensional  sur- 
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faces,7  in  this  paper  we  address  these  questions  for  a 
particular  case  of  two-dimensional  surfaces  and  pro¬ 
pose  an  optical  technique  for  fabricating  diffusers 
with  the  desired  characteristics.  For  simplicity,  in 
the  theoretical  treatment  we  illustrate  the  ideas  by 
considering  first  the  scattering  of  a  scalar  wave  from 
a  random,  impenetrable  surface  on  which  the  Dir- 
ichlet  boundary  condition  is  satisfied.  Initially  the 
analysis  is  based  on  the  Kirchhoff  approximation,  but 
we  later  adopt  the  thin-phase-screen  model  to  extend 
the  applicability  of  the  analysis  to  other  situations, 
such  as  that  of  the  transmission  of  light  through  a 
dielectric  diffuser.  Working  within  this  framework 
and  further  simplifying  the  results  by  taking  the 
geometrical-optics  limit,  we  propose  a  method  for  de¬ 
signing  and  fabricating  achromatic,  random  optical 
diffusers  with  special  characteristics.  The  results 
are  validated  by  means  of  computer  simulations  as 
well  as  by  the  experimental  realization  of  such  dif¬ 
fusers. 

The  paper  is  organized  as  follows.  First,  in  Sec¬ 
tion  2,  we  review  some  basic  concepts  of  scattering 
theory  in  the  Kirchhoff  approximation  and  the  thin- 
phase-screen  model,  taking  the  geometrical-optics 
limit.  In  agreement  with  other  authors,2  we  find 
that  the  original  problem  of  fabricating  random  band- 
limited  uniform  diffusers  can  be  recast  as  that  of 
generating  random  surface  profiles  with  a  rectangu¬ 
lar  probability  density  function  (PDF)  of  slopes. 
Then,  in  Section  3,  we  address  the  problem  of  gener¬ 
ating  random  profiles  with  the  desired  properties. 
The  approach  is  tested  first  by  means  of  the  numer¬ 
ical  simulations  that  are  presented  in  Section  4. 
The  proposed  fabrication  procedure  is  described  in 
Section  5,  in  which  we  also  present  representative 
experimental  results.  Finally,  in  Section  6,  we 
present  our  main  conclusions. 

2.  Kirchhoff  Approximation  and  the  Thin-Phase-Screen 
Model 

We  approach  the  scattering  problem  in  a  formal  way, 
by  considering  first  the  scattering  of  a  scalar  wave 
from  a  two-dimensional  random  surface  that  is  de¬ 
fined  by  the  equation  x3  =  £(xy),  where  X|  =  x1x1  + 
x2x2,  with  f]  and  x2  unit  vectors  in  the  x}  and  the  x2 
directions,  respectively,  is  a  position  vector  in  the 
plane  x3  =  0.  The  region  x3  >  £(xy)  is  vacuum,  and 
the  region  x3  <  £(xy)  is  an  impenetrable  medium.  It 
is  assumed  that  the  Dirichlet  boundary  condition  is 
satisfied  on  the  surface  x3  =  £(xy).  The  surface- 
profile  function  is  assumed  to  constitute  a  random 
process,  but  not  necessarily  a  stationary  one.  The 
surface  is  illuminated  from  the  vacuum  side  by  an 
incident  field  given  by 


<Kx)inc  =  i|Jo  exp[ik||  •  X||  -  ia0(fc||)x3],  (1) 

where  x  =  (x1;  x2,  x3),  k,,  =  (klf  k2,  0),  ot0(^N)  =  [(w/c)2  - 
k  2]1/2,  and  w  is  the  frequency  of  the  incident  field.  A 
time  dependence  of  the  form  exp(-fcot)  is  assumed, 
but  explicit  reference  to  it  is  suppressed. 


The  scattered  field  in  the  far  field  can  be  written  in 
the  form 


iKx)sc 


#(qil|k||)exp[iqn 


•  X|,  +  foc0(<?||)x3]. 


(2) 


where  the  two-dimensional  wave  vector  qy  =  (qu  q2, 
0),  ct0(q||)  =  [(c o/c)2  -  q||2]1/2,  and  the  scattering  am¬ 
plitude  f?(q|||k||)  is  given  by 


^(qilki|)  =  o-  1 ,  '  f  dV  exp[-iq„  •  X,' 

2ia0(<7||) 

-  ia0(<7|i)C(x||')]F(X||').  (3) 

Infinite  limits  are  used  to  indicate  that  the  region  of 
integration  is  large  in  comparison  with  the  wave¬ 
length  and  the  lateral  scale  of  the  irregularities  of  the 
surface.  In  the  Kirchhoff  approximation,  which  we 
adopt  now  for  simplicity,  the  source  function  F(xy)  is 
given  by 


F(x,|)  =  2 


di  3 
dXi  3xi 


3£  3 

3x2  3x2 


*3  =  ?(X||) 


(4) 


Then, 


^(qnlkn) 


4*o 

«o(<7||) 


d2x,|' 


3/ 

3xi 


k1  + 


—  k2  +  Od0(£||) 
0^2 


X  exp{-i(q,|  -  k||)-X||' 

-  f[a0(<7||)  +  a0(&u)]£(X||')}.  (5) 

After  an  integration  by  parts  we  may  write8 


#(qn|k||)  =  >KiF3(qn,  k,|)  J  d2x,|'  exp[-j(qn  -  kN)  •  x,,' 

-  ika(g j,  A||)C(xn')],  (6) 

where 


*3(011,  k,|) 


(co/c)2  +  o'o(g||)a0(^||)  -  q„  •  k„  ^ 
a0(g||)[ao(<7j|)  +  «o(^»)] 


denotes  an  angular  prefactor8  and  kjq^,  k»)  =  [ot0(g,|) 
+  a0(A||)].  Note  that  the  term  4>(X||')  =  ka(qp  &y)£(xy') 
may  be  interpreted  as  the  phase  acquired  by  the  wave 
on  reflection  from  the  surface. 

We  also  note  that,  for  small  angles  of  incidence  and 
scattering,  F3(qy,  ky)  «*  —  1  and  ka(q^,  is  practically 
independent  of  qy  and  ky.  Although  it  is  not  really 
necessary  for  the  analysis,  we  use  the  small-angle 
approximation  and  assume  that  ka{q\\,  k\\)  “  2 (co/c), 
which  simplifies  the  resulting  expressions  and  facil¬ 
itates  their  interpretation.  An  analysis  valid  for 
larger  angles  of  scattering  can  be  found  elsewhere.9 
With  this  simplification,  our  result  takes  the  form 
assumed  by  the  thin-phase-screen  model,10  which 
provides  an  approximate  relationship  between  the 
surface-height  variations  and  the  phase  acquired  by 
the  reflected  wave  front.  The  thin-phase-screen 
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Fig.  1.  Schematic  diagram  of  the  scattering  geometry  for  (a)  re¬ 
flection  by  a  surface  and  (b)  transmission  through  a  dielectric 
diffuser. 


model  represents  a  good  approximation  when  the 
surface  has  only  lateral  features  that  are  larger  than 
the  wavelength  and  does  not  produce  significant 
amounts  of  multiple  scattering.  Thus,  although  ap¬ 
proximate,  our  theoretical  treatment  is  not  limited  to 
the  reflection  geometry  considered  and  can  be  applied 
to  other  geometries  and  boundary  conditions.  So, 
restricting  our  attention  to  the  region  of  applicability 
of  the  thin-phase-screen  model,  we  can  consider  a 
variety  of  situations.  In  particular,  our  results  can 
be  applied  to  the  case  of  reflection  by  a  metallic  sur¬ 
face  or  transmission  through  a  slab  of  transparent 
dielectric  material  with  one  rough  interface  (see  Fig. 
1).  For  small  angles  of  incidence  and  scattering,  the 
phase  introduced  by  the  diffuser  in  the  thin-phase- 
screen  approximation  is  given  by11 

4>(xn')  =  Ajq£(X||')  =  a  “  £(X||'),  (8) 


_|2  in  reflection  ^ 

\(n0  -  n„)  in  transmission  ’ 

and  where  ng  is  the  refractive  index  of  the  material  of 
which  the  slab  is  made  and  n0  is  that  of  the  surround¬ 
ing  medium  (normally  air).  Within  this  model,  we 
can  write 


-R(qjk||)  «  »K)Ko  J  exp[— i(q,|  -  k„)  •  x„' 

-  ;&a£(x  n')],  (io) 

where  k0  is  a  constant  that  accounts  for  the  average 
reflectivity  or  transmissivity  of  the  sample.  This  ex¬ 
pression  represents  our  basic  starting  equation  that 
relates  the  surface  profile  with  the  angular  spectrum 
of  the  scattered  field. 

At  this  stage,  we  restrict  our  attention  to  the  case 
in  which  £(X||)  =  ^(xj)  +  £2(x z)>  where  ^(x^  and 
£2(x2)  are  statistically  independent  random  pro¬ 
cesses.  Then  we  can  write 

~  *lJ0K0-^l(<7ll^l)-^2(<72l^2)>  (11) 

with 


d Xj  exp[-f(qy-  -  k ,)xj  -  ikaQ(Xj)],  (12) 


for  j  =  1,  2. 

The  mean  differential  reflection  coefficient  ( dR / 
dfls)  is  defined  as  the  fraction  of  the  total  time- 
averaged  incident  flux  that  is  scattered  into  the 
element  of  solid  angle  dfls  about  a  given  scattering 
direction.  In  terms  of  i?(q|||k||),  it  is  given  by 


1  1  (o/c  a02(g||) 

l4»o|2  LiL2  (2tt)2  a0(&||) 


<l-^(qjkll)|2),  (13) 


where  L1  and  L2  are  the  lengths  of  the  surface  along 
the  x1  and  the  x2  directions,  respectively.  In  our 
small-angle  approximation,  the  mean  differential  re¬ 
flection  coefficient  may  be  written  as 


/  ^  \  ~  |K  12  ^2(921^2) 

\an,/  ~  K°  \l1  x l2 

where  we  have  defined 


(14) 


Ij(qj\kJ)  =  (\RMj\kj)\2).  (15) 

By  noting  that  the  resulting  expressions  for 
/i(<7i|&i)  and  I2(q2\k2)  are  formally  identical  for  the 
two  independent  directions,  we  focus  our  attention  on 
integrals  of  the  form 


i\ki> 


dxj 


d x-  exp[— i(qj  —  kj)(xj  —  x^-')] 


X  (exp{-;£n[^(x;)  -  ^-(x; ')]}).  (16) 
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To  simplify  the  notation,  we  omit  the  subindices  in 
these  generic  expressions.  With  the  change  of  vari¬ 
ables  x'  =  x  +  u,  Eq.  (16)  becomes 


hq\k) 


dx 


dw  exp[i(q  —  k)u\ 


X  (exp{-i6a[£(x)  -  £(x  +  w)]}).  (17) 

Let  us  assume,  for  the  moment,  that  the  surface  is 
statistically  stationary.  The  average  in  Eq.  (17)  is 
then  independent  of  x,  and  we  can  write 


I{q\k)  =  L 


dw  exp[i(q  —  k)u]g(u), 


(18) 


we  assume  that  £(x)  is  a  Gaussian  random  process, 
the  average  entering  Eq.  (19)  may  be  written  as 

g{u)  =  exp{-82£Q2[l  -  c(w)]},  (24) 

where  8  represents  the  standard  deviation  of  heights 
on  the  surface  and  c(u)  is  the  normalized  height  cor¬ 
relation  function.  We  note  that  g(u)  is  always  posi¬ 
tive  and,  thus,  even  with  a  physical  optics  treatment, 
Eq.  (20)  cannot  be  satisfied  when  £(x)  is  a  Gaussian 
random  process. 

The  result  given  by  Eq.  (22)  shows  that,  in  the 
geometrical-optics  limit,  our  original  problem  can  be 
restated  as  that  of  generating  a  random  process,  l(x), 
whose  PDF  of  slopes  is  a  rectangle  function. 


where  we  have  defined 


g(u)  =  (exp{-i£a[£(x)  -  £(x  +  «)]}}.  (19) 

We  are  interested,  for  example,  in  having  a  uniform 
scattering  distribution  in  the  range  —  K  <  es  -  e0  < 
0m.  In  that  case,  we  would  seek  an  I(q  \k  )  of  the  form 


I(q\k)  =K  rect 


/es-0o 

l 

(q-k\ 

\  20m  ) 

/a  _  rect 
2  qm 

\  2 qm  ) 

(20) 


3.  Design  of  the  Diffuser 

With  this  motivation,  we  consider  non-Gaussian  sur¬ 
faces  and  address  the  problem  of  generating  a  profile 
with  a  rectangular  PDF  of  slopes.  Also,  for  general¬ 
ity,  we  relax  the  restriction  of  stationarity  of  the  sur¬ 
face.  Returning  to  Eq.  (17)  and  taking  the 
geometrical-optics  limit,  represented  by  Eq.  (21),  we 
write 


I{q\k)  = 


dw  exp[i(q  —  k)u\ 


where  qm  =  (oj/c)sin  0m,  K represents  a  constant  with 
appropriate  dimensions,  rect  represents  the  rectan¬ 
gle  function,12  and  we  have  used  the  assumption  that 
the  angles  of  incidence  and  scattering  are  small.  It 
is  now  clear,  from  Eq.  (18),  that  the  desired  intensity 
distribution  requires  g{u)  to  be  a  sine  function. 

We  obtain  the  geometrical-optics  limit  by  express¬ 
ing  the  difference  ((x)  -  £(x  +  u)  in  Eq.  (19)  in  powers 
of  u  and  retaining  only  the  leading  nonzero  term. 
We  find  that 


X  (exp[-i£0w£'(x)]).  (25) 

Because  c(x)  has  been  assumed  to  be  nonstationary, 
we  cannot  assume  that  t,'{x)  is  a  stationary  random 
process.  The  average  (exp[-iaw£'(x)])  therefore  has 
to  be  assumed  to  be  a  function  of  x,  and  we  cannot 
carry  out  the  integral  over  x  to  yield  L,  as  we  did 
when  c(x)  was  assumed  to  be  stationary. 

To  evaluate  the  average  in  relation  (25),  we  begin 
by  expressing  the  surface-profile  function  in  the  form 


g(u)  =  <exp[-iAjQw£'(x)]),  (21) 

which  leads  to 


I(q\k)=L 


dz/(exp[— ikaul'  (x)])exp[i(q  —  k)u ] 


2t tL 

~k7Pl' 


(22) 


where  Pc-(x)  represents  the  PDF  of  slopes  on  the 
surface.  For  small  angles  of  incidence  and  scatter¬ 
ing  we  have  that 


I(q\k)  ~ 


2t rL 


(23) 


These  results  show  that  the  approximate  form  of  Eq. 
(20)  would  be  satisfied  if  the  PDF  of  slopes  had  a 
rectangular  shape.  Because  the  random  process 
that  results  by  differentiation  of  a  Gaussian  random 
process  is  itself  Gaussian,  the  statistics  of  the  re¬ 
quired  profile  cannot  be  Gaussian,  at  least  within  the 
geometrical-optics  approximation.  Furthermore,  if 


£(x)  =  2  CMX  ~  2 jb),  (26) 

j=-  » 

where  the  {c,}  are  positive,  independent,  random  de¬ 
viates.  The  function  s(x)  is  defined  as  (see  Fig.  2) 


s(x) 


0 

—  {n  +  1  )H  —  mx 
- H 

—(n  +  1  )H  +  mx 

0 


for  x  <  ~(n  +  1)6 

for  -(n  +  1)6  <  x  <  -nb 


for  —  nb  <x^nb  , 

for  nb  <  x  <  (n  +  1)6 
for  ( n  +  1)6  <  x 

(27) 


where  n  is  a  nonnegative  integer,  II  represents  a 
height,  6  denotes  a  characteristic  length,  and  m  = 
H/b  is  a  characteristic  slope.  We  note  that  the  func¬ 
tion  s(x)  defined  by  Eq.  (27)  is  the  negative  of  the 
function  s(x)  defined  in  Ref.  7.  Another  difference  is 
that  in  Ref.  7  the  {c7 }  were  chosen  as  zero-mean  ran¬ 
dom  deviates,  whereas  in  this  paper  we  assume  that 
these  numbers  are  positive  random  deviates.  The 
present  choices  are  determined  by  the  fabrication 
process,  which  is  described  in  Section  5. 
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X 

Fig.  2.  Functions  s(x)  and  d(x )  for  the  case  n  =  2. 


The  derivative  of  the  surface-profile  function  £'(x) 
is  then  given  by 


V(x)  =  2  cjd(x  ~  2/6),  (28) 

j=-oo 

where 


d(x) 


0  for  x  <  —  (n  +  1)6 
— m  for  —  (n  +  1  )b  <  x  <  — nb 
0  for  nb  <x<nb 
m  for  nb  <  x  <  (n  +  1)6 
,0  for  ( n  +  1)6  <  x 


(29) 


The  functions  s(x)  and  d(x)  are  shown  in  Fig.  2. 

When  the  PDF  of  the  Cj,  /’(y),  is  known,  a  long 
sequence  of  the  random  numbers  { Cj }  can  be  gener¬ 
ated  by,  e.g.,  the  rejection  method.13  Then,  from  this 
sequence,  the  surface-profile  function  £(x)  and  its  de¬ 
rivative  i'(x)  can  be  obtained  according  to  Eqs.  (26) 
and  (28),  respectively. 

The  average  (exp[-i6an^'(^)])  can  now  be  written 
as 


n 


i_r 


n 


d(x-2jb) 


n 


u 


u 


n 


u 


n 


U 


n 


u 


Fig.  3.  Illustration  of  the  sum  represented  by  Eq.  (28)  with  n  =  1. 
At  any  one  of  the  segments  of  length  b  shown  in  the  figure  there  is 
only  one  nonzero  contribution  to  if  (x). 


ivation  is  that,  with  our  choice  of  d(x),  for  any  value 
of  x,  only  one  factor  in  the  infinite  product  on  the 
right-hand  side  of  Eq.  (30)  is  different  from  unity. 
This  is  a  direct  consequence  of  the  form  chosen  for 
the  function  d(x),  a  situation  that  is  illustrated  in 
Fig.  3. 

Indeed,  we  find  that,  in  the  intervals  2/6  <  x  — 
nb  <  (2 j  +  1)6, 


(exp[i6aw£'(x)])  =  (exp(ikaumcj)) 


(expPan£'(x)]> 


ikau  2  Cjd(x  -  2/6) 


/’(y)exp(i6an/ny)dy, 


(31) 


=  (  II  exp \ikaucjd(x  -  2/6) J 

v=-°° 

=  ]d  (exp[ikr,uCjd(x  —  2/6) J),  (30) 

where  we  have  used  the  independence  of  the  {cj}  in 
the  last  step.  The  crucial  point  in  the  present  der- 


whereas  in  the  intervals  (2/  —  1)6  <  x  +  nb  <  2jb, 


(exp[i6an^'(^)])  =  (exp  (—ikaumcj)) 

=  I  /’(y)exp(- n/ny)dy.  (32) 
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It  follows  from  Eqs.  (31)  and  (32)  that  relation  (25) 
can  be  rewritten  as 

I(q\k)  =  2  dx  da  exp[i(g  -  k)u\ 

J  hjb  J-oo 

X  |  f(y)exp(ikaumy)dy 


where  01O  and  02O  are  the  angles  that  the  incident 
wave  vector  makes  with  the  x,  and  the  x2  axes,  re¬ 
spectively,  and  0ls  and  02s  are  those  of  the  scattered 
wave  vector. 

From  this  result  we  find  that  if  we  wish  a  constant 
value  for  (d Rs/dfls)  for  -0lm  <  0ls  -  01O  <  0lm  and 
-  02m  <  02s  —  020  <  02m;  subject  to  the  restriction  that 
f(y)  is  nonzero  for  y  >  0,  so  that  each  Cj  is  a  positive 
number,  we  must  choose 


+  2 


da  exp[i(q  —  k)u\ 


X 


f  (7  )exp( — ika  umy)dy. 


(33) 


Because  the  integrand  in  each  integral  over  x  is  in¬ 
dependent  of  x,  the  sum  over  j  of  each  integral  over  x 
gives  L/2.  Thus  we  obtain 


/(#)  =  ' 


da  exp [i(q  —  k)u ]  f(y)[exp(ikaymu) 


+  exp(— ikaymu)]dy.  (34) 

When  the  orders  of  integration  are  changed,  Eq.  (34) 
becomes 


I(q \k)  =  tt L 


dy/’(y)[8(q  -  k+  kay m) 


+  8 (q  -  k  -  kay m)] 


ttL 

kam 


(35) 


When  the  results  given  by  Eqs.  (35)  are  substituted 
into  approximation  (14),  we  find  that,  for  small  angles 
of  incidence  and  scattering,  the  mean  differential  re¬ 
flection  coefficient  is  given  by 

\  kam  1  /  \  kam1  I J 


X 


1 

2  am2 


,  kam 2  /  \  kam2  I 


(36) 


where  the  subindices  (1,  2)  indicate  quantities  along 
the  directions  xx  and  x2.  Thus  we  have  obtained  the 
result  that,  in  the  geometrical-optics  limit,  the  mean 
differential  reflection  coefficient  is  determined  by  the 
PDF  f{ y)  of  the  coefficients  Cj  entering  the  expansions 
(26)  and  (28).  For  small  angles  of  incidence  and 
scattering  we  can  write 


2ami 


j.  |  ®io  01s  j  ,  j.  I  ©Is  0io 

fl  am!  /  +  arnx 


X 


2am-; 


am2 


j,  1  020  02s  j  ,  j,  1 02s  020 

/  2 1  +  /  2 


am2 


(37) 


f( y)  =  recti  y  -  ^  , , 


because  with  this  choice  for  f( y)  we  obtain 

dR\  1  |2  1  ,  / 6io  —  ©is  1 

— — )  =  |k0|  -  rect - 

dilj  2am,  \  am  1  2 


+  rect 


2am  1 

®ls  —  ®io 


am, 


X 


2am? 


rect 


,( ®2s  ®20 

+  rect  - 

\  am2  2 


/  020  02s  _  1 

\  am2  2 

1 


(38) 


(39) 


=  hf 


x 


1  i./®10  ®ls 

- —  rect  — - - 

201m  \  20lm 

1  J  020  —  02s 

- —  rect  — - - 

202m  \  202m 


(40) 


where  we  have  made  the  identifications  0lm  =  am1 
and  02m  =  am2. 

4.  Numerical  Simulations 

The  theory  presented  in  the  preceding  sections  was 
first  tested  by  means  of  a  computer  simulation  ap¬ 
proach  in  which  perfectly  conducting  surfaces  were 
used.  The  simulation  is  based  on  the  application  of 
the  Kirchhoff  boundary  conditions,  which  result  in 
the  scattering  amplitude  expressed  by  our  Eq.  (5). 
Randomly  rough  surface  profiles  and  their  deriva¬ 
tives  were  generated  numerically,  from  the  procedure 
represented  by  Eqs.  (26)  and  (28),  with  the  functions 
s(x)  and  d(x)  given  by  Eqs.  (27)  and  (29)  and  the  PDF 
of  the  random  numbers  c;  given  by  Eq.  (38).  In  Fig. 
4  we  show,  as  an  example,  a  realization  of  a  one¬ 
dimensional  sample  profile  and  its  derivative.  The 
mean  differential  reflection  coefficient  was  estimated 
from  Eqs.  (5)  and  (13)  with  a  large  number  of  such 
profiles. 

For  simplicity,  we  consider  first  the  scattering  by 
one-dimensional  surfaces;  that  is,  surfaces  that 
present  height  variations  along  x1  and  are  invariant 
along  x2.  In  Fig.  5,  we  show  an  example  of  an  esti¬ 
mated  mean  differential  reflection  coefficient  for  the 
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Fig.  4.  Numerical  generation  of  a  surface  profile  and  its  deriva¬ 
tive.  The  parameters  used  are  b  =  60  p,m,  n  =  1,  and  0m  =  2 h  = 
8°. 


case  of  normal  incidence,  averaged  over  6000  realiza¬ 
tions  of  the  surface-profile  function.  It  can  be  seen 
that  the  scattering  distribution  is  close  to  the  desired 
result.  There  is  almost  no  light  outside  the  range 
-em  <  es  <  0m,  and,  apart  from  a  small  peak  in  the 
direction  0S  =  0,  the  distribution  is  fairly  uniform.  It 
should  be  pointed  out  that  the  peak  is  part  of  the 
incoherent  component;  the  coherent  component  was 
also  estimated  with  the  simulation  and  is  negligible 
in  this  case.  As  we  discuss  below,  the  peak  is  a 
diffraction  effect  that  is  not  present  in  our  theoretical 
results  because  our  analysis  is  based  on  a 
geometrical-optics  approximation. 

Let  us  consider  the  result  expressed  by  Eq.  (39). 


Fig.  5.  Mean  differential  reflection  coefficient  estimated  from 
Np  =  6000  realizations  of  the  surface-profile  function  for  the  case 
of  normal  incidence  and  a  wavelength  X  =  0.6328  p.m.  The  pa¬ 
rameters  used  are  b  =  60  p,m,  n  =  1,  and  0m  =  2 m  =  5°.  The 
sampling  on  the  surface  was  Ax  =  X/5,  and  the  size  of  the  surface 
was  L  =  2000X. 
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Fig.  6.  Same  as  Fig.  5  but  with  random  deviates  c,  for  the  gen¬ 
eration  of  the  surface  along  x1  drawn  from  the  distribution  given  by 
Eq.  (41)  with  e  =  0.01.  The  illumination  wavelengths  are  (a)  A.  = 
0.6328  jjim,  (b)  A.  =  0.532  (xm,  and  (c)  A  =  0.442  |xm. 


In  the  geometrical-optics  limit,  the  scattering  distri¬ 
bution  consists  of  two  rectangular  distributions,  and 
it  is  clear  that  diffraction  effects  will  smooth  these 
two  contributions  to  the  scattering  pattern.  The 
peak  observed  along  0S  =  0  in  the  scattering  distri¬ 
bution  shown  in  Fig.  5  is  due  to  the  overlap  of  the  tails 
of  the  two  distributions  predicted  on  the  basis  of  geo¬ 
metrical  optics.  This  unwanted  effect  can  be  cor¬ 
rected  by  use  of  random  numbers  c7  for  the  generation 
of  the  surface,  drawn  from  a  distribution  of  the  kind 


f(y)  =  rect 


7  - 


(41) 


where  e  is  a  small  constant.  In  our  approximation, 
the  scattering  distribution  is  then  given  by 


1 

201m 


010  01s 

01m 


+  rect 


01s  0io 
01m 


(42) 


This  scattering  pattern  consists  then  of  two  contri¬ 
butions  of  rectangular  form  [nonzero  in  the  ranges 
-(0im  +  e0lm)  <  0^  -  0io  <  ~60im  and  e0lm  <  0ls  - 
®10  —  (01m  +  €0im)],  separated  by  a  gap  of  angular 
width  2e0lm  about  the  specular  direction. 

In  Fig.  6,  we  present  computer  simulation  results 
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Realization  of  a  two-dimensional  surface  profile,  £(X|)  : 
£2(x2),  with  b1  =  b2  =  60  p.m,  n1  =  n2  =  1,  and  0lm  =  02m  : 


for  the  estimated  mean  differential  reflection  coeffi¬ 
cients  for  surfaces  we  generated  by  using  the  PDF  of 
the  random  numbers  Cj  given  by  Eq.  (41)  with  e  = 
0.01,  0m  =  5°,  and  three  different  wavelengths.  Let 
us  consider  first  the  results  presented  in  Fig.  6(a), 
which  correspond  to  a  wavelength  A.  =  0.6328  pm. 
The  main  difference  between  the  distribution  given 
by  Eq.  (42)  and  the  results  shown  in  Fig.  6(a)  is  that 
in  the  numerical  results  the  two  sections  of  the  scat¬ 
tering  distribution  are  not  separated,  as  the  theoret¬ 
ical  analysis  predicts.  The  overlap  between  the 
distributions  is  due  to  diffraction,  and  its  relative 
importance  is  determined  by  the  characteristic 
length  b,  the  wavelength  A,  and  the  value  of  e. 
Therefore  it  is  always  possible  to  choose  an  appropri¬ 
ate  e  to  obtain  an  approximately  flat  scattering  curve, 
as  has  been  done  in  this  case.  Also  in  Fig.  6,  we 
present  calculations  for  the  wavelengths  A  =  0.532 
pm  [Fig.  6(b)]  and  X  =  0.442  pm  [Fig.  6(c)],  These 
results  show  that  the  optimal  e  does  not  change  much 
as  a  function  of  the  wavelength  and  that  the  diffusers 
are  fairly  achromatic.  This  fact  constitutes  an  ad¬ 
vantage  of  this  kind  of  refractive  (or  reflective)  dif¬ 
fusers  over  diffractive  ones. 

An  example  of  a  realization  of  a  two-dimensional 
profile,  £(X||)  =  (](xi)  +  £2(x2),  with  i/xj)  generated  on 
the  basis  of  Eq.  (26),  the  function  s(x)  given  by  Eq. 
(27),  the  PDF  of  the  random  numbers  Cj  given  by  Eq. 
(41),  0lm  =  02m  =  5°,  and  e  =  0.01,  is  shown  in  Fig.  7. 
The  mean  differential  reflection  coefficient  estimated 
from  Np  =  2000  realizations  of  such  surfaces  (only 
larger)  is  shown  in  Fig.  8  as  a  function  of  the  two 
scattering  angles  0ls  and  02s  for  the  case  of  normal 
incidence.  It  can  be  seen  that  the  scattering  distri¬ 
bution  is  close  to  the  desired  result.  There  is  almost 
no  light  outside  the  range  —  0lm  <  0ls  <  0lm,  -02m  < 
02s  <  02m  and,  inside  it,  the  distribution  is  fairly 
uniform.  These  results  show  that,  at  least  under  the 
Kirchhoff  approximation,  our  design  approach  is  a 
sound  one. 

5.  Experimental  Details  and  Results 

In  this  section,  we  provide  some  details  of  the  exper¬ 
imental  technique  proposed  for  the  fabrication  of  uni- 


Fig.  8.  Mean  differential  reflection  coefficient  estimated  from 
Np  =  2000  realizations  of  the  surface-profile  function  for  the  case 
of  normal  incidence  and  a  wavelength  \  =  0.6328  p.m.  The  pa¬ 
rameters  used  are  b1  =  b2  =  60  p,m,  n1  =  n2=  1,  and  0lm  =  02m  = 
5°.  The  sampling  on  the  surface  was  Ax-,  =  Ax2  =  X/5,  and  the 
size  of  the  surface  was  L1  =  L2  =  2000X. 


form  band-limited  diffusers  and  present  our  main 
experimental  results. 

We  fabricated  the  surfaces  by  etching  spin-coated 
photoresist  films  deposited  on  glass  substrates 
through  their  selective  exposure  to  blue  light.  A 
schematic  diagram  of  the  optical  system  used  for  ex¬ 
posing  the  plates  is  shown  in  Fig.  9.  The  illumina¬ 
tion  is  provided  by  a  He-Cd  laser  (X  =  0.442  p,m).  A 
cylindrical  condenser  system  is  used  to  concentrate 
the  light  passed  through  a  rotating  glass  diffuser  on 
a  slit,  providing  an  illumination  that  is  effectively 
incoherent.  An  incoherent  (normally  demagnified) 
image  of  the  slit  is  formed  by  a  microscope  objective 
on  the  photoresist-coated  plate.  In  most  cases  we 
used  a  x  10  (N.A.  =  0.25)  microscope  objective,  but  we 
also  present  results  obtained  with  X3  (N.A.  =  0.1) 
and  Xl  (N.A.  =  0.05)  objectives.  The  slit  has  an 
approximate  width  of  (  =  180  |im,  and  its  incoherent 
image,  of  width  l*,  has  a  nearly  (smoothed  by  diffrac¬ 
tion  effects)  rectangular  shape.  The  intensity  im¬ 
age,  centered  on  x0,  is  approximately  given  by  the 
expression 


Is(x  —  x0)  ~  I0  rect 


lx  —  x0 


l* 


(43) 


where  I0  represents  a  constant. 

Our  first  task  is  to  produce  a  groove  with  a  trape¬ 
zoidal  shape,  such  as  the  one  shown  in  Fig.  2(a),  on 
the  photoresist-coated  plate.  For  this,  the  plate  is 
exposed  while  a  constant  speed  scan  of  length  b  = 
l*/ (2 n  +  1)  is  executed.  To  illustrate  the  procedure, 
we  take  the  image  of  the  slit  centered  on  the  origin. 


He-Cd 

laser 


cylindrical 
lens 


slit 


photoresist-coated 

plate 


ground 

glass 


microscope 

objective 


Fig.  9.  Schematic  diagram  of  the  experimental  arrangement  used 
for  the  fabrication  of  the  diffusers. 
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Fig.  10.  Measured  profile  that  illustrates  the  experimental  real¬ 
ization  of  the  function  s(x).  The  profile  was  estimated  by  means 
of  a  Dektakst  mechanical  profilometer  and  has  parameters  H  =  7 
p,m,  b  =  15  p,m,  and  n  =  1.  The  ideal  profile  is  shown  by  the 
dashed  curve. 


The  exposure  of  the  plate  that  is  due  to  this  distribu¬ 
tion  and  the  motion  of  the  plate,  of  length  6  and  time 
T,  may  be  written  as 


PT/2 

E{x)  =  Is(x  —  vt)dt,  (44) 

J-T/  2 

where  v  =  b/T  represents  the  speed  of  the  scan. 
This  equation  may  be  rewritten  as 


E(x) 


K 

b 


X  —  s 
(2  n  +  1)6 


ds, 


(45) 


where  we  have  defined  E0  =  I0T  and  used  approxi¬ 
mation  (43)  and  the  change  of  variable  s  =  vt.  Ex¬ 
pression  (45)  can  be  readily  evaluated,  giving 


E(x) 

0 

~(n  +  VE0  -  ( EJb)x 
=  '~E0 

— ( n  +  1  )E0  +  ( E0/b)x 
0 


for  x  <-(/i  +  1)6 

for  —  (n  +  1)6  <  x  <  —nb 

for  —nb  sx  Sn6 

for  nb  <  x  <  (n  +  1)6 

for  (n  +  1)6  <  x 

(46) 


The  similarity  between  this  function  and  the  func¬ 
tion  s(x),  defined  by  Eq.  (27),  is  evident.  Therefore, 
if  a  linear  response  of  the  photoresist  (depth  propor¬ 
tional  to  exposure)  is  assumed,  this  procedure  should 
produce  a  groove  whose  shape  constitutes  a  good  ap¬ 
proximation  to  the  desired  trapezoidal  one.  To  test 
and  optimize  this  procedure,  we  fabricated  several 
grooves  by  exposing  photoresist-coated  plates  in  this 
fashion.  The  plates  were  mounted  on  a  computer- 
controlled  motorized  stage  and  moved  in  steps  of  0.1 
pm  for  the  required  length  6.  The  plates  were  de¬ 
veloped,  dried,  and  the  resulting  surface  profiles  were 
subsequently  estimated  by  a  Dektakst  mechanical 


Fig.  11.  Measured  segment  of  the  surface  profile  of  a  fabricated 
sample.  The  parameters  are  b  =  60  gm  and  n  =  0. 


profilometer  fitted  with  a  submicrometer  stylus  tip. 
An  example  of  such  a  measurement  is  shown  in  Fig. 
10,  in  which  we  present  the  estimated  profile  of  a 
groove  with  H  7  pm,  6  15  pm,  and  n  =  1.  For 

comparison,  we  show  the  ideal  trapezoidal  profile, 
indicated  by  the  dashed  curve.  We  can  see  that  the 
corners  of  the  fabricated  profile  are  not  as  sharp  as 
the  ones  in  the  ideal  shape  and  that  some  of  what 
should  be  straight-line  segments  are  slightly  curved 
(the  lateral  segments)  or  present  oscillations  (the  bot¬ 
tom  segment).  It  is  difficult  to  tell  how  close  the 
approximate  and  the  ideal  profiles  need  to  be,  but, 
from  the  results  obtained  with  the  fabricated  sur¬ 
faces,  we  can  say  that  approximate  profiles  of  the 
kind  shown  in  Fig.  10  constitute  acceptable  approxi¬ 
mations. 

With  the  basic  building  block  of  the  function  s(x), 
we  can  generate  random  profiles  by  superposing  a 
sequence  of  shifted  versions  of  it  with  random 
weights,  as  indicated  by  Eq.  (26).  Again,  several 
profiles  were  generated  and  characterized  to  test  and 
optimize  the  procedure.  In  Fig.  11,  we  present  an 
example  of  a  profilometric  trace  of  a  section  of  one  of 
the  samples  fabricated  according  to  Eq.  (26).  The 
faceted  nature  of  the  surface  is  clearly  visible  in  the 
figure.  For  this  particular  example,  we  chose  n  =  0, 
which  resulted  in  a  function  s(x)  of  triangular  shape, 
rather  than  a  trapezoidal  one.  The  symmetric  tri¬ 
angular  indentations  can  be  clearly  appreciated  in 
the  figure. 

The  profilometric  data  is  useful  for  refining  and 
establishing  the  fabrication  procedure  but,  ulti¬ 
mately,  the  important  characteristic  of  a  given  sam¬ 
ple  is  its  light-scattering  properties.  For  this 
reason,  angle-resolved  light-scattering  measure¬ 
ments  with  the  fabricated  samples  were  taken  with  a 
standard  scatterometer  (see  descriptions  in,  e.  g., 
Refs.  14  and  15).  For  convenience,  the  measure¬ 
ments  were  taken  in  a  transmission  geometry  at  nor¬ 
mal  incidence.  An  example  is  shown  in  Fig.  12,  in 
which  we  show  the  scattering  distribution  pattern 
produced  by  a  one-dimensional  photoresist  surface 
fabricated  with  the  method  described  here.  This 
particular  sample  has  6^6  pm  and  n  =  1.  From 
the  figure  we  can  see  that  the  scattering  distribution 
is  significant  only  in  the  range  —10°  <  0S  <  10°, 
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Scattering  Angle  [deg] 

Fig.  12.  Mean  intensity  (unnormalized  differential  reflection  co¬ 
efficient)  produced  by  a  sample  with  6  p,m  and  n  =  1.  The 
experiment  was  done  in  transmission,  and  the  sample  was  illumi¬ 
nated  at  normal  incidence. 


approximately.  In  this  range,  the  pattern  presents 
some  random  oscillations  with  what  appears  to  be  a 
fairly  uniform  mean  value.  These  oscillations  are 
due  to  speckle  noise,  smoothed  out  by  integration  at 
the  detector.  However,  because  for  the  lengths  of 
surface  that  we  have  fabricated  only  a  few  hundred 
independent  random  numbers  were  used,  and  not  all 
of  the  facets  provide  a  contribution  to  a  point  in  the 
far  field,  the  speckle  statistics  of  the  resulting  speckle 
pattern  could  be  non-Gaussian,16  leading  to  larger 
fluctuations.  It  is  expected  that  the  use  of  longer 
surfaces,  with  more  facets,  will  reduce  the  amplitude 
of  these  fluctuations. 

Typically,  the  fabricated  samples  produce  scatter¬ 
ing  patterns  that  are  fairly  well  confined  to  a  given 
angular  range  and  they  present  some  fluctuations  in 
the  region  in  which  a  constant  intensity  would  be 
expected.  The  fluctuations,  however,  seem  to  have  a 
fairly  constant  average  value.  These  results  vali- 


Fig.  13.  Photograph  of  the  transmission  scattering  pattern  pro¬ 
duced  by  a  two-dimensional  diffuser  with  b1  =  b2  =  6  pm  and  n1  = 
n2  =  1. 


date  the  proposed  design  and  fabrication  methods  for 
generating  random  band-limited  uniform  diffusers. 

A  photograph  of  the  scattering  pattern  obtained 
with  a  two-dimensional  diffuser  is  shown  in  Fig.  13. 
Because  the  response  of  the  detector  of  the  electronic 
camera  used  to  take  this  picture  is  not  necessarily 
linear,  the  photograph  provides  only  qualitative  in¬ 
formation  on  the  scattering  distribution.  Neverthe¬ 
less,  a  region  of  approximately  rectangular  shape, 
surrounded  by  a  less  intense  and  more  isotropic  dif¬ 
fuse  halo,  can  be  appreciated  in  the  photograph. 
The  halo  is  due  to  imperfections  in  the  coating  of  the 
photoresist  plate  and  to  a  small  roughness  compo¬ 
nent  introduced  by  stray  light  during  its  exposure. 


6.  Summary  and  Conclusions 

In  this  paper,  we  have  studied  the  problem  of  design¬ 
ing  and  fabricating  achromatic  nonabsorbing  diffus¬ 
ers  that  scatter  uniformly  within  a  range  of  angles 
and  produce  no  scattering  outside  that  range.  It  has 
been  shown  that,  in  the  particular  case  of  our  sepa¬ 
rable  geometry,  the  original  problem  can  be  recast  as 
that  of  generating  a  random  surface-profile  function 
£(%,  x2)  =  £i(xi)  +  £2(^2)  that,  differentiated  along 
the  x1  and  the  x2  directions,  obeys  a  rectangular  PDF. 
A  procedure  for  numerically  generating  surfaces  with 
these  properties  has  been  proposed.  Tests  con¬ 
ducted  through  computer  simulations  showed  that 
the  proposed  design  is  feasible  and  confirmed  the 
expectation  that  the  generated  diffusers  would  be 
fairly  achromatic.  The  technique  is  also  well  suited 
for  the  generation  of  such  surfaces  in  photoresist,  and 
we  have  implemented  a  procedure  for  their  optical 
fabrication.  The  generated  surfaces  were  character¬ 
ized  with  a  mechanical  profilometer,  and  their 
scattering  properties  were  measured  with  a  scat- 
terometer.  The  results  indicate  that  good  approxi¬ 
mations  to  the  desired  uniform  band-limited  diffusers 
can  be  fabricated  with  the  proposed  method. 

Although  other  methods  of  fabricating  uniform 
band-limited  diffusers  have  been  proposed  and  are 
now  in  use  for  the  production  of  light-shaping  diffus¬ 
ers,  we  believe  that  the  design  procedure  studied  here 
is  the  only  one  that  can  produce  achromatic  diffusers 
whose  scattering  patterns  show  good  uniformity 
within  the  specified  angular  range  and,  at  the  same 
time,  can  direct  all  of  the  available  energy  into  that 
range. 
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Two  computer  simulation  studies  of  the  speckle  correlations  in  the  light  scattered  from  a  volume  disordered 
dielectric  medium  consisting  of  a  random  array  of  dielectric  spheres  are  made.  In  both  studies  light  is  treated 
in  the  scalar  wave  approximation,  and  the  wavelength  of  the  light  is  taken  to  be  much  greater  than  the  radius 
of  the  dielectric  spheres.  In  one  study,  the  scattering  medium  is  formed  by  placing  dielectric  spheres  of  radius 
R  and  dielectric  constant  e  randomly  in  space.  The  spheres  occupy  space  uniformly,  under  the  provision  that  no 
two  spheres  overlap.  In  a  second  study,  the  scattering  medium  is  formed  by  placing  dielectric  spheres  of  radius 
R  and  dielectric  constant  e  randomly  on  the  vertices  of  a  simple  cubic  lattice  so  that  a  fixed  fraction  of  the 
vertices  is  occupied  by  the  spheres.  The  lattice  constant  of  the  simple  cubic  lattice  is  taken  to  be  of  the  order 
of  magnitude  of  the  wavelength  of  light  in  vacuum.  In  both  studies  the  the  volume  filling  fraction  is  the  same, 
and  the  region  outside  the  spheres  is  vacuum.  The  field  equations  are  integrated  numerically  to  determine  the 
scattered  fields,  and  these  fields  are  used  to  calculate  the  speckle  correlation  function  defined  by 
C(q,k\q',kt)  =  ([I(q\k)  —  (I(q\k))][I(q'\k')  —  {I(q'\kt)]).  Here  I(q\k)  is  proportional  to  the  differential 
scattering  coefficient  for  the  elastic  scattering  of  light  of  wave  vector  k  into  light  of  wave  vector  q,  and  ( ) 
indicates  an  average  over  an  ensemble  of  random  systems.  Results  are  presented  for  C(q,k\q' ,k')  with 
particular  attention  paid  to  regions  of  k  space  in  which  either  the  C(1)  or  C<10)  contributions  dominate  the 
correlator. 
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I.  INTRODUCTION 

In  this  paper  we  present  computer  simulation  studies  of 
features  in  the  speckle  pattern  of  light  scattered  by  volume 
disordered  media.  Of  specific  interest  are  the  correlations 
that  exist  between  the  differential  scattering  cross 
sections  for  two  different  sets  of  angles  of  incidence  and 
scattering.  These  correlations  are  measured  by  the  speckle 
correlator1-10  C(q,k\q'  ,k')  =  ([I(q\k)  —  (I(q\k))][I(q'\k') 
—  (I (q ' \k '))]),  where  I(q\k)  is  proportional  to  the  differen¬ 
tial  scattering  coefficient  for  the  elastic  scattering  of  light  of 
wave  vector  k  into  light  of  wave  vector  q,  and  ( )  denotes  an 
average  over  a  statistical  ensemble  of  random  configurations. 
Two  studies  are  presented,  one  for  the  light  scattered  by  a 
homogeneous  randomly  disordered  medium  and  one  for  the 
light  scattered  by  a  random  medium  that  is  periodic  on  av¬ 
erage.  The  media  we  study  are  formed  by  placing  dielectric 
spheres  of  radius  R  and  dielectric  constant  e  in  space  at  a 
fixed  volume  filling  fraction.  The  spheres,  which  are  not  al¬ 
lowed  to  overlap,  have  a  radius  much  smaller  than  the  wave¬ 
length  of  the  light  in  vacuum,  and  the  region  outside  the 
spheres  is  taken  to  be  vacuum. 

The  features  in  the  speckle  correlator,  C(q,k\q' ,k'), 
of  the  scattered  light  that  are  of  interest  are  the 
short-range  contributions  C(l\q,k\q'  ,k')  (Refs.  1-9)  and 
C(l0\q,k\q'  ,k'). 10-12  These  features  dominate 
C(q,k\q' ,k'),  so  that  to  an  excellent  approximation  we 
study  C(q,k\q'  ,k')^C(l\q,k\q'  ,k')  +  C(10)(<7,k|g',P). 
The  contribution  C(1())  is  a  feature  in  the  speckle  correlator 


for  volume  scattering  that  has  recently  been  predicted  on  the 
basis  of  a  diagrammatic  perturbation  theory  for  a  homoge¬ 
neous  random  disordered  medium.10-12  The  general  features 
of  C(  1 1  have  been  studied  both  theoretically  and  experimen¬ 
tally  in  other  types  of  volume  and  surface  disordered  optical 
systems.1-9 

The  present  computer  simulation  studies  are  intended  to 
complement  and  support  the  Green’s-function  study  of  Cl  101 
and  to  provide  a  comparison  of  this  term  to  the  C(1)  term 
occurring  in  scattering  from  the  same  statistical  system.  In 
addition,  different  features  of  these  correlators,  associated 
with  the  periodic  on  average  system,  are  presented.  The  com¬ 
puter  simulation  yields  an  essentially  exact  solution  for  the 
speckle  correlator,  and  is  not  subject  to  the  approximations 
of  a  diagrammatic  perturbation-theory  treatment.  Since  the 
general  properties  of  the  correlator  are  faithfully  represented 
by  simulation  results,  a  meaningful  comparison  of  C(10)  with 
C(1)  in  the  same  bulk  randomly  disordered  optical  system 
can  be  made.  An  interesting  aspect  of  the  present  set  of  simu¬ 
lation  studies  is  the  comparison  of  the  results  for  the  homo¬ 
geneous  random  disordered  and  the  periodic  on  average  ran¬ 
dom  system.  The  C(1)  and  C(10)  terms  of  the  periodic  on 
average  system  are  found  to  exhibit  interesting  features  not 
observed  in  these  terms  for  the  uniformly  random  system. 

Theoretical  work  on  speckle  correlations  is  concerned 
with  computing  the  features  in  the  speckle  correlator  arising 
from  a  variety  of  different  types  of  scattering  processes  and 
classifying  the  contributions  of  these  processes  to  the  general 
speckle  correlator  C(q,k\q'  ,k').  Short-,  long-,  and  infinite- 
range  terms  denoted  by  C(1),C(2),C(3),  respectively,  were 
first  shown  to  contribute  to  the  total  speckle  correlator  of  the 
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scattered  light  and  to  arise  from  distinctly  different  types  of 
scattering  processes. 1-12  The  magnitude  of  the  contribution 
of  each  of  these  terms,  C’("  for  i=  1,2,3,  was  found  to  de¬ 
crease  rapidly  with  increasing  i.  More  recently,  additional 
features  arising  from  different  types  of  scattering  processes 
have  been  predicted  in  the  speckle  correlator. 10  12  These  are 
the  C<10)  short-range  and  the  C<15)  long-range  terms.  The 
C(10)  contribution  is  found  to  be  of  the  same  order  of  mag¬ 
nitude  as  the  C(  1  1  contribution,  but  the  magnitude  of  the 
C<1,5)  term  is  found  to  be  intermediate  between  those  of  the 
C1 1 1  and  C(10)  terms  and  the  much  smaller  C<2)  term.  For  the 
systems  we  treat  in  this  paper  the  C(L5),  C(2),  C13-1  contribu¬ 
tion  are  masked  by  the  statistical  noise  in  our  simulations. 

C(1)  first  occurs  in  the  lowest  order  in  the  perturbative 
expansion  of  the  speckle  correlator  in  powers  of  the  volume 
disorder.  C(  1 1  contains  phase  coherent  peaks  in  wave-vector 
space  known  as  the  memory  and  time-reversed  memory  ef¬ 
fects  in  the  angular  speckle  correlator. 1-9  C(10)  first  occurs  in 
the  same  order  in  the  expansion  of  the  speckle  correlator  in 
powers  of  the  volume  disorder10-12  as  does  C(1).  Because  of 
the  scattering  geometries  involved,  the  C(10)  term,  however, 
does  not  display  phase-coherent  effects.  C<ll)l  has  been  stud¬ 
ied  by  us  in  the  scattering  of  light  from  randomly  rough 
surfaces,  and  in  the  context  of  a  Green’s-function  perturba¬ 
tion  theory  in  the  scattering  from  volume  disordered  media.10 

The  remaining  C(1'5),  C(2>,  and  C(3)  terms  occur  as  in¬ 
creasingly  higher-order  terms  in  the  perturbation-theory  ex¬ 
pansion  of  C  in  the  random  disorder.  C<15)  and  C(2)  contain 
a  number  of  features  that  can  be  related  to  multiple¬ 
scattering  processes.10-12  C<3),  which  is  the  weakest  contri¬ 
bution  to  the  speckle  correlator,  is  a  smoothly  varying  func¬ 
tion  in  wave-vector  space. 

The  general  speckle  correlator  is  the  sum  of  the  five  con¬ 
tributions  mentioned  above.  This  paper  will  concentrate  on 
the  C(  1 1  and  C(10)  contributions.  These  dominate  the  speckle 
correlator,  and  are  the  only  contributions  to  the  speckle  cor¬ 
relator  observed  in  our  simulation  studies.  A  comparison  of 
C(1)  and  C(10)  is  made  for  several  values  of  the  dielectric 
constant  in  the  limit  that  the  wavelength  of  the  incident  light 
is  much  larger  than  the  radius  of  the  dielectric  spheres.  A 
comparison  is  also  made  between  C(1>  and  C<10’  for  a  homo¬ 
geneous  random  system  and  a  random  system  that  is  periodic 
on  average. 

The  outline  of  this  paper  is  as  follows.  In  Sec.  II  the 
model  for  bulk  elastic  scattering  is  presented,  and  the  calcu¬ 
lation  of  the  scattering  cross  section  in  this  model  is  dis¬ 
cussed.  In  Sec.  Ill  the  definition  of  the  speckle  correlator 
C(q,k\q'  ,k')  is  presented,  and  the  C(1),  C(10)  contributions 
to  it  are  discussed.  Numerical  results  for  the  scattering  cross 
section  and  the  angular  speckle  correlator  in  the  light  elasti¬ 
cally  scattered  are  then  presented  and  discussed.  A  discussion 
and  comparison  is  given  of  the  simulation  results  for  the  C{  1 1 
and  C(  101  contributions  to  the  speckle  correlator.  In  Sec.  IV 
our  conclusions  are  presented. 

H.  MODEL  AND  DIFFUSE  SCATTERING 


that  are  randomly  distributed  in  space.  The  region  outside  the 
spheres  is  vacuum,  and  a  volume  filling  fraction  p  of  space  is 
occupied  by  the  spheres.  Two  different  systems  are  studied. 
In  the  first  system  (homogeneous  random  system)  the 
spheres  randomly  occupy  space  uniformly  with  the  condition 
that  they  do  not  overlap.  In  the  second  system  (periodic  on 
average  random  system)  the  spheres  randomly  occupy  the 
sites  of  a  simple  cubic  lattice  of  lattice  constant  a>R.  In 
both  cases  the  wavelength  of  the  light  in  vacuum  is  taken  to 
be  much  larger  than  the  radius  of  the  spheres,  i.e.,  R . 
This  is  the  fundamental  restriction  in  our  simulation  and  it  is 
made  to  simplify  the  mathematical  treatment  of  the  scatter¬ 
ing  cross  section  of  the  electromagnetic  waves  from  the  in¬ 
dividual  spheres  in  the  array  of  scatterers  [see  Eqs.  (9)-(16) 
below]. 

Both  of  these  systems  are  described  by  a  position- 
dependent  dielectric  constant  of  the  form 

e(r)=l  +  <Se(r),  (1) 

where 


<5e(r)  =  (e-l)2  S[r-r(/)],  (2) 

i 


-  f  \r\^R 

S(r)=  ''  (3) 

[  0,  otherwise, 

and  {r( /)}  are  the  position  vectors  of  the  three-dimensional 
array  of  spheres.  In  the  computer  simulation  studies  pre¬ 
sented  below,  a  finite  volume  of  the  system  described  by  Eq. 
(2)  is  considered.  The  far-held  scattering  from  the  finite  vol¬ 
ume  of  randomly  arrayed  spheres  is  computed  and  used  to 
compute  the  speckle  correlator.  An  average  is  made  of  the 
differential  scattering  coefficient  and  the  speckle  correlator 
over  a  large  number  of  realizations  of  the  random  system. 
The  resulting  averages  are  taken  as  approximations  of  these 
quantities  for  the  infinite  system. 

To  simplify  the  mathematics,  the  propagation  of  light  will 
be  treated  in  the  scalar  wave  approximation.13  In  this  ap¬ 
proximation  the  scalar  wave  held,  i//(r,t)  =  if/(r)exp(—ia>t), 
is  determined  by 


e{r)  d 2 
c2  dt1 


<A(r,f)  =  0, 


the  held  energy  density  is  given  by 


1 

€{r) 

dif/(r,t) 

8  7T 

c2 

dt 

+  I V  i/»(  r ,  f )  | 2 


and  the  energy  current  is  given  by 


1  d>p*{r,t ) 


dt 


V  t[/(r,t)  + 


dt 


V  tp*{r,t) 


(4) 


(5) 


(6) 


We  consider  a  bulk  random  dielectric  medium  composed 
of  an  array  of  spheres  of  dielectric  constant  e  and  radius  R 


The  solution  to  the  scattering  problem  defined  by  Eqs. 
(l)-(6)  can  be  formally  written  in  terms  of  the  Green’s  func- 
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tion  of  the  Helmholtz  equation  for  the  propagation  of  the 
scalar  wave  field  in  vacuum.  This  Green’s  function  is  defined 
as  the  solution  of 


Here  k0=a>/c,  and  k  and  q  are  the  wave  vectors  of  the 
incident  and  scattered  fields.  The  scattering  cross  section  is 
then 


OJ 

A  +  |  — 


G(r,r')=  —  4TrS(r—  r'). 


(7) 


dcr  _  _  .  .  „ 


(15) 


subject  to  an  outgoing  wave  boundary  condition  at  infinity. 
The  well-known  solution  is 


From  Eq.  (11)  the  field  scattered  from  the  array  of  spheres 
is  given  in  the  far  field  by 


G(r\r')  = 


(8) 


^sc(r)" 


4rr  \  c 


iknr 


e-!  /  JiikoR)  e'  0 


-  3V 


knR 


E,- 

r  k,i 


ik0r-r(k ) 


r\r')  the  scattering  solution  of  Eq.  (4)  is 

X 

M  £-llco\2^ 

I - —  M 

47 T  \  c  j 

<A(r)  =  */w(r)+ ^:|-J  j  d3r'G(r\r')Se(r')if/(r'), 


indr(l)],  (16) 


(9) 


where  ilrinc(r)  Is  the  incident  field,  which  we  shall  take  to  be 
a  plane  wave.  Substituting  Eqs.  (2)  and  (3)  into  Eq.  (9),  we 
find 


'Kr)  =  tl/inc{r)+  — |-j  (e-l)E  J  d\'G{r\r') 


(10) 


If  the  radius  R  of  the  spheres  is  small  compared  to  the  wave¬ 
length  of  the  light  in  vacuum,  4>{r')  varies  slowly  over  the 
volume  of  the  individual  dielectric  spheres,  and  we  can  re¬ 
write  Eq.  (10)  as 

e-  1  / «\2 

Mr)  =  >/'inc(r)+  hr)  E  <A 0(0] 


L 


X  d3uG\r\r(l)  +  u], 


(id 


where  V  is  the  volume  of  a  sphere  of  radius  R  centered  at  the 
origin  of  coordinates. 

The  differential  scattering  cross  section  for  the  scattering 
of  scalar  waves  from  the  random  volume  disorder  is  obtained 
from  the  ratio  of  the  scattered  scalar  wave  current  and  the 
incident  current.  The  scattering  solution  of  Eq.  (4)  as  repre¬ 
sented  in  Eq.  (9)  is  of  the  form 


*A(r  )  =  iA/nc(r  )  +  iAsc(r  )j 


(12) 


where  i//5(( r)  is  the  scattered  wave.  For  an  incident  plane 
wave  of  the  form 


*A/ne(  r)  =  exp(  ik-r), 

the  scattered  wave  is  given  in  the  far  field  by 

„  „  exp (ik0r) 
sc(r)=f(q,k) - - - . 


(13) 


(14) 


r(k),r(l) 

where  the  matrix  elements  of  M  at  r(k),r(l)  are 


M 


Rk),r(iy 


■  |  d3uG\r(k)\ 

J  v 


r(l)  +  u]. 


(17) 


In  Eqs.  (16)  and  (17)  r=(sin  6)scos  <^s,sin  0ssin  (f>s, cos  0S),  for 
polar  and  azimuthal  scattering  angles  9S ,  <bs ,  and  j ,  (x)  is 
the  spherical  Bessel  function  of  order  1. 

HI.  SPECKLE  CORRELATIONS 

The  angular  correlator  for  the  scattering  of  light  measures 
the  correlations  in  the  speckle  patterns  arising  from  two  dif¬ 
ferent  scatterings  of  light  from  the  same  randomly  disordered 
medium.  The  angular  intensity  correlator  is  defined  in  terms 
of  the  fluctuations  in  the  differential  scattering  cross  section 
given  by  Eq.  (15)  from  its  value  averaged  over  many  real¬ 
izations  of  the  random  system.  These  fluctuations  are 


SI(q\k)  = 


dcr  -  ^  /  dcr  _  _  \ 


(18) 


where  (  )  represents  an  average  over  the  ensemble  of  realiza¬ 
tions  of  the  random  system  and  I(q\k)  =  (dcrl d£l){q\k) .  In 
terms  of  SI{q\k),  the  angular  speckle  correlator  is 

C(q,k\q’  ,k')  =  (8I(q\k)8I(q’\k’)) 


dc r  „  _  dcr  ,  ,  ,  \  dcr  , 


dcr  - 


(19) 


The  scattering  geometries  involved  in  defining  the  correlator 
in  Eq.  (19)  are  shown  in  Fig.  1. 

In  the  studies  below  results  for  the  homogeneous  random 
systems  are  obtained  from  runs  involving  125  spheres,  and 
results  for  the  periodic  on  average  studies  are  obtained  from 
runs  on  systems  of  225  dielectric  spheres.  The  volume  filling 
fraction  in  both  of  these  studies  is  fixed  at  p  =  0.000  247.  The 
spheres  occupy  a  cubic  volume  that  is  centered  at  the  origin 
of  spatial  coordinates,  with  faces  parallel  to  the  x  —  y,  y~z. 
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FIG.  1.  Schematic  representation  of  the  wave- vector  geometry 
for  the  correlation  between  two  elastic  scattering  processes  in  three- 
dimensional  space.  One  process  involves  the  scattering  of  an  inci¬ 
dent  wave  with  wave  vector  k  into  an  outgoing  wave  with  wave 
vector  q,  and  the  other  process  involves  the  scattering  of  an  incident 
wave  with  wave  vector  k '  into  an  outgoing  wave  with  wave  vector 
q' .  The  scattering  system  is  at  the  vertex. 

and  x~z  planes.  The  radius  of  the  spheres  is  taken  to  be 
R/X  =  0.064,  where  X  is  the  wavelength  of  light  in  vacuum. 
For  the  majority  of  runs  e=— 9,  but  additional  runs  for  e 
=  —  2,  2,  9  were  also  made.  We  have  considered  the  cases  of 
negative  dielectric  constants  because  metal  particles  can 
have  negative  dielectric  constants.  While  the  physical  effects 
discussed  below  are  observed  for  particles  with  both  nega¬ 
tive  and  positive  dielectric  constants,  the  effects  show  up 
best  in  systems  of  particles  with  negative  dielectric  con¬ 
stants.  This  should  be  a  point  of  interest  to  those  who  would 
be  interested  in  observing  the  effects  predicted  in  the  com¬ 
puter  simulations  studies  presented  below.  For  the  periodic 
on  average  system  the  spheres  are  taken  to  occupy  randomly 
the  sites  of  a  simple  cubic  lattice  with  lattice  constant  a/X 

1 .  The  speckle  correlators  are  obtained  by  averaging  over 
results  from  500  or  1000  realizations  of  the  disordered 
system. 

For  s-wave  scattering  from  the  spheres  in  our  model,  the 
solutions  of  the  Helmholtz  equation  inside  the  spheres  are 
proportional  to  the  spherical  Bessel  function 
y0[(e)1/2(w/c)r]  for  positive  e  and  the  modified  spherical 
Bessel  function  ;0[(  —  e)  1/2(co/c)r]  for  negative  e.  For  posi¬ 
tive  dielectric  spheres  j0[(  e)  1/2(  co/c)R]/j0(0) 
=  sin[(e)1/2(co/c)/?]/[(e)1/2(to/c)7?]  is  a  measure  of  the  va¬ 
lidity  of  the  approximation  in  going  from  Eq.  (10)  to  Eq. 
(11).  For  e=9  this  ratio  is  0.77  and  for  e  =  2  this  ratio  is 
0.95.  For  negative  dielectric  spheres  i0[(  —  e)l,2((o/c)R]/ 
/ o ( 0 )  =  sinh[(— e)I/2(  «/<;)/?]/[(  —  e) U2(a>/c)R]  is  a  measure 
of  the  validity  of  the  approximation  made  in  going  from  Eq. 


(10)  to  Eq.  (11).  For  e=  —  9  this  ratio  is  1.26  and  for  e= 

—  2  this  ratio  is  1.05.  The  e=  ±9  results  are  near  the  limits 
of  the  validity  of  the  approximation  but  should  give  reliable 
representations  of  the  speckle  patterns  from  experimental  re¬ 
alizations  of  these  systems. 

A.  Scattering  cross  sections 

We  first  present  the  differential  scattering  cross  sections 
for  the  two  different  models.  In  Fig.  2(a)  the  differential 
scattering  cross  section  is  presented  for  the  homogeneous 
random  system.  The  wave  vectors  of  the  incident  and  scat¬ 
tered  waves  are,  respectively,  k  =  k0(  1,0,0)  and  q 
=  k0( cos  <f>s  ,sin  <bs  ,0),  and  results  are  shown  for  several  val¬ 
ues  of  e.  In  general  the  diffuse  scattering  cross  sections  are 
seen  to  be  fairly  isotropic  in  space.  This  is  due  to  the  small 
ratio  of  the  dielectric  sphere  radius  to  the  wavelength  of 
light.  This  favors  s-wave  scattering  from  the  individual 
spheres  which,  along  with  the  uniform  random  distribution 
of  spheres  in  space,  gives  rise  to  an  isotropic  cross  section. 

For  comparison,  in  Fig.  2(b)  the  differential  scattering 
cross  section  for  several  values  of  the  dielectric  constant  is 
shown  for  a  random  system  that  is  periodic  on  average.  In 
these  calculations  we  have  taken  a/X  =  1 .  Consequently,  the 
s-wave  scattering  from  an  individual  dielectric  sphere  can  be 
affected  by  the  average  periodicity  of  the  system  to  give 
phase  coherent  peaks  in  the  cross  section.  In  general  the 
scattering  cross  sections  have  a  small  isotropic  component 
and  four  regularly  spaced  peaks.  The  peaks  that  are  observed 
at  <f>s  =  0,  90,  270,  and  360°  arise  from  residual  Bragg  scat¬ 
tering  caused  by  the  average  periodicity.  The  residual  Bragg 
scattering  peaks  remain  in  the  cross  section  when  we  change 
the  wavelength  of  the  light  to  slightly  detune  the  light  from 
the  Bragg  scattering  condition.  This  is  illustrated  by  the  re¬ 
sults  plotted  in  Fig.  2(c)  for  a  random  system  with  a/X 
=  0.9  that  is  periodic  on  average. 

B.  C(1)  and  C(10)  contributions  to  the  angular  speckle 
correlator 

The  contributions  C(1)  and  C(10)  to  the  speckle  correlator 
are  computed  as  statistical  averages  involving  the  differential 
scattering  cross  sections  and  their  products.  These  contribu¬ 
tions  dominate  C(q,k\q' ,k')  since  they  occur  in  the  lowest 
order  scattering  processes  yielding  a  contribution  to 
C(q,k\q',k').  A  comparison  of  C(n  and  C(10)  is  made  for 
the  two  types  of  model  disorder  and  in  some  cases  for  sev¬ 
eral  values  of  e. 

In  homogeneous  random  systems,  the  C(1\q,k\q' ,k') 
contribution  has  been  shown  to  be  nonzero  only  for  pro¬ 
cesses  that  satisfy  q  —  k  —  q'  +  k'  =  0,  and  the 
C('10\q,k\q ' ,k')  contribution  has  been  shown  to  be  nonzero 
only  for  processes  that  satisfy  the  wave-vector  condition  q 

—  k+q'  —  k'  =  0.  We  first  make  some  simulation  studies  that 
identify  C(1)  and  C(10)  as  the  dominant  contributions  to  the 
speckle  correlator  in  the  homogeneous  random  system,  and 
verify  that  C(1 1  and  C(10)  occur  for  wave  vectors  that  satisfy 
these  two  conditions.  To  do  this  computer  simulation  runs 
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FIG.  2.  (a)  Differential  scattering  cross  section  versus  azimuthal 
scattering  angle  (j>s  for  a  uniformly  random  system.  Results  are 
shown  for  systems  with  R/\  =  0.064,  e=  —  9  (solid  line),  2  (dashed 
line),  and  9  (dotted).  Note  that  the  dotted  line  results  have  been 
multiplied  by  0.1  to  fit  on  the  scale  of  the  figure,  (b)  Differential 
scattering  cross  section  for  the  periodic  on  average  system  with 
a/\=  1  and  R/X  =  0.064.  The  notation  is  the  same  as  in  (a),  (c) 
Differential  scattering  cross  section  for  the  periodic  on  average  sys¬ 
tem  for  a/X  =  0.9,  R/\  =  0.064  for  e=  —9. 


are  made  in  which  q,  k  are  fixed  and  a  series  of  values  of  q' 
and  k'  are  scanned  through.  During  the  scan,  maxima  are 
observed  in  the  speckle  correlator  when  either  or  both  of  the 
two  wave-vector  conditions  given  above  are  satisfied.  These 
maxima  correspond  to  the  C(  1 1  and  C(  l0)  contributions  to  the 
speckle  correlator.  Similar  scans  are  made  on  the  periodic  on 
average  system.  The  periodic  on  average  system  is  found  to 
exhibit  additional  peaks  in  C(  1 1  and  C<10)  for  q  —  k  —  q' 
+  k'  ¥=  0  and  for  q  —  k  +  q'—k'i=  0  that  are  not  found  in 
these  functions  for  the  homogeneous  random  system.  The 
origins  of  these  peaks  will  be  discussed  in  Sec.  IIIC. 

In  Fig.  3  results  are  presented  of  a  scan  on  q' ,  k'  for  fixed 
q,  k  for  C(q,k\q' ,k')  in  the  homogeneous  disordered  sys¬ 
tem.  Plots  for  a  number  of  different  positive  and  negative 
values  of  e  are  shown.  The  wave  vectors  of  the  incident  and 
scattered  light  are  taken  to  be  in  the  x  — y  plane  and  are  of 
the  form 


k  =  4(l,0,0), 

(20) 

k'  =k0( cos  </>,sin  cf), 0), 

(21) 

g,  =  k0(0,l,0), 

(22) 

q'  =  k0( sin  <p,  —  cos  <p,0). 

(23) 

Here  the  azimuthal  angle  (f>  runs  from  0  to  360°.  The  plots 
have  maxima  at  <fi=90° ,  corresponding  to  wave  vectors  that 
satisfy  q  —  k  +  q'—k'  =  0  for  a  nonzero  C(  10) .  A  second  set  of 
maxima  are  found  at  (f>=  270°  and  satisfy  q  —  k  —  q'  +  k' 
=  0  for  nonzero  C(1).  Figure  3  clearly  display,  the  contribu¬ 
tions  of  both  C(1)  and  C(10)  to  the  speckle  correlator.  It  is 
interesting  to  note  that  the  results  for  |  e|  =9  exhibit  peaks  in 
the  correlator  scans  that  are  similar  to  the  results  for  |  e\  =  2 . 
The  intensities  of  these  correlators,  however,  are  quite  differ¬ 
ent. 

In  Fig.  4  results  are  presented  as  in  Fig.  3,  but  for  a 
random  system  that  is  periodic  on  average.  The  wave  vectors 
and  the  angle  cf>  are  defined  as  in  Eqs.  (20)-(23),  and  the 
average  periodicity  is  defined  such  that  a/X  =  1.  Unlike  the 
homogeneous  random  system,  in  the  scan  over  <f>  the  peri¬ 
odic  on  average  system  displays  four  peaks  instead  of  two 
peaks.  The  two  additional  peaks  at  <p=  180°  and  360°  arise 
from  the  average  periodicity  of  the  array  of  spheres,  and 
correspond  to  scattering  sequences  in  which  at  least  one 
Bragg  reflection  is  involved.  A  further  discussion  of  the  ori¬ 
gin  of  of  these  peaks  will  be  given  below  in  subsection  C. 
Well  defined  peaks  are  observed  in  the  |e|=9  plots,  but  a 
more  complicated  behavior  involving  a  central  peak  with 
side  dips  is  found  in  the  |e|=2  plots.  The  widths  and  side 
peaks  observed  in  Figs.  3  and  4  are  for  angular  scans  passing 
though,  not  along,  the  envelopes  of  C(1)  and  C(  l0),  and  arise 
from  finite-size  effects.  For  an  infinite  sample  the  central 
peaks  would  become  delta  functions  and  the  side  peaks 
would  disappear.  For  finite-sized  samples,  the  side  peaks 
arise  from  diffractive  effects  due  to  the  finite  sample  size. 
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FIG.  3.  C(q,k\q'  ,k')  versus  the  scattering  angle  (j>  for  the  uniformly  disordered  system.  Results  are  shown  for  e=:  (a)  —9;  (b)  9;  (c) 
—  2;  and  (d)  2. 


Figures  3  and  4  exhibit  the  existence  of  the  C(1>  and  C(10) 
functions,  which  are  nonzero  when  q  —  k  —  q'  +k'  =  0  and 
q  —  k  +  q'  —  k'  =  0,  respectively.  We  now  look  at  the  enve¬ 
lopes  of  these  functions.  The  envelopes  are  obtained  as  q,  k, 
q' ,  k'  are  varied  so  that  either  or  both  of  the  conditions  q 
—  k  —  q’  +  k'  =  0,  q  —  k  +  q'  —  k'  =  0  are  always  satisfied. 

Results  are  first  presented  for  the  envelope  function  of 
C(1>.  We  account  for  the  q  —  k  —  q'+k'=  0  restriction  on 


C(l\q,k\q' ,k')  by  writing 

k  =  k0(sin  0,O,cos  0),  (24) 

k'  =  k0(sin  0,0,  —  cos  0),  (25) 

<7  =  k0(sin  0 cos  </>,sin  #sin  <f>,  cos  0),  (26) 

q '  =  k0(sin  0  cos  <^>,sin  0  sin  <fi,—cos  0).  (27) 


In  this  representation  q  —  k  and  q'  —  k'  are  parallel  vectors 
that  are  sent  into  one  another  by  reflection  through  the  x 
—  y  plane.  They  lie  on  chords  of  the  sphere  of  radius  k0 


centered  at  the  origin  of  coordinates  in  wave-vector  space. 
This  is  a  natural  way  to  choose  vectors  satisfying  q  —  k  —  q' 
+  k'  =  0. 

In  Fig.  5  the  speckle  correlator  of  the  homogeneous  ran¬ 
dom  system  is  shown  as  a  function  of  the  polar  angle  0  for 
fixed  azimuthal  angles  tj>  =  0,  20,  and  90°.  For  the  choice  of 
wave  vectors  in  Eqs.  (24) -(27),  the  correlator  is  symmetric 
under  reflection  through  the  x  —  y  plane  so  that  results  are 
shown  only  for  0^0^90°.  For  cf>=  0°,  peaks  are  observed 
at  0=0°  and  0=90°.  These  correspond  to  light  that  is  scat¬ 
tered  along  time  reversed  \q  =  k=  —  q'  =  —  k'  =  k0( 0,0,1)] 
and  same  sequence  scattering  \q  =  k  =  q'  =  k'  =  k0(  1,0,0)] 
paths,  respectively.  It  is  expected  in  Fig.  5  and  the  other 
figures  presented  in  this  paper  that  time  reversed  and  same 
sequence  scattering  process  may  lead  to  enhanced  correla¬ 
tions.  In  the  case  of  same  sequence  scattering,  two  waves 
that  undergo  exactly  the  same  scattering  process  in  traversing 
a  disordered  medium  should  undergo  the  same  change  in 
phase  from  the  initial  to  the  final  scattering.  This  retention  of 
the  phase  difference  before  and  after  scattering  should  con¬ 
tribute  to  a  constructive  interference  in  the  intensity  which 
would  tend  to  increase  the  intensity  correlator  when  same 
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FIG.  4.  C(q,k\q' ,k')  versus  the  scattering  angle  </>  for  the  periodic  on  average  system.  Results  are  shown  for  e—:  (a)  —  9;  (b)  9;  (c) 
-2;  and  (d)  2. 


sequence  scattering  process  are  possible.  Same  sequence 
scattering  processes  can  only  occur  for  a  restricted  range  of 
q,  q' ,  k,  and  k'  values.  Likewise,  for  time  reversed  pro¬ 
cesses  two  waves  encounter  the  scatterers  of  the  medium  in 
an  exactly  reversed  sequence,  and  the  retention  of  the  rela¬ 
tive  phase  difference  of  the  two  waves  is  expected  to  en¬ 
hance  the  intensity  correlations  between  the  processes  scat¬ 
tering  the  two  waves.  Once  again  time  reversed  processes 
can  only  occur  for  a  restricted  range  of  q,  q' ,  k,  and  k' .  For 
<f>  =  20°,  a  small  peak  is  observed  at  6=0°  corresponding  to 
the  time  reversed  sequence  \q  =  k  =  —q'  =  —  k'  =  k0(0,0,l)], 
but  no  peak  is  found  associated  with  the  0=90°  same  se¬ 
quence  scattering  processes.  For  <!>  =  90°  a  peak  structure  is 
observed  near  the  time  reversed  0=0  sequence.  Otherwise, 
the  cf>=  90°  correlator  is  a  smoothly  varying  function  of  0.  It 
is  noted  in  these  plots  that  both  C(  1 '  and  C(10)  are  nonzero  at 
general  <f>  for  6=0°  and  at  (f>  =  90°  for  0=90°.  At  these 
points  the  correlator  has  contributions  from  both  the  C‘ 1 1  and 
C(10)  processes. 

To  study  the  C('m\q,k\q' ,k')  contribution  to  the  angular 
speckle  correlator,  the  q  —  k  +  q'—k'  =  0  restriction  on  the 
wave  vectors  q,k,q'  ,k'  is  accounted  for  by  writing 


k  =  k0{sin  #,0,cos  0),  (28) 

k'  =  k0(  —  sin  0,O,cos  6),  (29) 

q  =  k0(sin  6  cos  cf>,  sin  #sin  <f>, cos  0),  (30) 

q'  =k0(  —  sin  0 cos  <fi,  —  sin  9  sin  <p,cos  6).  (31) 


The  vectors  q  —  k  and  q'  —k'  are  now  antiparallel  vectors  in 
a  plane  of  constant  polar  angle  of  the  sphere  of  radius  k0 
centered  at  the  origin  of  coordinates  in  wave-vector  space, 
and  occupy  parallel  chords  of  the  sphere.  This  is  again  a 
natural  representation  for  wave  vectors  that  satisfy  q  —  k 
+  q '  —  k '  =  0 .  Here  6  is  the  polar  angle  of  the  plane  contain¬ 
ing  q  —  k  and  q'  —k' ,  and  cf>  is  the  azimuthal  angle  in  this 
plane. 

The  results  for  C(10)(g,k|g',k')  are  plotted  in  Fig.  6  ver¬ 
sus  6  for  <l>  =  0,  20,  and  90°.  These  results  are,  again,  invari¬ 
ant  under  reflection  in  the  x—y  plane  so  that  results  are 
shown  only  for  0^0^90°.  For  the  case  in  which  4>  =  0° 
peaks  are  observed  for  6=0°  corresponding  to  q  =  k  =  q' 
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FIG.  5.  C(qS\q',k')  versus  6  for  the  uniformly  disordered 
system.  Results  are  shown  for  4>=:  (a)  0°;  (b)  20°;  and  (c)  90°. 

=k'  =k0(0,0,  1 )  (same  sequence  scattering),  and  for  0=90° 
corresponding  to  q  =  k= —q' =  —  k' =k0(  1,0,0)  (time  re¬ 
versed  scattering).  At  these  points,  in  addition  to  the  phase 
coherence  of  the  same  sequence  and  time  reversed  scattering 
processes,  as  per  our  discussion  of  Fig.  5,  both  C(1)  and  C(10) 
scattering  processes  make  nonzero  contributions  to 
C(q,k\q' ,k'),  and  the  increase  in  the  number  of  types  of 


(b)  Scattering  Angle 


FIG.  6.  C(q,k\q',k')  versus  0  for  the  uniformly  disordered 
system.  Results  are  shown  for  <p=:  (a)  0°;  (b)  20°;  and  (c)  90°. 

correlated  scattering  processes  contributes  to  an  enhance¬ 
ment  of  C(q,k\q' ,k').  For  general  cj)  and  0=0°  both  C(1) 
and  C(ll))  are  nonzero  and  arise  from  same  sequence  scatter¬ 
ing  paths.  Peaks  are  generally  observed  in  Figs.  6  at  0=0° . 

In  Figs.  7  and  8  we  present  results  for  the  periodic  on 
average  system  corresponding  to  those  in  Figs.  5  and  6,  re¬ 
spectively,  for  the  homogeneous  random  system.  In  these 
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(C)  Scattering  Angle 

FIG.  7.  Results  as  in  Fig.  5  but  for  the  periodic  on  average 
system. 
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FIG.  8.  Results  as  in  Fig.  6  but  for  the  periodic  on  average 
system. 


plots  either  or  both  of  the  conditions  q  —  k  —  q’  +  k'  =  0  or 
q  —  k  +  q'—k'=  0  are  satisfied.  The  plots  are  very  similar  to 
the  results  for  the  uniform  isotropic  system.  An  exception  is 
the  cf>  =  90°  results  for  both  C(1)  and  C(10).  For  this  case 
peaks  are  observed  for  C(1)  along  a  same  sequence  path  and 
for  C(10)  along  paths  of  antiparallel  incident  and  scattering 


beams.  Associated  with  these  peaks  are  two  large  side  peaks 
arising  from  residual  Bragg  scattering  effects. 

Finally,  we  note  that  in  plotting  the  envelope  functions  in 
Figs.  5-8  we  fixed  the  azimuthal  angle,  cf>,  of  the  vectors  q, 
k,  q ' ,  k'  and  scanned  over  the  polar  angle  0.  As  a  results  of 
this  the  differences  q  —  k  and  q'—k'  change  with  changing 
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FIG.  9.  Plot  of  the  angular  speckle  correlator  for  the  system  of  Fig.  4(a).  Plots  as  functions  of  (j>  are  presented  for  the  wave  vectors 
defined  in  Eqs.  (32)-(35)  for:  (a)  d=  10°;  (b)  0=45°;  and  for  the  wave  vectors  defined  in  Eqs.  (36)-(39)  for:  (c)  0=  10°;  (d)  0=45°. 


polar  angle.  While  this  samples  a  wide  range  of  behaviors  of 
the  correlators  in  q,  k,  q' ,  A:',  it  is  interesting  to  study  the 
correlators  for  scans  in  wave-vector  space  which  involve 
fixed  differences  of  q  —  k  and  q'  —k'.  If  9  is  fixed  and  cf)  is 


allowed  to  vary  in  the  vectors  defined  by 

q  =  k0  ( sin  9, 0,cos  9) ,  (32) 

k  =  kQ(sin  0,0,  —  cos  9),  (33) 

q'  =  k0(sin  9 cos  <^>,sin  0sin  <fi, cos  9),  (34) 

k'  =  k0(sin  9  cos  <^>,sin  9  sin  <f>,  —  cos  9),  (35) 


a  plot  of  the  envelope  of  C(l\q,k\q' ,k')  for  q  —  k  =  q' 
—  k'=kQ( 0,0,2  cos  9)  is  obtained.  In  Figs.  9(a)  and  9(b)  we 
present  results  for  C{  1  ’  versus  <b  from  the  periodic  on  aver¬ 
age  system  with  e=—9  for  scattering  processes  in  which  9 
=  10  and  45°.  In  general,  the  correlator  is  seen  to  be  a 
smooth  slowly  varying  function  of  <f>  for  both  polar  angles.  If 
we  fix  9  and  vary  <b  for  vectors  defined  by 


<7  =  k0(sin  0,O,cos  9), 

(36) 

k  =  kQ( sin  0,0,  —  cos  9), 

(37) 

q'  =  k0(sin  9 cos  <^>,sin  9  sin  cf>,  —  cos  9),  (38) 

k'  =k0( sin  9  cos  <^>,sin  9  sin  <f>, cos  9),  (39) 

a  plot  of  the  envelope  of  C(10\q,k\q' ,k')  for  q  —  k=  —  (q1 
—  P)  =  £0(0,0,2cos  9)  is  obtained.  In  Figs.  9(c)  and  9(d)  we 
present  results  for  C(ll)>  versus  cf>  from  the  periodic  on  aver¬ 
age  system  with  e=  —9  for  scattering  processes  in  which  9 
=  10  and  45°.  Again,  the  correlator  is  found  to  be  relatively 
independent  of  <b.  Similar  behaviors  are  observed  in  the  ran¬ 
dom  system  that  is  not  periodic  on  average. 

C.  Discussion  of  additional  peaks  arising  from  an  average 
periodicity 

An  explanation  based  on  analytic  techniques  can  be  given 
for  the  new  peaks  observed  in  the  results  for  the  periodic  on 
average  system  shown  in  Fig.  4.  (Specifically,  these  are  the 
peaks  occurring  at  <p  =  0  and  180°.)  This  is  done  by  applying 
diagrammatic  Green’s-function  methods  to  a  model  system10 
which,  though  different  from  the  one  described  in  Eqs.  (1)- 
(3),  exhibits  a  periodic  on  average  randomness  that  is  easier 
to  handle  analytically  and  which  is  qualitatively  similar  to 
that  of  the  periodic  on  average  system  discussed  in  Sec.  II. 

We  consider  a  form  for  e(r)  given  by 
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€(r)  =  u(r)  +  e0(r),  (40) 

where  u(r)  is  a  periodic  function  and  e0(r)  is  drawn  from  a 
set  of  Gaussian  random  functions, 1014-16  {e0(r)}.  The  scat¬ 
tering  properties  of  the  system  are  expressed  in  terms  of 
e(r),  and  the  average  scattering  properties  are  then  deter¬ 
mined  by  averaging  over  the  set  of  Gaussian  random  func¬ 
tions,  {e0(r)|.  In  Eq.  (40),  the  periodic  function  u(r)  is  rep¬ 
resented  by 

M(r)  =  X  uGe'G  ri  (41) 

G 

where  the  sum  is  over  the  set  of  reciprocal-lattice  vectors 
{G}  of  the  average  periodic  lattice,  and  the  Gaussian  random 
function  e0 (r)  satisfies 

<e0(r))  =  0,  (42) 

(e0(r)60(P))  =  a2g(\r-P\).  (43) 

In  Eqs.  (42)  and  (43)  (  )  indicates  an  average  over  the  set  of 
Gaussian  random  functions,  and  the  function  g(\r  —  r'\)  is 
such  that  g(0)=  1  and  lim,  xg(r)—>0. 

Following  a  well-known  treatment,10-12'14-16  it  can  be 
shown  that  the  electromagnetic  scattering  cross  section  of  the 
system  in  Eqs.  (40)-(43)  is  proportional  to  a  two-particle 
Green’s  function,  i.e., 

dcr(q,k) 

-^—«{\GR(q,k)\2).  (44) 

Here  the  Green’s  function  of  the  random  system,  GR(q,k), 
satisfies  the  Dyson  equation 

GR(q,k)  =  (2TT)3S(q-k)G(k) 

+  G(q)  f  -^-zV(q\p)GR(p,k),  (45) 

J  (27 t)3 

where  G(k)  is  the  Fourier  transform  of  Eq.  (8),  and  the  scat¬ 
tering  potential  for  the  dielectric  system  described  in  Eqs. 
(40) -(43)  is  given  by 

V(p\k)  =  v{p\k)e(p-k).  (46) 

In  Eq.  (46)  e(q)  =  f d3 re^,q  r e(r),  so  that  from  Eqs.  (40) 
and  (41) 

e(<?)  =  2  Uc(2Tr)3S(q-G)  +  e0{q),  (47) 

G 

where  e0(q)  =  Jd3re^'q'r£0(r),  uq  =  J ptcd3 re^'G  r  and  pic 
indicates  that  the  integral  is  over  a  primitive  lattice  cell.  The 
coefficient  v(p\k)  in  Eq.  (46),  whose  general  form  is  not 
important  to  our  discussions,  contains  details  of  the  interac¬ 
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tion  of  the  electromagnetic  fields  with  the  system  which  do 
not  affect  the  gross  geometric  features  of  the  speckle  cor¬ 
relator. 

In  terms  of  the  Green’s  function  GR(q\k),  it  has  been 
shown110-12  that  the  angular  speckle  correlator 
C(i\q,k\q' ,k’)  satisfies 

C(1)(q,k\q'  ,k')<x(G%(q,k)GR(q'  ,k')) 

X(G*(q'X)GR(q,k )) 

-\(GR(q,k))\2\(GR(q',k'))\2,  (48) 

and  that  the  angular  speckle  correlator  C>Uy>(q ,k\q ' ,k') 
satisfies10-12 

Cm(q,k\q'  ,k')*(G*(q,k)G*(q'  ,k')) 
X(GR(q',k')GR(q,k)) 
~\{GR(q,k))\2\(GR(q'  ,k'))\2. 

(49) 

An  understanding  of  the  gross  geometric  properties  of 
C(1\q,k\q',k')  and  C(W\q,k\q' ,k')  can  be  obtained  by 
using  Eqs.  (45) -(47)  to  expand  Eqs.  (48)  and  (49)  through 
terms  of  order  UqCt2.  We  now  turn  to  a  discussion  of  these 
terms. 

The  two-particle  Green’s  functions  in  Eqs.  (48)  and  (49) 
can  be  written  as 

(GR(q,k)GR(q',k'))  =  (27r)3S(q-k)G(k)(27r)3 

XS(q'-k')G(q')  +  G(q)G(q') 
xr°(q,k\q',k')G{k)G(k'),  (50) 
and 

(G*(q,k)GR(q',k'))  =  (27r)3S(q-k)G*(k)(27T)3 

XS(q'-k')G(q')  +  G*(q)G(q') 

xr\q,k\q',k')G*(k)G(k'), 

(51) 

where  T{\q,k\q' ,k')  and  are  the  respective 

reducible  vertex  functions  arising  from  the  scattering  inter¬ 
action  described  by  (V{q\k)V(q'\k'))  and 
(V*(q\k)V(q'\k')).  Computing  the  reducible  vertex  func¬ 
tion  in  Eq.  (50)  to  terms  of  order  «gct2,  we  find  the  general 
form 

T^(q,k\q'  ,k')=A(q,k\q'  ,k')8(q  —  k  +  q'  —  k') 

+  B(q,k\q' ,k')'^J  S(q  —  k  +  q’  —  k'  +  G), 

6 

(52) 


165204-11 


A.  R.  McGURN  AND  A.  A.  MARADUDIN 


PHYSICAL  REVIEW  B  64  165204 


FIG.  10.  Results  for  the  angular  speckle  correlator  for  the  system  of  Fig.  4(a).  Plots  are  presented  for  the  wave  vectors  defined  in  Eqs. 
(56)-(59)  showing  the  total  correlator  function  as  a  function  of  the  scattering  angle  <fi.  Results  are  shown  for:  (a)  0=30°;  (b)  0=45°;  (c) 
0=50°;  and  (d)  6=10°. 


where  A(q,k\q' ,k')  and  B(q,k\q' ,k')  are  smoothly  varying 
functions  of  q,  k,  q' ,  and  k' .  Computing  the  reducible  ver¬ 
tex  function  in  Eq.  (51)  to  terms  of  order  «<3<x2,  we  find  the 
general  form 

rl0(q,k\q'  ,k')  =  D(q,k\q'  ,k')S(q  —  k  —  q'  +k') 

+  E(q,k\q' ,k')2  8(q  —  k  —  q'+k'  +  G), 

6 

(53) 

where  D(q,k\q  ',k')  and  E(q,k\q' ,k')  are  smoothly  varying 
functions  of  q,  k,  q ' ,  and  k ' . 

From  Eqs.  (48)-(53)  we  see  that 

C{l\q,k\q',k')*X  8{q-k-q'+k'  +  G)  (54) 

G 

and 

Cm(q,k\q',k')^  S(q—k  +  q'—k'+G).  (55) 

6 


The  effect  on  the  speckle  correlator  of  the  average  periodic¬ 
ity  in  the  random  system  is  found  in  the  additional  delta- 
function  terms  in  Eqs.  (54)  and  (55)  over  the  single  (G 
=  0)  delta-function  terms  found  in  the  system  that  is  not 
periodic  on  average.  In  the  absence  of  average  periodicity 
(the  |G|— limit),  only  the  G  =  0  terms  contribute  in  Eqs. 
(54)  and  (55). 

To  investigate,  in  the  context  of  our  computer  simulations 
discussed  in  Sec.  II,  the  GAO  terms  in  Eqs.  (54)  and  (55),  it 


is  useful  to  take  the  forms 

k  =  k0( sin  0,O,cos  0),  (56) 

kr  =  k0( cos  4>  sin  0,sin  ([>  sin  0,cos  0),  (57) 

g  =  k0(0,sin  9, cos  6),  (58) 

q '  =  k0  ( sin  (f>  sin  0,  —  cos  4>  sin  9,  cos  9) .  (59) 


In  the  limit  that  9=  90°  the  wave  vectors  k,  k' ,  q,  q'  in  Eqs. 
(56)-(59)  reduce  to  those  given  in  Eqs.  (20)-(23)  and  repro¬ 
duce  the  results  in  Fig.  4  for  the  periodic  on  average  system. 
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For  0  A  90°  all  four  vectors  have  the  same  z  component,  and 
for  8=0°  all  four  vectors  are  parallel  to  the  z  axis.  Using  the 
wave  vectors  in  Eqs.  (56)-(59)  we  find  for  general  8  and  cf> 

q  —  k  —  q '  +  k'  =  k0sin  0(  —  1  —  sin  <f>  +  cos  <f>,  1  +  cos  </> 

+  sin</>,0),  (60) 

and 

q  —  k  +  q'—k'  =  k0sin  0(  —  1  +  sin  cf)  —  cos  <p,l  —  cos  <f> 

—  sin<£,0),  (61) 

which  give  simple  expressions  in  <b  and  8  for  these  two 
important  linear  combinations  of  the  incident  and  scattering 
wave  vectors  of  the  angular  speckle  correlator. 

From  Eqs.  (54)  and  (55),  it  is  seen  that  when  the  right- 
hand  side  of  either  Eq.  (60)  or  (61)  becomes  equal  to  a 
reciprocal-lattice  vector,  then  either  C' 1 1  or  C(10),  respec¬ 
tively,  are  nonzero.  Otherwise,  these  contributions  to  the 
general  angular  speckle  correlator  are  zero.  We  shall  now  use 
these  results  to  explain  the  peaks  observed  in  Fig.  4  for  the 
periodic  on  average  system.  Following  this,  we  shall  present 
additional  results  for  the  periodic  on  average  system  consid¬ 
ered  in  Fig.  4  that  illustrate  the  general  6  A  0  results  in  Eqs. 
(54)  and  (55)  for  these  types  of  systems. 

In  Fig.  4  simulation  results  have  been  presented  for  the 
0=90°  case  of  the  wave-vector  geometry  described  by  Eqs. 
(56)-(61).  Peaks  are  observed  for  <f>  =  0,  90,  180,  and  270°. 
Upon  evaluating  Eqs.  (60)  and  (61)  for  the  values  of  8  and  q b 
at  which  peaks  are  found  in  the  angular  speckle  correlator, 
we  find  that  the  four  peaks  correspond  to  cases  in  which  the 
right-hand  sides  of  Eqs.  (60)  and  (61)  become  equal  to 
reciprocal-lattice  vectors.  In  particular,  the  peaks  observed  at 
<f>  =  0  and  180°  arise  from  cases  in  which  the  right-hand 
sides  of  Eqs.  (60)  and  (61)  are  nonzero  reciprocal-lattice  vec¬ 
tors,  and  the  peaks  at  <b  =  90  and  270°  arise  in  part  from 
cases  in  which  the  right-hand  sides  of  Eqs.  (60)  and  (61)  are 
the  zero  reciprocal-lattice  vector. 

In  Fig.  10  we  extend  this  analysis  to  cases  in  which  8 
A 90°.  Scans  are  presented  in  <b  for  the  angular  speckle  cor¬ 
relator  of  the  €=—  9  periodic  on  average  system  treated  in 
Fig.  4(a).  Plots  are  presented  of  the  total  correlator 
C(q,k\q'  ,k')  versus  4>  for  0=30,  45,  50,  70°,  and  a  variety 
of  peaks  and  dips  are  observed  as  a  function  of  4>  in  these 
plots.  Evaluating  Eqs.  (60)  and  (61)  we  find  that  the  four 
peaks  in  the  0=  30°  plot  occur  when  the  right-hand  sides  of 
Eqs.  (60)  or  (61)  equal  vectors  of  the  reciprocal  lattice.  The 
peaks  at  <p=0°  and  180°  arise  from  nonzero  reciprocal- 
lattice  vectors,  and  are  consequently  absent  in  the  system 
that  is  not  periodic  on  average.  The  peaks  at  <f>  =  90  and  270° 
arise  in  part  from  G  =  0  and  will  be  found  in  the  results  for 
the  homogeneous  random  system.  From  Eqs.  (60)  and  (61) 
we  find  that  the  peaks  in  the  0= 45°  plot  located  about  cf> 
=  0,  90,  180,  270°  occur  for  cases  where  Eqs.  (60)  or  (61) 
become  equal  to  reciprocal-lattice  vectors,  and  the  peaks  lo¬ 
cated  about  cf>= 45,  135,  225°,  occur  for  cases  in  which  the 
right-hand  sides  of  Eqs.  (60)  or  (61)  are  close  to,  but  not 


0  10  20  30  40  50  60  70  80  90 

Scattering  Angle 


0  10  20  30  40  50  60  70  80  90 

Scattering  Angle 


FIG.  11.  Results  for  the  angular  speckle  correlator  for  the  same 
system  as  considered  in  Fig.  10,  now  plotted  as  a  function  of  the 
scattering  angle  6  for  fixed  values  of:  (a)  </>  =  45°;  and  (b)  <b 
=  180°. 

quite  equal  to,  reciprocal-lattice  vectors.  From  Eqs.  (60)  and 
(61)  we  find  that  the  peaks  or  dips  in  the  8=50  and  70°  plots 
for  the  peaks  or  dips  at  <^>  =  45,  90,  135,  225,  270,  315°  occur 
for  cases  in  which  the  right-hand  side  of  Eqs.  (60)  or  (61)  are 
close  to  reciprocal-lattice  vectors. 

The  delta  functions  in  Eqs.  (54)  and  (55)  represent  results 
for  an  ideal  random  system  that  is  of  infinite  extent.  For 
random  systems  of  finite  extent  we  expect  that  the  delta 
function  in  Eqs.  (54)  and  (55),  S(q  —  k  —  q'+k'  +  G)  and 
S{q  —  k  +  q'  —  k'  +  G),  are  replaced  by  peaked  functions 
f(q  —  k  —  q'+k'+G)  and  f{q~  k  +  q'  —  k'  +  G)  with 
maxima  at  the  zero  of  their  arguments  and  widths  of  order  Ml 
where  /  is  a  typical  linear  size  dimension  (i.e.,  the  radius  of 
the  smallest  covering  sphere)  of  the  finite  system.  Conse¬ 
quently,  the  peaks  observed  near  reciprocal-lattice  vectors  in 
the  plots  for  8=  45,  50,  70°  should  in  some  cases  become 
less  pronounced  as  the  size  of  the  system  increases. 

To  complement  the  runs  made  in  Figs.  4  and  10,  where 
plots  of  4>  for  fixed  8  are  given,  it  is  interesting  to  fix  (b  at  45 
or  180°  and  plot  the  angular  speckle  correlator  for  8  running 
from  0  to  90°.  These  plots  are  then  analogous  to  the  plots 
made  in  Figs.  5-8  for  the  G  =  0  envelopes.  In  Fig.  11  results 
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are  presented  for  the  e=— 9  periodic  on  average  system 
studied  in  Fig.  4(a)  for  0  =  45  and  180°  for  the  speckle  cor¬ 
relator  as  a  function  of  0.  In  these  plots,  anomalous  behavior 
is  found  near  sets  of  angles  for  which  the  right-hand  sides  of 
Eqs.  (60)  and  (61)  are  approximately  equal  to  vectors  of  the 
reciprocal  lattice.  It  is  interesting  to  note  that  in  both  plots 
negative  dips  in  the  correlator  are  found  near  0=10°. 

IV.  CONCLUSIONS 

We  have  computed  the  scattering  cross  section  and  the 
speckle  correlator  for  the  far-held  scattering  of  light  by  a 
finite,  random,  array  of  dielectric  spheres.  Two  different 
types  of  randomness  are  considered.  In  one,  the  spheres  ran¬ 
domly  occupy  space  uniformly  subject  to  the  condition  that 
different  spheres  do  not  overlap.  In  a  second,  the  spheres 
randomly  occupy  space  with  a  distribution  that  is  periodic  on 
average.  The  results  presented  confirm  the  existence  of  both 
the  C'J 1 1  contribution  to  the  speckle  correlator  (which  has 
been  known  to  exist  from  a  number  of  publications *~12)  and 
the  C(10)  contribution  to  the  speckle  correlator  (which  has 
recently  been  predicted  in  three-dimensional  scattering10  but 
only  as  yet  measured  in  the  light  scattered  from  rough  metal 
surfaces19).  The  simulation  has  been  used  to  determine  the 
envelope  function  of  these  correlators.  The  envelope  func¬ 
tions  of  C(1)  and  C(10)  are  seen  to  be  similar  to  one  another 
when  plotted  in  the  angular  variables  we  have  used.  Interest¬ 
ing  additional  features  are  observed  both  in  C(1)  and  C(  l(l) 
when  an  average  periodicity  is  introduced  into  the  random¬ 
ness  of  the  system.  For  the  periodic  on  average  systems  ad¬ 
ditional  regions  of  nonzero  C(1)  and  C(10),  other  that  those 
defined  by  the  conditions  q  —  k  —  q'+k'  =  0  and  q  —  k  +  q' 
—  k'  =  0,  are  observed,  that  are  caused  by  scatterings  involv¬ 
ing  one  or  more  Bragg  reflections. 


In  conclusion,  we  note  that  recently  a  contribution  to  the 
speckle  correlator  from  volume  scattering  has  been  intro¬ 
duced,  called  the  C(0)  correlation  function.17'18  The  systems 
studied  in  Refs.  17  and  18  differ  from  the  systems  studied  in 
the  present  paper  in  that  the  speckle  in  Refs.  17  and  18  arises 
from  a  point  or  extended  source  of  electromagnetic  radiation 
in  the  medium,  respectively,  whereas  in  this  paper  the  scat¬ 
tered  electromagnetic  waves  arise  from  incident  plane  waves. 
It  appears,  however,  that  the  diagrams  contributing  to  C<0) 
are  part  of  a  set  of  diagrams  entering  into  the  definition  of 
the  C<L5>  contribution  to  the  speckle  correlator  defined  for 
both  surface  and  volume  scattering. 10-1 2  This  is  clear  from 
the  characterization  of  the  C(15)  diagrams  for  volume  scat¬ 
tering  given  in  the  second  paragraph  of  Sec.  Ill  B  of  Ref.  10. 
This  is  to  say  that  C(0)  is  composed  from  two  two-particle 
Green’s  functions  that  are  connected  by  a  line  of  scattering 
interaction,  and  this  is  part  of  the  class  of  contributions  to 
C<15).  The  reader  is  also  referred  to  our  earlier  paper  on 
surface  scattering12  where  the  Cl  L5)  contributions  are  dis¬ 
cussed  in  Sec.  2.2.  We  note  in  this  regard  that  Fig.  2  of  Ref. 
12  does  not  explicitly  list  the  C(0)  diagrams  because  Fig.  2  of 
Ref.  12  was  a  list,  taken  from  the  many  diagrams  contribut¬ 
ing  to  C(1'5),  of  contributions  to  C(1,5)  that  have  peaks.  These 
peaks  were  the  focus  of  the  work  in  Ref.  12  and  the  C(0) 
diagrams,  though  part  of  of  the  C(1 51  contributions,  do  not 
display  peaks.  The  C(1 51  correlator  is  not  a  topic  of  the  re¬ 
sults  presented  in  this  paper,  and  we  will  not  pursue  this 
topic  further  here. 

ACKNOWLEDGMENTS 

The  research  of  A.A.M.  was  supported  in  part  by  Army 
Research  Office  Grant  DAAD  19-99-1-0321. 


*B.  Shapiro,  Phys.  Rev.  Lett.  57,  2168  (1986). 

2S.  Feng,  C.  Kane,  P.A.  Lee,  and  A.D.  Stone,  Phys.  Rev.  Lett.  61, 
834  (1988). 

T.  Freund,  M.  Rosenbluh,  and  S.  Feng,  Phys.  Rev.  Lett.  61,  2328 
(1988). 

4R.  Berkovits,  M.  Kaveh,  and  S.  Feng,  Phys.  Rev.  B  40,  737 
(1993). 

5R.  Berkovits  and  M.  Kaveh,  Phys.  Rev.  B  41,  2635  (1990). 

6L.  Wang  and  S.  Feng,  Phys.  Rev.  B  40,  8284  (1989). 

7R.  Berkovits,  Phys.  Rev.  B  42,  10  750  (1990). 

SN.  Garcia  and  A.Z.  Genack,  Phys.  Rev.  Lett.  63,  1678  (1989). 
9M.P.  van  Albada,  J.F.  De  Boer,  and  A.  Lagendijk,  Phys.  Rev.  Lett. 
64.  2787  (1990). 

10  V.  Malyshkin,  A.R.  McGurn,  and  A. A.  Maradudin,  Phys.  Rev.  B 
59,  6167  (1999). 


1 1 V.  Malyshkin,  A.R.  McGurn,  T. A.  Leskova,  A. A.  Maradudin,  and 
M.  Nieto- Vesperinas,  Opt.  Lett.  22,  946  (1997). 

12  V.  Malyshkin,  A.R.  McGurn,  T.A.  Leskova,  A. A.  Maradudin,  and 

M.  Nieto- Vesperinas,  Waves  Random  Media  7,  479  (1997). 

13  M.  Nieto- Vesperinas,  Scattering  and  Diffraction  in  Physical  Op¬ 

tics  (John  Wiley  and  Sons,  Inc.,  New  York,  1991). 

I4G.  Brown,  V.  Celli,  M.  Haller,  and  A.  Marvin,  Surf.  Sci.  136,  136 
(1984). 

15  A.R.  McGurn,  A. A.  Maradudin,  and  V.  Celli,  Phys.  Rev.  B  31, 
4866  (1985). 

16 A.R.  McGurn  and  A.A.  Maradudin,  J.  Opt.  Soc.  Am.  B  4,  910 
(1987). 

17B.  Shapiro,  Phys.  Rev.  Lett.  83,  4733  (1999). 

18S.E.  Skipetrov  and  R.  Maynard,  Phys.  Rev.  B  62,  886  (2000). 
19C.S.  West  and  K.A.  O’Donnell,  Phys.  Rev.  B  59,  2393  (1999). 


165204-14 


Institute  of  Physics  Publishing 


Waves  in  Random  Media 


Waves  Random  Media  12  (2002)  307-319 


PII:  S0959-7 174(02)3 1152-2 


The  angular  intensity  correlation  functions  C(l)  and 
C'(10)  for  the  scattering  of  light  from  randomly  rough 
dielectric  and  metal  surfaces 


Tamara  A  Leskova1,  Ingve  Simonsen  2,3  4  and  Alexei  A  Maradudin4 

1  Institute  of  Spectroscopy,  Russian  Academy  of  Sciences,  Troitsk,  Russia 
-  NORDITA,  Blegdamsvej  17,  DK-2100  Copenhagen,  0,  Denmark 

3  Department  of  Physics,  The  Norwegian  University  of  Science  and  Technology,  N-7491 
Trondheim,  Norway 

4  Department  of  Physics  and  Astronomy  and  Institute  for  Surface  and  Interface  Science, 
University  of  California,  Irvine  92697,  CA,  USA 

Received  22  November  2001,  in  final  form  14  February  2002 

Published  4  April  2002 

Online  at  stacks. iop.org/WRM/12/307 

Abstract 

We  study  the  statistical  properties  of  the  scattering  matrix  S(q\k )  for  the  problem 
of  the  scattering  of  light  of  frequency  co  from  a  randomly  rough  one-dimensional 
surface,  defined  by  the  equation  A3  =  t,  (x  \ ) ,  where  the  surface  profile  function 
£(xi)  constitutes  a  zero-mean,  stationary,  Gaussian  random  process.  This  is 
done  by  studying  the  effects  of  S(q\k)  on  the  angular  intensity  correlation 
function  C(q,  k\q',  k')  =  (/ (q\k)I (q'\k'))  —  {I(q\k)){I(q'\k')),  where  the 
intensity  I(q\k)  is  defined  in  terms  of  S(q\k)  by  I(q\k)  =  L^1  (co  /  c)\S  (q\k)\2 , 
with  L\  the  length  of  the  xi  axis  covered  by  the  random  surface.  We  focus  our 
attention  on  the  C(1)  and  C(I0)  correlation  functions,  which  are  the  contributions 
to  C(q,  k\q' ,  k')  proportional  to  S(q  —  k  —  q'  +  k')  and  S(q  —  k  +  q'  —  k'), 
respectively.  The  existence  of  both  of  these  correlation  functions  is  consistent 
with  the  amplitude  of  the  scattered  field  obeying  complex  Gaussian  statistics  in 
the  limit  of  a  long  surface  and  in  the  presence  of  weak  surface  roughness.  We 
show  that  the  deviation  of  the  statistics  of  the  scattering  matrix  from  complex 
circular  Gaussian  statistics  and  the  C(10)  correlation  function  are  determined  by 
exactly  the  same  statistical  moment  of  S (q  \  k) .  As  the  random  surface  becomes 
rougher,  the  amplitude  of  the  scattered  field  no  longer  obeys  complex  Gaussian 
statistics  but  obeys  complex  circular  Gaussian  statistics  instead.  In  this  case 
the  C(10)  correlation  function  should  therefore  vanish.  This  result  is  confirmed 
by  numerical  simulation  calculations. 


1.  Introduction 

The  scattering  of  light  from  randomly  rough  surfaces  has  attracted  attention  over  many  years. 
The  majority  of  the  theoretical  and  experimental  studies  of  such  scattering  has  been  devoted  to 
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coherent  interference  effects  occurring  in  the  multiple  scattering  of  electromagnetic  waves 
from  randomly  rough  surfaces  and  the  related  backscattering  enhancement  phenomenon. 
These  effects  are  contained  in  the  angular  distribution  of  the  intensity  of  the  light  scattered 
incoherently,  i.e.  in  the  second  moment  of  the  scattered  field. 

Recently,  attention  has  begun  to  be  directed  toward  theoretical  [1-12]  and  experimental 
[2,7,8, 12, 13]  studies  of  multiple-scattering  effects  on  higher  moments  of  the  scattered  field,  in 
particular  on  angular  intensity  correlation  functions.  These  correlation  functions  describe  how 
the  speckle  pattern,  formed  through  the  interference  of  randomly  scattered  waves,  changes 
when  one  or  more  parameters  of  the  scattering  system  are  varied. 

The  interest  in  these  correlations  has  been  stimulated  by  the  expectation  that,  just  as 
the  inclusion  of  multiple-scattering  processes  in  the  calculation  of  the  angular  dependence 
of  the  intensity  of  the  light  that  has  been  scattered  incoherently  from,  or  incoherently 
through,  a  randomly  rough  surface,  led  to  the  prediction  of  enhanced  backscattering  [14] 
and  enhanced  transmission  [15],  their  inclusion  in  the  calculation  of  higher-order  moments  of 
the  scattered  or  transmitted  field  would  also  lead  to  the  prediction  of  new  physical  effects.  This 
expectation  was  prompted  by  the  results  of  earlier  theoretical  [16,17]  and  experimental  [  1 8-20] 
investigations  of  angular  intensity  correlation  functions  in  the  scattering  of  classical  waves 
from  volume  disordered  media.  In  a  theoretical  investigation  [9]  it  was  predicted  that 
three  types  of  correlations  occur  in  such  scattering,  namely  short-range  correlations,  long- 
range  correlations  and  infinite-range  correlations.  These  were  termed  the  C(1),  C(2)  and  C(3) 
correlations,  respectively.  The  C(l>  correlation  function  includes  both  the  ‘memory  effect’ 
and  the  ‘reciprocal  memory  effect’  [9, 10],  so  named  because  of  the  wavevector  conservation 
conditions  they  satisfy.  Both  of  these  effects  have  now  been  observed  in  volume  scattering 
experiments  [16, 17].  The  C(2)  correlation  function  has  also  been  observed  in  volume  scattering 
experiments  [18, 19],  as  has  the  C(:i>  correlation  function  [20]. 

Until  recently,  only  the  C(1)  correlation  function  arising  in  the  scattering  of  light  from  a 
randomly  rough  surface  had  been  studied  theoretically  and  experimentally  [1-8].  In  a  recent 
series  of  papers  devoted  to  theoretical  studies  of  angular  correlation  functions  of  the  intensity  of 
light  scattered  from  one-dimensional  [9, 10]  and  two-dimensional  [  10]  randomly  rough  metal 
surfaces  the  long-range  C(2)  and  infinite-range  C(3j  correlation  functions  were  calculated, 
and  two  additional  types  of  correlation  functions,  a  short-range  correlation  function,  named 
C(10),  and  a  long-range  correlation  function,  named  C(L5\  were  predicted.  In  very  recent 
experimental  work  [12]  the  envelopes  of  the  C(1)  and  C(10)  correlation  functions  were  measured 
experimentally  for  the  scattering  of  p-polarized  light  from  weakly  rough,  one-dimensional  gold 
surfaces.  The  C(L5\  C<2>  and  C(3)  correlation  functions  have  yet  to  be  observed  experimentally. 

The  question  arises  as  to  whether  it  possible  to  determine  the  relative  magnitudes  of  the 
different  correlation  functions  from  a  knowledge  of  the  experimental  parameters  of  the  surface 
roughness  and  its  statistical  properties.  This  question  had  been  raised  earlier  in  [12, 16],  but 
not  answered  definitively.  We  therefore  address  it  here  for  the  case  of  a  one-dimensional 
random  surface  defined  by  the  equation  X3  =  £(xi),  on  the  basis  of  the  single  assumption 
that  the  surface  profile  function  f  (x  1)  is  a  single-valued  function  of  x  1  that  constitutes  a  zero- 
mean,  stationary,  Gaussian  random  process.  At  the  same  time  we  address  the  question  of  how 
the  statistical  properties  of  the  amplitude  of  the  scattered  field  are  reflected  in  the  symmetry 
properties  of  the  speckle  pattern  to  which  it  gives  rise. 

The  outline  of  this  paper  is  as  follows.  In  section  2  we  introduce  the  angular  intensity 
correlation  function  and  analyse  it  in  terms  of  the  possible  statistics  of  the  scattering  matrix.  In 
section  3  we  illustrate  the  conclusions  of  section  2  for  the  simple  example  of  the  scattering  of 
light  from  the  randomly  rough  surface  of  a  perfect  conductor.  Finally,  in  section  4  we  present 
the  conclusions  drawn  from  the  results  obtained  in  this  paper. 
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2.  The  angular  intensity  correlation  function 

The general  angular  intensity  correlation  function  C(q.  k\q',  k!)  we  study  in  this  work  is  defined 

by 

C(q,  k\q’,  k’)  =  (. I(q\k)I(q'\kf ))  -  {I{q\k))(I{q’\k')),  (2.1) 

where  the  angle  brackets  denote  an  average  over  the  ensemble  of  realizations  of  the  surface 
profile  function.  The  intensity  I(q\k)  entering  this  expression  is  defined  in  terms  of  the 
scattering  matrix  S(q\k)  for  the  scattering  of  light  of  frequency  co  from  a  one-dimensional 
random  surface  by 

nq\k)  =  -^(^)\s(q\k)\2,  (2.2) 

where  L  i  is  the  length  of  the  x  i  axis  covered  by  the  random  surface,  and  the  wavenumbers  k  and 
q  are  related  to  the  angles  of  incidence  and  scattering,  9q  and  0S ,  measured  counterclockwise 
and  clockwise  from  the  normal  to  the  mean  scattering  surface,  respectively,  by  k  —  ( w/c )  sin  @o 
and  q  —  ( co/c )  sinf^. 

From  equations  (2.1)  and  (2.2)  we  see  that,  because  the  correlation  of  I  (q\k)  with  itself 
should  generally  be  stronger  than  the  correlation  of  I (q\k)  with  I(q'\k')  when  q'  ^  q  and 
k!  ^  k,  a  peak  in  C(q ,  k\qf  k')  is  expected  when  q'  =  q  and  k'  —  k.  This  peak  is  called 
the  memory  effect  peak  for  the  reason  that  is  explained  below.  In  addition,  because  S(q\k)  is 
reciprocal,  S(q\k)  =  S(— k\  —  q),  a  peak  in  C(q ,  k\q' ,  k')  is  also  expected  when  q'  =  —k  and 
k!  =  — q .  This  peak  is  called  the  reciprocal  memory  effect  peak. 

In  terms  of  the  scattering  matrix  S(q\k)  the  correlation  function  C(q .  k\q',  k')  becomes 

1  a? 

C(q,  k\q',  k')  =  -j  — [<S(9|*0^(?|*)S(«,|*OWl*')> 

j  C 

-  [S{q\k)S*{q\k)){S{q'\k')S*{q'\k'))l  (2.3) 

Since,  due  to  the  stationarity  of  the  surface  profile  function,  (S(q\k))  is  diagonal  in  q  and 
k,  (S(q\k))  =  2n8(q  —  k)S(k),  we  introduce  the  incoherent  part  of  the  scattering  matrix 
SS(q\k )  =  S(q\k)  —  (S(q\k)).  Then,  from  the  relations  between  averages  of  the  products 
of  random  functions  and  the  corresponding  cumulant  averages  [21,22]  and  omitting  all  terms 
proportional  to  2jtS(q  —  k)  and/or  2jt8(q'  —  k!)  as  uninteresting  specular  effects,  equation  (2.3) 
can  be  rewritten  in  the  form 
1  a? 

C(q,k\q',k')=  -2^[\(8S(q\k)8S*(q'\k'))\2  +  \(8S(q\k)8S(q'\k')\2 
L\  c- 

+  {8S(q\k)8S*(q\k)8S(q'\k')8S*(q'\k'))c],  (2.4) 

where  (•  •  • )c  denotes  the  cumulant  average. 

Due  to  the  stationarity  of  the  surface  profile  function  (8S(q\k)8S*(q'\k'))  is 

proportional  to  2jr8(q  —  k  —  q'  +  k').  It  gives  rise  to  the  contribution  to  C(q,  k\q' ,  k')  called 
C(1)  (q.  k\q' .  k!)  [9, 10]  and  describes  the  memory  effect  and  the  reciprocal  memory  effect.  The 
property  of  a  speckle  pattern  that  is  characterized  by  the  presence  of  the  factor  2tt8  (q  —k—q'+k') 
in  C(l)(q.  k\q',  k1)  is  that,  if  we  change  the  angle  of  incidence  in  such  a  way  that  k  goes  into 
k'  =  k  +  A k,  the  entire  speckle  pattern  shifts  in  such  a  way  that  any  feature  initially  at  q  moves 
to  q'  —  q  +  A k.  This  is  the  reason  why  the  CM 1  correlation  function  was  originally  named 
the  memory  effect.  In  terms  of  the  angles  of  incidence  and  scattering,  we  have  that,  if  9q  is 
changed  into  9q  =  9q  +  A9q,  any  feature  in  the  speckle  pattern  originally  at  9S  is  shifted  to 
9's  =  9S  +  A 9S,  where  A 9S  —  A9q  (cos  9q /  cos  9S)  to  first  order  in  A9q. 
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Similarly  (8S(q\k)8S(q'\k'))  is  proportional  to  2n  8(q  —  k + q'  —  k')  and  contributes  to  the 
correlation  function  C(10)(g,  k\q' ,  k')toC(q,  k\q\  k')  [9,10].  The  property  of  a  speckle  pattern 
that  is  characterized  by  the  presence  of  the  factor  2n8(q  —  k  +  q’  —  k')  in  C(10)(q ,  k\q',  k')  is 
that,  if  we  change  the  angle  of  incidence  in  such  a  way  that  k  goes  into  k!  —  k  +  A k,  a  feature 
at  q  —  k  —  A q  will  be  shifted  to  q'  =  k'  +  A q,  i.e.  to  a  point  as  much  to  one  side  of  the  new 
specular  direction  as  the  original  point  was  on  the  other  side  of  the  original  specular  direction 
(in  wavenumber  space).  For  one  and  the  same  incident  beam  the  Cl  l0)  correlation  function 
therefore  reflects  the  ‘symmetry’  of  the  speckle  pattern  with  respect  to  the  specular  direction. 

The  third  term  on  the  right-hand  side  of  equation  (2.4),  (8S(q\k)8S*  (q\k)8S(q'\k') 
SS*(q'\k'))c,  is  proportional  to  2zr <5 ( 0)  =  L\,  due  to  the  stationarity  of  the  surface  profile 
function  f  (xi)  and  gives  rise  to  the  long-range  and  infinite-range  contributions  to  C(q,  k\q\  k') 
given  by  the  sum  C(L5)(</,  k\q',  k')  +  C<2>  (q,  k\q',  k')  +  C(i\q ,  k\q\  k')  [9, 10].  Thus,  we  have 
separated  out  explicitly  the  contributions  toC(q,  k\q',  k ')  that  have  been  called  C(l)(q,  k\q\  k') 
and  C{10\q,  k\q\  k'). 

What  is  more,  from  equation  (2.4)  we  can  easily  estimate  the  relative  magnitudes  of 
the  different  contributions  to  the  general  correlation  function.  Indeed,  since  2tt8(0)  —  L  \ , 
when  the  arguments  of  the  8  functions  vanish  the  C(l\q,  k\q',  k')  and  C(l0)(q,  k\q\  k') 
correlation  functions  are  independent  of  the  length  of  the  surface  L\,  because  they  contain 
[2jt<5 (0)]2.  At  the  same  time  the  remaining  term  in  equation  (2.4),  which  yields  the  sum 
C(h5\q,  k\q',  k')  +  C(2){q ,  k\q',  k')  +  C°\q,  k\q'\k'),  is  inversely  proportional  to  the  surface 
length,  due  to  the  lack  of  a  second  delta  function.  Therefore,  in  the  limit  of  a  long  surface  or 
a  large  illumination  area  the  long-range  and  infinite-range  correlations  are  small  compared  to 
short-range  correlation  functions  and  vanish  in  the  limit  of  an  infinitely  long  surface.  Thus, 
the  experimental  observation  of  the  C(L5\  C(2>  and  C<3>  correlation  functions  requires  the  use 
of  a  short  segment  of  random  surface  and/or  the  use  of  a  beam  of  narrow  width  for  the  incident 
field.  A  detailed  discussion  of  the  conditions  under  which  they  may  be  observed  will  therefore 
be  deferred  to  a  separate  paper. 

The  preceding  results  are  consistent  with  the  usual  assumptions  and  conclusions 
encountered  in  conventional  speckle  theory  [23-25].  Thus,  when  the  surface  profile  function  is 
assumed  to  be  a  stationary  random  process,  and  the  random  surface  is  assumed  to  be  infinitely 
long,  the  scattering  matrix  S(q\k)  becomes  the  sum  of  a  very  large  number  of  independent 
contributions  from  different  points  on  the  surface.  On  invoking  the  central  limit  theorem,  it 
is  found  that  S(q\k )  obeys  complex  Gaussian  statistics.  In  this  case  equation  (2.4)  becomes 
rigorously  [23] 

1  co2 

C(q ,  k\q',  k’)  =  -2  —  [|  (8S(q\k)8S*(q'\k'))  |2  +  |  (8S(q  \k)8S(q'\k'))  |2]  (2.5) 
L\  c - 

=  Ca\q ,  k\q',  k')  +  C(10\q ,  k\q\  k'),  (2.6) 

because  all  cumulant  averages  of  products  of  more  than  two  Gaussian  random  processes  vanish. 
The  last  term  on  the  right-hand  side  of  equation  (2.4)  therefore  gives  the  correction  to  the 
prediction  of  the  central  limit  theorem  due  to  the  finite  length  of  the  random  surface. 

If  it  is  further  assumed,  as  is  done  in  speckle  theory,  where  the  disorder  is  presumed 
to  be  strong,  that  SS(q\k)  obeys  circular  complex  Gaussian  statistics  [24,  25],  then 
(8S(q\k)SS(q'\k'))  —  0  and  the  expression  for  C(q,  k\q',  k')  simplifies  to 

1  co2 

C(q,  k\q',  k')  =  —  \(8S(q\k)8S* (q'\k')\2  (2.7) 

L\  c- 

=  C(1\q,k\q\k').  (2.8) 

This  approximation  is  often  called  the  factorization  approximation  to  C(q .  k\q'k')  [17], 
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We  recall  that,  if  the  complex  random  variables  F\  and  /A  are  jointly  circular  complex 
Gaussian  random  variables,  then  the  conditions 

(Re  FjRe  F2)  —  (Im  Film  F2),  (2.9) 

(Re  Film  F2)  =  —  (Im  FiRe  Ft),  (2.10) 


have  to  be  satisfied.  To  analyse  how  the  scattering  matrix  transforms  from  a  complex 
Gaussian  random  process  into  a  circular  complex  Gaussian  random  process  we  represent 
the  scattering  matrix  in  the  form  SS(q \k)  —  8Si(q\k)  +  i8S2(q\k).  The  expressions  for  the 
averages  of  the  products  of  the  real  and  imaginary  parts  of  55(^1  k)  can  be  written  in  terms  of 


{8S(q\k)8S*(q'\k'))  and  {8S(q \k)8S(q'\k')}: 

{SS^qWSSxiq'fr’))  =  ±Re  [(8S(q\k)8S* (q'\k’))  +  {8S(q\k)8S(q'\k'))]  (2.11) 

(8S2(q\k)8S2(q'\k'))  =  ^Re[{8S(q\k)8S*(q'\k'))  -  {8S(q\k)8S(q'\k'))]  (2.12) 

{8S1(q\k)8S2(q'\k'))  =  -{lm[{8S(q\k)8S*(q'\k'))  -  {8S(q\k)8S(q'\k'))]  (2.13) 

{8S2(q\k)8Si(q'\k'))  =  \lm[(8S(q\k)8S*(q'\k'))  +  {8S(q\k)8S(q'\k'))].  (2.14) 


When  <7  =  q’  and  k  —  A:',  the  average  (8S(q\k)8S(q\k)),  whichis  proportional  to  2jt8(2q~2k) 
due  to  the  stationarity  of  the  surface  profile  function,  is  nonzero  only  in  the  specular  direction 
q  =  k.  Therefore,  if  the  surface  is  infinitely  long,  and  if  we  omit  the  specular  direction  from 
equations  (2.9),  (2.10)  and  (2. 1 1)-(2. 14)  we  see  that  the  scattering  matrix  is  a  circular  complex 
Gaussian  random  process.  Consequently,  apart  from  the  specular  direction,  the  speckle 
contrast  p  —  y[((i5S(g|k)SS*(<7|k))2}/(5S(g|k)SS*(g|k)}2]  —  1  is  unity  [24-26].  This  result 
contradicts  the  well  known  result  of  [25]  and  [26]  that  the  statistics  of  the  diffuse  component  of 
the  scattered  field  is  highly  non-circular  when  the  surface  is  weakly  rough,  and  only  in  the  limit 
of  very  rough  surfaces  is  the  circularity  of  the  statistics  restored.  The  contradiction  stems  from 
the  representation  of  the  amplitude  of  the  scattered  field  as  the  convolution  of  a  real-valued 
amplitude  weighting  function  and  a  random  phase  factor  in  [25,26].  The  assumption  of  a 
real-valued  amplitude  weighting  function,  which  represents  the  finite  width  of  the  aperture,  is 
identical  to  the  assumption  of  a  finite  length  of  the  randomly  rough  surface.  As  a  result,  the 
statistics  of  the  scattering  amplitude  is  nonstationary  in  [25,26].  In  the  present  work  we  are 
interested  only  in  the  case  where  the  statistics  of  the  surface  profile  function,  as  well  as  of  the 
scattering  matrix,  is  stationary. 

The  set  of  the  scattering  matrices  (5,S(<7|k)  is  a  set  of  jointly  circular  complex  Gaussian 
random  variables  when  (8S(q\k)SS(qr\k'))  vanishes.  But  when  (8S(q\k)8S{q'\k'))  vanishes 
the  correlation  function  C^10)  vanishes  since,  within  a  coefficient,  C(10,(</,  k\q'k')  ~ 
\(8S(q\k)8S(q'\k'))\2. 

Thus,  calculations  and  measurements  of  the  correlation  function  C(q,  k\q\  k')  yield 
important  information  about  the  statistical  properties  of  the  amplitude  of  the  scattered  field. 
If  the  random  surface  is  such  that  only  the  C(l)  and  C(10)  correlation  functions  are  observed, 
then  S(q\k)  obeys  complex  Gaussian  statistics.  If  the  random  surface  is  such  that  only  C(1) 
is  observed,  then  S{q\k)  obeys  circular  complex  Gaussian  statistics.  Finally,  if  the  random 
surface  is  such  that  C(L5\  C(2)  and  C(3)  are  observed  in  addition  to  both  C(1>  and  C(10),  then 
S(q\k)  is  not  a  Gaussian  random  process,  but  the  statistics  it  obeys  in  this  case  are  not  known 
at  the  present  time. 

To  conclude  this  section  we  introduce  the  normalized  angular  intensity  correlation 
functions  of  interest  to  us,  which  in  terms  of  8S(q\k )  are  defined  by 
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and 


r(io) 


( q,k\q',k ')  = 


\{8S(q\k)8S(q'\k'))\2 


{8S(q\k)SS*(q\k))(SS(q'\k')SS*(q'\k')) 

0°  and  Co1( 


(2.16) 


We  also  introduce  the  envelopes  Cq"  and  Cq10)  of  the  correlation  functions  C(1)  and  C(10), 


(2.17) 


which  we  define  by 

C(1\q,  k\q',  k!)  —  2n8(q  —  k  —  q1  +  kl)C(Q1)(q,  k\q' ,  q'  —  q  +  k) 

and 

C(1%,  k\q',  k')  =  2jt8{q  -k  +  q'  -  k')CiW)(q,k\q'q'  +  q  -  k).  (2.18) 


3.  Light  scattering  from  a  perfectly  conducting  randomly  rough  surface  in  the 
framework  of  phase  perturbation  theory 

In  this  section  we  study  the  statistical  properties  of  the  scattering  matrix  for  the  problem  of 
the  scattering  of  a  scalar  plane  wave  from  a  randomly  rough  infinitely  long  surface  defined  by 
the  equation  X3  =  £(.vi).  The  region  X3  >  t;(x  1)  is  vacuum,  while  the  region  X3  <  C,{x  1)  is  a 
perfectly  conducting  medium.  It  is  assumed  that  the  Dirichlet  boundary  condition  is  satisfied 
on  the  surface  X3  —  t,{x\). 

The  surface  profile  function  t,{x  1)  is  assumed  to  be  a  single-valued  function  of  x\  that  is 
differentiable  and  constitutes  a  zero-mean,  stationary,  Gaussian  random  process  defined  by  the 
properties 

(£(.*!)>  =0,  (f:(xiK(x,1)>=52W(|x1-yi|).  (3.1) 

In  equations  (3.1)  the  angle  brackets  denote  an  average  over  the  ensemble  of  realizations  of 
£(xi),  8  —  ((A-Xi)}1/2  is  the  rms  height  of  the  surface  and,  W(|xi|)  is  the  surface  height 
autocorrelation  function.  In  numerical  examples  we  will  use  the  Gaussian  form  for  W(|xi  |): 

W(|x1|)  =  exp(-.v2/a2),  (3.2) 

where  a  is  the  transverse  correlation  length  of  the  surface  roughness. 

A  reciprocal  phase-perturbation  theory  for  the  scattering  matrix  S(q\k )  was  constructed 
in  [27]  and  [28],  The  term  of  lowest  order  in  the  surface  profile  function  was  shown  to  have 
the  form 


S(q\k)  =  j 

/»oo 

1  dxi  e-i(«-^Aie-2iV«o(9)aoWfW) 

—00 

(3.3) 

Since 

(S(q\k))  = 

2itS(q  -  i)e-A°W“o®, 

(3.4) 

we  can  write  the  expression  for  (iSY^IA:)  as 

8S(q\k)  = 

poo 

/  dxi  _  e-252ff0(?)«o(*)J 

J —00 

(3.5) 

We  calculate  the  averages  (SS(q\k)SS*(q'\kr))  and  (SS(q\k)8S(q'\k'))  using  the 
expression  (3.5)  for  the  scattering  matrix.  For  (8S(q\k)SS*(q'\kr))  we  obtain 

/oo  /*oo 

dxi  /  dx[  e-^-k)xl+Kq'-k')x[ 

-OO  J  —  OO 

x  ^e-2iV“o(9)<*o(k)f(*i)  _  e-282a0(q)u0(.k)  j 
x  ^e2iv'ao(<?')“o«r')f(*[)  _  e-282a0(q')a0(k')  j  j 


(3.6) 
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_  —282(cto(q)ao(k)+oio  (q‘ 


/oo  poo 

dx\  I  dx[  &-i(.9-k)xi+i(q'-k,)x[ 
-oo  J — oo 


/  — oo  J —oo 

x  |”e4<52 Vao (g )«o (q')oe o (fc)ao (&') W (|*i -x[ | )  —  fj 

=  2n8(q  -k-q'  +  A:,)e_2i2(“o(?)“o(*)+0(o(?')“o(*')) 


/OO 

dt/  [e 

-OO 


452  Vffo(?)«o  (?')«o«r)ffo(A:')H'(l»l) 


1] 


i  (q'—k')u 


while  for  (55'((/|A:)(55'(i7,|^')}  we  have 

/oo  poo 

dxi  /  dx[  e-ib-Vxi-W-k')*1, 

-oo  J —oo 


x ~2iV“0 (« )«0 (*) f 0* l )  _  e-262Q'o(?)a0(*:)j 

1-2iV«o(9')ao(*')f (at[)  _  p-282a0(q')ao(k') 


* 


]) 


_  -82  (a0  (q)ao  (k)+oto  (q ')ao  C*'))/2 


/oo  />oo 

d.vi  1  d.v{  e_1 

-oo  J  — oo 


-i(q-k)x\-i(q'-k’)x[ 


X  ^e”4i2v'“°('S,to0(?')o'o(*:)«o«:')lV(|.ri-x;i)  _ 


=  2itS(q  —  k  +  q'  —  k')t 


-282  (ao(q)ao(k)+ao(q')ao(k' )) 


/oo 

d  a[t 

-OO 


-452Vff0(g)a!o(?')ao(i)a'ott')W(|«|) 


3— i  (q'—k')u 


(3.7) 

(3.8) 


(3.9) 


(3.10) 

(3.11) 


It  is  readily  seen  that,  in  contrast  to  (8S(q\k)8S*(q'\k')),  the  average  (8S(q\k)8S(q'\k')) 
vanishes  with  increasing  roughness  parameters  8  and  a,  due  to  the  negative  exponential  under 
the  integral  sign  in  the  last  line  of  equation  (3.11).  Plots  of  the  normalized  correlation  functions 
k\q' ,  k')  and  E(10,()/,  k\q',  k')  as  functions  of  <5  for  different  values  of  a  are  presented  in 
figure  1(a),  while  plots  of  the  envelopes  of  the  correlation  functions  C(l 1  and  C(10)  as  functions 
of  8  for  different  values  of  a  are  presented  in  figure  1(b),  for  fixed  values  of  q,  k  and  q' ,  while  k' 
is  determined  by  the  constraint  of  the  corresponding  8  function.  When  calculating  the  results 
presented  in  figures  1(a)  and  (b)  the  value  of  q'  was  chosen  to  produce  the  same  values  of 
C{  1 1  and  C(10)  in  the  limit  of  a  weakly  rough  surface.  From  the  plots  presented  in  figure  1(a) 
we  see  that  E<10)(g,  k\q' ,  k')  vanishes  even  for  quite  moderately  weakly  rough  surfaces  for 
which  3(1)(g,  k\q' ,  k')  is  still  about  unity.  We  note  that  C(1)  also  decreases  with  increasing 
8  (figure  1(h)).  Using  equations  (2.1 1)— (2. 14),  (3.8)  and  (3.11)  we  obtain  the  expressions  for 
{(Mitel*))2),  ((8S2(q\k))2)  and  (8S1(q\k)8S2(q\k)): 


r  i  r°° 

{(8Si(q\k))2)  =s-4s2°‘o(‘l)a^k)  -X  du  cos(q  —  k)u( 

_  ^  J  —  OO 


Q82a0(q)aa(k)W (\u\)  _ 


/OO 

cos  (q  —  k)u(e 

-OO 

and 

[I  f°° 

—  /  ducos(q  -k)u(d 

2  J — OO 

/oo 

cos(<?  —  k)u(e 

-oo 


52£>!o(4l)a'o(t')lV(|«|) 


1) 


S-ao(q)ao(k)W(\u\)  _ 
-82ao(.q)ao(k)W(\u\)  _ 


while 


(3.12) 


(3.13) 


(8Si(k\k)8S2(k\k))  =  0.  (3.14) 

In  figure  2  we  present  plots  of  the  ratio  ((<5S2(h|h))2)/((<55i(h|fc))2}  as  a  function  of  the  rms 
height  of  the  surface  roughness  8.  Since  this  ratio  is  calculated  for  the  specular  direction  q  =  k. 
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Figure  1.  The  normalized  correlation  functions  H*1)  (a)  and  H(1°)  an(j  the  envelopes  CqW>  (b) 
and  Cq10'  (d)  as  functions  of  S /X  for  values  of  the  transverse  correlation  length  a  =  300  nm, 
500  nm  and  800  nm.  The  incident  light  was  s-polarized  and  of  wavelength  632.8  nm.  The 
scattering  medium  was  a  randomly  rough  perfect  conductor.  Furthermore  9q  =  30°,  6S  =  0°  and 
0's  =  0°.  In  figure  1(a)  the  results  for  the  different  correlation  lengths  considered  could  not  be 
distinguished. 


it  is  independent  of  the  transverse  correlation  length  a.  From  the  plot  presented  it  is  easily  seen 
that  for  large  values  of  the  rms  height,  the  incoherent  part  of  the  scattering  matrix,  8S(q\k), 
becomes  a  circular  complex  Gaussian  variable,  even  in  the  specular  direction. 

4.  Light  scattering  from  a  randomly  rough  penetrable  surface 

The  results  of  the  preceding  section  enable  us  to  make  several  conclusions  when  studying  the 
scattering  of  light  from  a  randomly  rough  surface  of  a  penetrable  medium.  For  simplicity  we 
consider  here  the  scattering  of  s-polarized  light  from  a  randomly  rough  surface  of  a  medium 
characterized  by  a  dielectric  function  e  (&>) .  As  is  well  known  (see,  e.g.,  [29-31]),  if  the  surface 
profile  function  is  such  that  the  conditions  for  the  applicability  of  the  Rayleigh  hypothesis  are 
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Figure  2.  The  ratio  ((SS2(k\k))2) /{(SSi  (k\k))2)  as  a  function  of  S/k. 


satisfied  the  scattering  amplitude  R(q\k)  obeys  the  reduced  Rayleigh  equation.  Rewritten  in 
terms  of  the  scattering  matrix  S(q\k)  it  has  the  form 


S(q\k)  =  2n8(q  -  k)R0(k)  +  N(q\k)  +  [  ~^M(q\p)S(p\k), 

J — oo  2tt 

where,  for  the  case  of  the  scattering  of  s-polarized  light, 
ao(k )  —  a(k) 


dp 


Ro(k)  = 


uo(k )  +  oc(k ) 


oio(k)  =  k 2, 

cz 


a(k)  =  Je(cu)^  -k2, 
cz 


,2 /„2 


N{q\k)  =  -{e-\) 
M(q\k)  =  -(e  -  1)) 


CO  /c 


lao(q)  J(oi(p)  +  a0(k)\p  -  k) 


a0(q)  +a(q)  y  a0(k) 
a >2/c2 


a(p)  +a0(k ) 


_  /«o (g)  J(Mp)  ~  oto(k)\p  -  k) 

a0(q) +a(q)V  a0(p)  a(p)-a0(k) 


and 


/OO 

dxi  e~l^Xl (e~iy^Xl)  -  1). 

-OO 

We  can  write  the  solution  of  equation  (4.1)  formally  as 


=  R0(k)27r8(q  —  k)  +  F(q\k)  +  /  — M(q\p)F(p\k) 

'  2tc 


i: 


dP 


,oo  d  ,oo  d  / 

/  -LM(q\p)  J-M{p\p')F(p'\k)  +  ■ 

J — oo  J  —  oo 


where 


(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 


(4.7) 


F(q\k)  —  N(q\k)  +  M(q\k)Ro(k),  (4.8) 

and  we  keep  all  terms  in  the  infinite  iterative  series.  Both  N(q\k )  and  M(q\p)  contain  the 
surface  disorder  only  in  the  functions  J(y\Q).  Therefore,  having  in  hand  the  recipe  for 
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Figure  3.  The  envelopes  of  the  Cfl  ’  (a)  and  C(10)  (b)  correlation  functions  as  functions  of  9's  for 
9q  =  30°  and  9S  =  0°,  while  9q  is  determined  by  the  constraints  of  the  corresponding  S  functions 
for  the  scattering  of  s-polarized  light  from  a  randomly  rough  silver  surface  with  a  =  500  nm  and 
S  =  20  nm  (full  curves),  S  =  50  nm  (broken  curves)  and  S  =  100  nm  (dotted  curves). 


calculating  the  average  of  the  product  of  any  number  of  functions  J  (y  \  Q),  we  can  calculate, 
in  principle,  both  (8S(q\k)8S(q'\k'))  and  (8S(q\k)8S*(q'\k')).  The  basics  of  such  calculations 
were  described  in  [32], 

To  calculate  the  averages  (8S(q\k)8S(q'\k'))  and  (i55'(g|k)<S,S*((7'|A:')}  we  multiply  the 
series  (4.7)  for  S(q\k)  by  the  corresponding  series  for  S(q'\kr)  and  average  the  product 
term-by-term.  From  the  result  we  subtract  the  product  1 A:))  |^')) .  In  a  similar 

fashion  we  calculate  the  average  (8S{q\k)SS*(q'\k'))  by  multiplying  the  series  (4.7)  for 
S(q\k)  by  the  complex  conjugate  of  the  corresponding  series  for  S(q'\k'),  averaging  the 
product  term-by-term,  and  subtracting  the  product  (S(q\k))(S*(q'\k'))  from  the  result.  In 
the  product(<5S(<5r|A:)<SS,*(fjr'|£')}  the  contribution  of  nth  order  in  the  functions  J(y\Q)  and 
J*(y  |  Q )  contains  n  —  1  terms  of  the  form 

n—  1  r  I  m  n—m  \  /  m  \  in—m  \  3 

e  n  jwQr)  n  j*(y* i  *2;))  -  n  j^\  ^  n  j*w q^)  ■  ^9) 

m=ll\,=l  s=l  I  V=1  '\.s=  1  l> 

To  obtain  a  nonzero  contribution,  for  each  value  of  m  at  least  one  J(yr  \  Qr)  must  be  contracted 
with  at  least  one  J*(y's\Q's).  Therefore  each  term  in  this  sum  contains  at  least  one  factor 
with  a  positive  exponential  of  the  form  exp{<$2y)/lF(|i<|)}  —  1.  In  contrast,  when  calculating 
|^)<55'(z7/|/^/))  the  contribution  of  the  nth  order  in  the  functions  J(y\Q)  contains  the  sum 

e  n  JMQr)  n  j(Ys i q',))  -  n  JWQrm  n  .  (4.10) 

m=ll\,  =  l  s=l  I  V=1  /'j=  1  II 

In  this  case,  to  obtain  a  nonzero  contribution,  for  each  value  of  m  at  least  one  J(y,  \Qs) 
must  be  contracted  with  at  least  one  J(y'\ Q's ).  Therefore,  each  term  in  this  sum  contains  only 
negative  exponentials  of  the  form  exp{— 82y  y'W{\u  |)}  —  1.  Owing  to  this  lack  of  the  positive 
exponential,  (^(glA^SSlg'IA:')}  vanishes  when  the  roughness  parameters  increase. 
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Figure  4.  The  same  as  in  figure  3,  but  for  a  =  3.85  gm  and  S  =  1.278  // m  (full  curves)  and 
<5  =  0.1278  /zm  (broken  curves). 


In  figure  3  we  present  plots  of  the  envelopes  C(Ql)  and  Co10)  of  the  correlation  functions 
C(1)  (figure  3(a))  and  C(10)  (figure  3(b))  as  functions  of  0's  for  fixed  values  of  6q  and  0S,  while 
9q  is  determined  by  the  constraints  of  the  corresponding  8  functions.  The  calculations  were 
carried  out  for  the  scattering  of  s-polarized  light,  of  612.7  nm  wavelength,  from  a  weakly  rough 
random  surface  of  silver  characterized  by  the  complex  dielectric  constant  e  —  — 17.2  +  i0.479 
for  different  values  of  the  roughness  parameters  8  and  a.  In  calculating  the  results  presented 
in  figure  3  we  kept  all  terms  in  the  infinite  iterative  series  equation  (4.7)  which  would  give 
contributions  to  the  averages  we  calculate  through  terms  of  0(<58)  if  they  were  to  be  expanded 
in  powers  of  the  small  parameter  ( co/c)8 . 

In  figure  4  we  present  rigorous  numerical  simulation  calculation  results  [33]  for  the 
envelopes  of  the  correlation  functions  C(1)  (figure  4(a))  and  C(10)  (figure  4(b)).  The  surface 
parameters  used  here  were  the  same  as  those  used  in  obtaining  figure  3,  except  that  the 
roughness  now  was  8  —  1 .278  /zm  (full  curves)  and  <5  =  0. 1278  /zm  (broken  curves).  It  should 
be  pointed  out  that  for  the  scattering  of  s-polarized  light  from  a  weakly  rough  random  metal 
surface,  there  should  be  no  memory  or  reciprocal  memory  effect  present  in  Cq1’  .  This  is  indeed 
confirmed  by  our  numerical  calculations  where  the  C^1*  for  8  =  0. 1278  /zm  (figure  4(a),  broken 
curve)  is  a  smooth  function  of  its  argument,  as  well  as  by  the  results  presented  in  figure  3(a).  In 
particular,  there  are  no  peaks  at  angles  0  =  0°  and  30°,  which  are  the  positions  of  the  memory 
and  reciprocal  memory  effects.  As  the  roughness  is  increased  to  8  —  1.278  /zm  one  sees  from 
figure  4(a)  (full  curve)  that  the  overall  amplitude  of  the  envelope  Cq1>  is  increased  and,  more 
importantly,  that  two  peaks  have  developed  at  the  aforementioned  angles.  These  peaks  are 
due,  in  the  large  roughness  limit,  to  volume  waves  scattered  multiply  at  the  rough  surface.  In 
figure  4(b)  the  corresponding  results  for  the  Cq10)  envelopes  are  presented.  It  is  observed  that 
in  the  low  roughness  limit  this  envelope  is  structureless,  and  that  C(Ql>  and  Cq10)  are  roughly  of 
the  same  order  of  magnitude.  However,  as  8  is  increased,  the  scattering  matrix  S(q\k)  starts 
to  obey  circular  complex  Gaussian  statistics  and  thus,  as  discussed  earlier,  the  envelope  Cq10) 
should  in  principle  vanish.  From  our  numerical  results  for  8  —  1.278  /zm  (full  curve)  we 
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indeed  see  that  Cq10)  is  much  smaller  then  the  corresponding  Cq"  shown  in  figure  4(a).  In  fact, 
C,')10'  is  just  noise,  consistent  with  this  function  vanishing  in  the  large  roughness  limit. 

5.  Conclusions 

In  this  paper  we  calculated  the  angular  intensity  correlation  functions  C ( q ,  k\q\  k')  by  means 
of  an  approach  that  explicitly  separates  out  different  contributions  to  it.  We  have  shown 
that  calculations  and  measurements  of  the  correlation  function  C(q,  k\q' ,  k' )  yield  important 
information  about  the  statistical  properties  of  the  amplitude  of  the  scattered  field.  In  particular, 
we  have  shown  that  the  short-range  correlation  function  C(10)  is,  in  a  sense,  a  measure  of  the 
noncircularity  of  the  complex  Gaussian  statistics  of  the  scattering  matrix.  Thus,  if  the  random 
surface  is  such  that  only  the  C(1)  and  C<10)  correlation  functions  are  observed,  then  S(q\k) 
obeys  complex  Gaussian  statistics.  If  the  random  surface  is  such  that  only  C(  l)  is  observed, 
then  .SXglA')  obeys  circular  complex  Gaussian  statistics.  Finally,  if  the  random  surface  is  such 
that  C(L5),  C(2)  and  C(3)  are  observed,  in  addition  to  both  C(1)  and  C(10\  then  S(q\k)  is  not  a 
Gaussian  random  process.  In  addition,  we  can  conclude  that  if  a  surface  is  sufficiently  weakly 
rough  and  long  enough,  its  speckle  pattern  should  display  the  memory  and  reciprocal  memory 
effects  when  the  angle  of  incidence  is  changed  and,  for  a  fixed  angle  of  incidence,  should  be 
symmetric  about  the  specular  direction.  However,  if  the  roughness  of  the  surface  is  sufficiently 
great  and  the  surface  is  long  enough,  its  speckle  pattern  should  display  only  the  memory  and 
reciprocal  memory  effects,  when  the  angle  of  incidence  is  changed. 
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We  calculate  the  coherent  and  incoherent  scattering  of  p-  and  s-polarized  light  incident  from  a  dielectric  me¬ 
dium  characterized  by  a  real,  positive,  dielectric  constant  e0  onto  its  one-dimensional,  randomly  rough  inter¬ 
face  with  a  dielectric  medium  characterized  by  a  real,  positive,  dielectric  constant  e.  We  use  a  perturbation 
theory  with  a  new  small  parameter,  namely,  the  dielectric  contrast  p  =  e0  —  e  between  the  medium  of  inci¬ 
dence  and  the  scattering  medium.  The  proper  self-energy  entering  the  expression  for  the  reflectivity  is  ob¬ 
tained  as  an  expansion  in  powers  of  p  through  the  second  order  in  p,  and  the  reducible  vertex  function  in  terms 
of  which  the  scattered  intensity  is  expressed  is  obtained  as  an  expansion  in  powers  of  p  through  the  fourth. 
The  roughness-induced  shifts  of  the  Brewster  angle  (in  p  polarization)  and  of  the  critical  angle  for  total  inter¬ 
nal  reflection  (e0  >  e )  are  obtained.  The  angular  dependence  of  the  intensity  of  the  incoherent  component  of 
the  scattered  light  displays  an  enhanced  backscattering  peak,  which  is  due  to  the  coherent  interference  of  mul¬ 
tiply  scattered  lateral  waves  supported  by  the  interface  and  their  reciprocal  partners.  Analogs  of  the  Yoneda 
peaks  observed  in  the  scattering  of  x  rays  from  solid  surfaces  are  also  present.  The  results  obtained  by  our 
small-contrast  perturbation  theory  are  in  good  agreement  with  those  obtained  in  computer  simulation  studies. 
©  2000  Optical  Society  of  America  [S0740-3232(00)01207-2] 
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1.  INTRODUCTION 

Each  perturbation  approach  to  rough-surface  scattering 
has  its  own  small  parameter.  Thus  in  small-amplitude 
perturbation  theory,1  it  is  S/X,  where  S  is  the  rms  height  of 
the  surface  and  \  is  the  wavelength  of  the  incident  field; 
in  the  small-slope  approximation,2  the  small  parameter  is 
the  rms  slope  of  the  surface.  In  this  paper  we  present  a 
new  perturbation  theory  for  rough-surface  scattering  with 
a  new  small  parameter,  namely,  the  dielectric  contrast 
between  the  medium  of  incidence  and  the  scattering  me¬ 
dium. 

To  illustrate  this  new  perturbation  theory,  we  apply  it 
to  calculations  of  the  coherent  (specular)  and  incoherent 
(diffuse)  scattering  of  light  incident  from  a  dielectric  me¬ 
dium  characterized  by  an  isotropic,  real,  positive, 
frequency-independent  dielectric  constant  e0  onto  its  one¬ 
dimensional,  randomly  rough  interface  with  a  second  di¬ 
electric  medium  characterized  by  an  isotropic,  real,  posi¬ 
tive,  frequency-independent  dielectric  constant  e.  In 
these  calculations  we  assume  that  the  dielectric  contrast 
p  =  e0  —  e  is  small — of  the  order  of  a  few  tenths.  The 
incident  light  is  either  p  polarized  or  s  polarized,  with  the 
plane  of  incidence  normal  to  the  generators  of  the  random 
interface.  In  this  geometry  there  is  no  cross-polarized 
scattering,  and  the  plane  of  scattering  coincides  with  the 
plane  of  incidence. 

In  calculating  the  reflectivities  of  this  interface  for  p- 
and  s-polarized  light  we  have  chosen  to  obtain  them 
within  the  framework  of  self-energy  perturbation  theory.3 
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However,  in  contrast  with  our  earlier  use  of  self-energy 
perturbation  theory  in  calculating  the  reflectivities  of  ran¬ 
dom  dielectric  surfaces,4,5  in  which  the  self-energy  that 
enters  the  expression  for  the  reflectivities  of  p-  and 
s-polarized  light  was  calculated  perturbatively  as  an  ex¬ 
pansion  in  powers  of  S/X,  in  this  paper  we  calculate  it  as 
an  expansion  in  powers  of  p. 

The  choice  of  self-energy  perturbation  for  calculating 
reflectivities  was  made  for  two  reasons.  It  was  shown  re¬ 
cently  that  self-energy  perturbation  theory  is  well  suited 
to  the  determination  of  the  roughness-induced  shift  of  the 
Brewster  angle  (in  p  polarization)  from  its  value  for  a  pla¬ 
nar  interface.4  In  addition,  we  will  show  below  that  self- 
energy  perturbation  theory  is  also  well  suited  to  the  study 
of  the  roughness-induced  shift  of  the  critical  angle  for  to¬ 
tal  internal  reflection  (when  e0  >  e)  from  its  value  for  a 
planar  interface  in  both  p  and  s  polarization.  The  study 
of  these  two  roughness-induced  angular  shifts  is  the  first 
motivation  for  the  present  work. 

In  studying  the  incoherent  scattering  of  p-  and 
s-polarized  light  from  a  low-contrast  random  dielectric  in¬ 
terface,  we  calculate  the  reducible  vertex  function,  which 
determines  the  intensity  of  the  light  that  has  been  scat¬ 
tered  incoherently,  as  an  expansion  in  powers  of  the  di¬ 
electric  contrast,  through  terms  of  the  fourth  order  in  p 
rather  than  in  powers  of  S/X.  We  show  that,  as  was  sug¬ 
gested  in  Ref.  6,  in  the  scattering  of  light  from  a  compara¬ 
tively  weakly  rough  interface  between  two  dielectric  me¬ 
dia  the  lateral  waves  supported  by  the  interface  are 
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excited  (see,  e.g.,  Ref.  7),  and  the  coherent  interference  of 
each  multiply  scattered  lateral  wave  path  with  its  recip¬ 
rocal  partner  leads  to  the  appearance  of  an  enhanced 
backscattering  peak.  Thus  in  this  case  it  is  the  weak  lo¬ 
calization  of  lateral  waves  that  leads  to  the  backscatter¬ 
ing  enhancement  in  our  results.  The  demonstration  that 
lateral  waves  can  give  rise  to  enhanced  backscattering  of 
light  from  weakly  rough  random  surfaces  that  support 
neither  surface  nor  guided  waves  is  the  second  main  mo¬ 
tivation  for  the  present  work.  We  also  show  that  the  an¬ 
gular  dependence  of  the  intensity  of  the  light  scattered  in¬ 
coherently  displays  asymmetric  peaks  when  the 
scattering  angle  equals  the  critical  angle  for  total  internal 
reflection  (for  e0  >  e),  which  are  analogous  to  the  Yoneda 
peaks  observed  in  the  scattering  of  x  rays  from  a  solid 
surface.8 

We  note  that  perturbative  expansions  in  powers  of  the 
dielectric  contrast  have  been  used  recently  in  a  study  of 
the  coherent  and  incoherent  scattering  of  x  rays  from  ran¬ 
domly  rough  metal  surfaces,9  in  which  case  the  value  of 
the  contrast  is  of  the  order  of  rj  =  10  6  —  10  How¬ 
ever,  in  that  study  the  intensity  of  the  light  scattered 
coherently — the  reflectivity — was  calculated  directly  as 
an  expansion  in  powers  of  the  dielectric  contrast,  with 
terms  of  the  zeroth  and  second  orders  in  77  retained,  in¬ 
stead  of  by  the  use  of  self-energy  perturbation  theory. 
This  result,  therefore,  lacked  the  contribution  from  the 
higher-order  scattering  processes  that  are  already 
present  in  the  latter  approach  when  a  low-order  expan¬ 
sion  of  the  proper  self-energy  in  powers  of  77  is  made.  In 
addition,  the  intensity  of  the  x  rays  scattered  incoherently 
was  also  expanded  in  powers  of  the  dielectric  contrast, 
with  terms  of  the  zeroth  and  second  orders  in  77  obtained. 
In  this  approximation  no  backscattering  enhancement 
can  be  obtained.  The  presentation  of  the  present  im¬ 
proved  version  of  small-contrast  perturbation  theory,  to¬ 
gether  with  results  obtained  by  its  use,  is  the  third  main 
motivation  for  the  present  work. 

2.  CHARACTERIZATION  OF  A  ROUGH 
INTERFACE 

The  physical  system  that  we  consider  in  this  paper  con¬ 
sists  of  a  dielectric  medium,  characterized  by  a  real,  posi¬ 
tive,  dielectric  constant  e0  in  the  region  x3  >  i'(x1)  and  a 
second  dielectric  medium,  characterized  by  a  real,  posi¬ 
tive,  dielectric  constant  e  in  the  region  x3  <  £(x{)  (Fig.  1). 
The  profile  function  £(xj)  is  assumed  to  be  a  single-valued 
function  of  Xj  that  is  differentiable  as  many  times  as  is 
necessary  and  that  constitutes  a  stationary,  zero-mean, 
Gaussian  random  process,  defined  by  the  properties 

U(xi))  =  0,  (2.1) 

<f(xi)f(xi)>  =  S2W( |xj  -  x[\),  (2.2) 

<?2  =  (^(Xi)).  (2.3) 

The  angle  brackets  in  Eqs.  (2.1)— (2.3)  denote  an  average 
over  the  ensemble  of  realizations  of  the  profile  function 
J ( x  1 ) ,  and  S  is  the  rms  height  of  the  surface. 

It  is  also  necessary  to  introduce  the  Fourier  integral 
representation  of  £(x;l): 


Fig.  1.  Physical  system  studied  in  this  paper, 
f”  dQ  „ 

£(*1)  =  —  £(Q)exp(iQx1).  (2.4) 

J  -cc  2  77 


The  Fourier  coefficient  £(Q)  is  also  a  zero-mean,  Gauss¬ 
ian  random  process,  defined  by 

(l(Q))  =  0,  (2.5) 

(l(Q)l(Q'))  =  2t tS(Q  +  Q')52g(|Q|),  (2.6) 

where  g(|Q|),  the  power  spectrum  of  the  surface  rough¬ 
ness,  is  related  to  the  surface  height  autocorrelation  func¬ 
tion  W ( |x !  | )  by 

£(|Q|)  =  I  dxiW(|xi|)exp(-iQxi).  (2.7) 

J  —00 

In  this  paper  we  will  present  results  calculated  for  a 
random  interface  characterized  by  a  power  spectrum  that 
has  the  Gaussian  form 

g(|Q|)  =  exp(— Q2a2/4),  (2.8) 

where  a  is  the  transverse  correlation  length  of  the  inter¬ 
face  roughness,  as  well  as  for  an  interface  characterized 
by  a  power  spectrum  given  by 

£(|Q|)  =  (-n-/A&)(rect{[Q  -  {\lew/c)]/Ak} 

+  rect{[Q  +  ( \l  ea>/c)]/i\k}),  (2.9) 

where  \k  —  2  \/e(n>/c)sin  0max,  and  rect  denotes  the  rect¬ 
angle  function.  The  latter  type  of  surface  has  been  used 
in  recent  experimental  studies,10  where  its  use  increased 
the  strength  of  the  enhanced  backscattering  caused  by 
the  surface  plasmon  polariton  mechanism11  by  an  order  of 
magnitude  compared  with  that  for  a  surface  with  the 
same  rms  height  and  rms  slope  characterized  by  a  Gauss¬ 
ian  power  spectrum. 

3.  REDUCED  RAYLEIGH  EQUATIONS 

We  will  study  the  scattering  of  both  p-  and  s-polarized 
light,  incident  from  the  medium  whose  dielectric  constant 
is  e0  on  its  interface  x3  =  £(xj)  with  the  medium  whose 
dielectric  constant  is  e.  We  can  treat  both  polarizations 
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together  by  introducing  the  function  4>(xi ,  rc3| ro),  which 
is  H 2(xi ,  x 3 1  oj )  when  the  incident  light  is  p  polarized,  and 
E2(x1  ,  x3\co)  when  the  incident  light  is  s  polarized.  Then 
in  the  region  x3  >  ^(.x1)max  the  function  d>(xi ,  x3|&>)  is  the 
sum  of  an  incoming  incident  wave  and  outgoing  scattered 
waves, 


and 


d)>(x1,x3|  w)  =  exp[i^x!  —  ia0(k)x3\  +  — R(q\k) 


/: 


d  q 


2  77 


X  expfigxx  +  ia0(q)x3], 


(3.1) 


while  in  the  region  x3  <  £(xj )min  it  consists  of  outgoing 
transmitted  waves, 


l 


dq 


d><(x1,x3|w)  =  —T(q\k)exp[iqx1  -  ia(q)x3], 


2n 


(3.2) 


where 

“o(<7)  =  [>o ("2/c2)  -  q2]1'2,  Re  not?)  >  0, 

Ima0(<7)  >  0, 

a(q)  =  [e(<w2/c2)  —  q2]1/2,  Ren(q')  >  0, 

Im  a(q )  >  0.  (3.3) 

In  the  scattering  of  electromagnetic  waves  from  a  one¬ 
dimensional  randomly  rough  surface  or  interface,  what  is 
measured  is  a  mean  differential  reflection  coefficient. 
This  is  defined  as  the  fraction  of  the  total  energy  incident 
on  the  surface  per  unit  time  that  is  scattered  into  an  an¬ 
gular  interval  d  8S  about  the  scattering  direction  defined 
by  the  scattering  angle  8S  (Fig.  1),  averaged  over  the  en¬ 
semble  of  realizations  of  the  profile  function  ^(x{). 

In  the  present  case  the  contribution  to  the  mean  differ¬ 
ential  reflection  coefficient  from  the  coherent  component 
of  the  scattered  light  is  given  by 

1  , —  w  cos2  8, 


SR 

r!  0,, 


L  i 


2  77c  cos  6, 


■|(R(g|^))|2,  (3.4a) 


o 


where  L  x  is  the  length  of  the  x  j  axis  covered  by  the  ran¬ 
dom  interface,  while  the  contribution  from  the  incoherent 
component  of  the  scattered  light  is 

1  , —  &)  cos2  d„ 


I  eo~ 


8R\ 

.^/incoh  Ll  ’  "2'n'C  COS6»ol 

-  |<fl(g|A)>|a].  (3.4b) 

In  Eqs.  (3.4),  q  and  k  are  given  by  q  =  \je 0  (Wc)sin  8S  and 
k  =  \je0  ( Wc)sin  80 .  The  scattering  amplitude  R{q\k) 
satisfies  the  reduced  Rayleigh  equation9 


r. 


dq 

—M(p\q)R(q\k)  =  -N(p\k), 

Z  77 


(3.5) 


where 


pq  +  a(p)a0(q) 

Mp(p\q)  =  - - — - - ~—I[a(p)  -  a0(q)\p  -  q], 

<*{p)  ~  ct0{q ) 

pk  -  a(p)a0(k) 

Np(p\k)  =  |  /1Lx  I[a(p)  +  a0(k)\p  ~  k], 


a(p)  +  a0(k) 


(3.6a) 


Ms(p\q)  = 


I[a(p)  -  a0(q  )\p  -  q] 
a(p)  ~  a0{q) 


I[a(p)  +  a0(k)\p  ~  k ] 

Ns(p\k)=  - — — - — - ,  (3.6b) 

a(p)  +  a0(k) 

while  I(y\Q)  is  defined  by 

I(y\ Q)  =  I  dxj  exp{-i[Qx!  +  y/;(xi)]}.  (3.7) 

J  —oo 

We  will  seek  the  solution  of  Eq.  (3.5)  in  the  form 
R(q \k)  =  2t rS(q  —  k)R{0\k) 

-  2iGw(q)T(q\k)Gw(k)a0(k),  (3.8) 

where 

ea0(k)  -  e0a(k)  Ap(&) 


K°\k)  = 


R{s°\k)  = 


ea0(k)  +  e0a(k)  dp(k)  ’ 
a0(k)  ~  a{k)  _  A.s(k) 
a0(k)  +  a(k)  ds(k)’ 


(3.9) 


and 


G^(k)  = 


G[°\k)  = 


ea0(k)  +  e0a(k)  ’ 


(3.10) 


a0(k)  +  a(k) 

The  transition  matrix  T(q\k)  is  postulated  to  satisfy  the 
equation 

T(q\k)  =  V(q\k)  +  f  ^-V(q\p)&°\p)T(p\k) 

J  -oo Z  IT 

=  V(q\k)  +  [  ^T(q\p)G{0\p)V(p\k), 

(3.11) 

and  the  scattering  potential  V{q\k)  is  then  found  to  be 
the  solution  of  the  equation 


i 


dq  V(q \k) 

—  [N{p\q)  ~  M(p\q )] - — 

2tt  a0(q) 


N(p\k)  +  M(p\k)R{0\k) 
G^\k)a0{k) 


-.  (3.12) 


We  will  also  need  the  Green’s  function  G(q\k)  associ¬ 
ated  with  the  randomly  rough  interface  between  the  me¬ 
dium  of  incidence  and  the  scattering  medium.  It  is  de¬ 
fined  as  the  solution  of 

G(q\k)  =  2 t rS(q  -  k)G{0\k)  +  G(0\q) 
dp 


f”  dp 

—  V(q\p)G(p\k) 

J  -os  Z  TT 


(3.13a) 


=  2vS(q  -  k)Gi0)(k)  +  G{0\q)T(q\k)G{0\k). 

(3.13b) 
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From  Eqs.  (3.8)-(3.10)  and  (3.13b)  we  obtain  the  useful 
relation 

R(q\k)  =  — 2t7 S(q  —  k)  —  2iG(q\k)a0(k).  (3.14) 

In  what  follows  we  will  need  to  be  able  to  expand 
V(q\k)  in  powers  of  the  dielectric  contrast  y  -  e0  -  e  in¬ 
stead  of  in  powers  of  2)(jc i) .  To  do  this,  we  must  trans¬ 
form  Eq.  (3.12)  into  a  form  in  which  the  dependence  on  y 
is  explicit.  This  can  be  achieved  by  making  the  replace¬ 
ment 

I(y\Q)  =  2ttS(Q)  +  J(y\Q)  (3.15) 

in  Eqs.  (3.6),  where 

J(y\ Q)  =  J  dx1exp(-iQa;1){exp[-iy^(x1)]  -  1}. 

(3.16) 

If  we  introduce  the  definition 

V(q\k)  =  —  iv(q\k)/e,  (3.17) 

where  e  =  e  is  in  p  polarization  and  e  =  1  is  in  s  polar¬ 
ization,  the  reduced  potential  v(q\k)  is  the  solution  of  the 
equation 

v(q\k)  =  yA(q\k)  +  y  \  -Z-F(q\p)v(p\k).  (3.18) 

J  -oc  Z  77 

The  matrices  A{q\k)  and  F(q\k)  entering  this  equation 
are  given  by 

1 

A(q\k)  =  [n(q\k)d(k)  +  m(q\k)\(k)]— - — ,  (3.19) 

2  ea0(k) 

1 

F(q\k)  =  [m{q\k)  -  n(q\k)]— — — ,  (3.20) 

2ea0(k) 

where 


f  ”  dpx 

v(q\k)  =  yA(q\k)  +  y2  —  F(q\p1)A{p1\k) 

J  — co  Z  77 

f”  dpt  f”  dp 2 

+  73  —  — ^ F(q\Pi)FiPi\P2) 

J  -OO  ZtT  J  -oo  Z  77 

X  A(p2 \k)  +  ■■■ .  (3.22) 


4.  COHERENT  SCATTERING 

We  see  from  Eq.  (3.4a)  that  for  the  calculation  of  the  con¬ 
tribution  to  the  mean  differential  reflection  coefficient 
from  the  coherent  component  of  the  scattered  light  we 
need  the  ensemble  average  of  R(q \k).  In  view  of  Eq. 
(3.14)  this  is  given  by 

(R(q\k))  =  -2tt 8{q  -  k)  -  2i(G(q\k))a0(k).  (4.1) 

Owing  to  the  stationarily  of  <(v1 ),  the  averaged  Green’s 
function  (G{q\k))  appearing  in  Eq.  (4.1)  has  the  form12 

(G(q\k))  =  2nS(q  -  k)G(k) 

1 

=  2irS(q-k)—^ - , - ,  (4.2) 

H  G^ikr1  -  M(k) 

where  G(k)  is  the  averaged  Green’s  function  and  M(k)  is 
the  averaged  proper  self-energy.  The  latter  is  given  by 

(M(q\k))  =  2t rS(q  —  k)M(k),  (4.3) 

where  the  (unaveraged)  proper  self-energy  M(q\k)  is  the 
solution  of12 


qk  +  a(q)a0{k) 

mp(q\k )  =  — - — —  J[a(q)  -  a0(k)\q  -  k ], 

a(q)  ~  “o(«) 


np{q\k) 


qk  -  a(q)ctQ(k) 

a(q)  +  a0{k) 


J\at(q )  +  “o  (k)\q 


-  k], 

(3.21a) 


and 


rns(q\k) 

ns(q\k) 


w2/c2 

a(q)  -  a0(k) 
(a>2/c2) 
a(q)  +  a0(k) 


J[a(q)  +  a0(k)\q 
J[a{q)  +  a0(k)\q 


k], 


k]. 

(3.21b) 


The  iterative  solution  of  Eq.  (3.18)  yields  the  reduced 
potential  v(q \k)  formally  as  an  expansion  in  powers  of  y. 


dp  [°°  dr 

M(q\k)  =  V(q\k)  +  —  ~M(q\p) 

J  -ooZlT  J  — cc Z  77 

X  (G(p\r))w(r\k),  (4.4) 

where  we  have  introduced  the  notation 

w(q\k)  =  V(q\k)  -  (M(q\k)).  (4.5) 

When  the  explicit  expressions  for  Gl(>,(k )  given  by  Eqs. 
(3.10)  are  used  in  Eqs.  (4.1)  and  (4.2),  we  find  that 

(R(q \k))  =  2tt S(q  -  k)r(60),  (4.6) 


where 


rp(0  o) 

rs(0  0) 


e\fe^cos80  -  e0(e0  cos2  d0  -  y) 1/2  +  ie(c/co)Mp[\fe0(w/c)sin  80] 
e\/eocos  80  +  e0(eocos2^o  _  v)m  ~  ie(c/it})Mp[\fe0(a>/c)sin  60\ 
\le0cos80  -  (e0cos2  80  -  77) 1/2  +  i(c/u»)Ms[ \/eo(u>/c)sin  8q] 
\le0cos80  +  (e0cos2  80  ~  y)112  ~  i(c/w)Ms[  \fe^((o/c)sin  80] 


(4.7b) 
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it  follows  from  Eq.  (3.4a)  that  the  reflectivities  for  p-  and 
s-polarized  light  are  given  by 

Rp,s(0  o)  =  kp,s(0o)|2-  (4-8) 

We  will  calculate  the  self-energies  Mp  s{k)  as  expan¬ 
sions  in  powers  of  77,  through  terms  of  second  order.  This 
is  done  in  two  steps.  Equation  (4.4)  is  solved  iteratively 
as  an  expansion  in  powers  of  V(q\k),  and  the  result  is  av¬ 
eraged  term  by  term.  The  result  can  be  written  in  the 
form 


(M(q \k))  =  2  (Mn{q\k)),  (4.9) 

71=1 


where  the  subscript  denotes  the  order  of  the  correspond¬ 
ing  term  in  V(q\k).  The  terms  in  this  expansion  that  we 
need  are 


<AT1C?|A»  =  {V{q\k)},  (4.10a) 


(M2{q\k))  = 


“  dp  {V(q\p)V(p\k)} 
-=27 r  G(0,(p)_1  ~  M(p)’ 


(4.10b) 


where  the  bracket  symbol  {...}  denotes  the  cumulant 
average.9,13  The  expansion  of  M(q \k)  in  powers  of 
V(q \k)  does  not,  of  course,  imply  an  expansion  in  powers 
of  p.  To  obtain  (M{q\k))  as  an  expansion  in  powers  of  77, 
we  must  use  the  expansion  of  V(q\k)  in  powers  of  77  given 
by  Eq.  (3.22)  and  evaluate  the  cumulant  averages  appear¬ 
ing  in  (Mn(q\k))  as  expansions  in  powers  of  77.  The  con¬ 
tribution  to  (MA(q\k))  of  lowest  order  in  77,  i.e.,  the  con¬ 
tribution  to(V(g|/b)>  of  lowest  order,  is  of  0(1),  while  the 
contribution  to  ( Mn(q\k )),  n  =  2,3,...,  of  lowest  order  in  77 
is  of  0(  77").  This  will  be  clearly  seen  from  the  following. 

From  Eqs.  (4.10a),  (4.10b),  and  (3.22),  we  see  that  to 
calculate  the  ensemble  average  of  V(q\k)  and  products  of 
any  number  of  V(q\k)’s  we  need  the  average  of  J(  y\Q) 
and  of  products  of  an  arbitrary  number  of  J(y|Q)’s. 
With  the  assumption  that  £(xi)  is  a  Gaussian  random 
process,  we  find  that 


(J1J2---Jn)  ~  II  Wi]  + 

i  =  1 


2)2  WiJj}  n 

i,  j  —  l  k  =  l 

( i<j )  (k  *  i,j ) 


Wk} 


n  n 

+  6{n  -  3)  2  {JiJjJk}  II  W 1} 

i,j,k  =  1  l  —  l 

( i<j<k )  k) 

n 

+  6(n  —  4)  2  {JiJjJkJi) 

i,j,k,l  =  l 
( i<j<k  <l) 


X  n  R»}  +  0(n  -  4) 

771  =  1 

(m =£ i,j ,  k,  l ) 


x  2  2  n  wj 

i,  j  —  l  k,l  —  1  772  =  1 

( i<j )  ( k<l )  k,  l) 

(i  +  k,  l;j  +  k,  l ) 

+ terms  with  fewer  than  n  —  4  factors  of  {Jp}, 

(4.11) 


where  Bin)  =  1  for  n  >  0  and  B( n )  =  0  for  n  <  0.  The 
reason  for  organizing  the  contributions  to  ac¬ 

cording  to  the  number  of  factors  of  \Jp\  they  contain,  in 
decreasing  order,  is  that  when  we  come  to  average,  for  ex¬ 
ample,  the  series  (3.22)  term  by  term,  the  results  given  by 
Eq.  (4.11)  tell  us  that  the  actual  order  in  77  of  each  of  the 
contributions  to  the  average  of  a  term  formally  propor¬ 
tional  to  77"  in  fact  depends  on  the  number  of  factors  of 
(A(q\k))  and  (F(q\k))  contained  in  that  average  when  it 
is  evaluated  with  the  use  of  Eq.  (4.11).  This  is  because 
these  averages  are  diagonal  in  q  and  k  and,  more  impor¬ 
tant,  are  proportional  to  1/  77, 


where 


with 


a(k) 

(A(q\k))  =  2TrS(q  —  k) - 

V 


( F(q\k ))  =  2nS(q 


(4.12a) 

(4.12b) 


a(k) 

f(k) 


d(k)\(k) 


-[Y(k)  -X(k)], 


2ea0(k) 
d(k)X(k)  +  A  (k)Y(k) 


2ea0(k) 


~  1, 


(4.13a) 

(4.13b) 


X(k)  =  exp' 


— —  [“(*0 


oi0(k)f 


(4.14a) 


Y(k)  =  exp' 


[a(k)  +  a0(&)]2 


(4.14b) 


The  cumulant  averages  of  products  of  two  or  more  F(q\k) 
or  A(q\k),  or  both,  do  not  possess  an  explicit  dependence 
on  77. 

Thus  the  dominant  contribution  to  the  expansion  of  the 
average  of  a  product  of  n  factors  of  F(q\k)  and  A(q\k), 
e.g.,  (F(q\p1)F(p1\p2)...A(pn-1\k)),  in  powers  of  77  is 
obtained  by  replacing  each  of  the  factors  by  its  average. 
Each  of  these  averages  is  proportional  to  1/77,  so  that  this 
contribution  is  of  0(  77  ”) .  The  next  most  important  term 
in  this  expansion  is  given  by  the  sum  of  the  contributions 
obtained  by  pairing  two  of  the  factors  in  all  possible  ways 
irrespective  of  their  order  [there  are  n(n  —  l)/2  such 
pairs] ,  evaluating  the  cumulant  average  of  their  product, 
and  then  multiplying  the  result  by  the  product  of  the  av¬ 
erage  of  each  of  the  remaining  unpaired  factors.  Since 
there  are  n  —  2  such  factors  in  an  /ith-order  product,  the 
resulting  contribution  to  (Fiqlp^Fi p-j\p2)---A{ pn-\\k )) 
is  of  0(  ?72  ”).  Terms  of  0(  rf~n)  and  higher  are  obtained 
in  an  analogous  way. 

The  consequences  of  the  preceding  results  for  the  cal¬ 
culations  of  the  cumulant  averages  of  products  of  the  scat¬ 
tering  potential  V(q\k)  are  two  in  number.  The  first  is 
that  the  dominant  contribution  to  the  nth-order  cumulant 
average  {Viq^p^.-.ViqJpJ}  for  n  2=  2  is  of  0( 77").  It 
is  also  the  case  that  each  cumulant  average,  e.g., 
{V{q i\ p xWiq 2\ p 2)} ,  is  proportional  to  a  delta  function 
whose  argument  is  the  sum  of  the  wave-number  transfers 
in  each  scattering  process  occurring  within  it,  viz.,  to 
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2'rrS(q1  —  p ,  +  q2  ~  p2)  for  the  cumulant  average  indi¬ 
cated.  The  latter  result  leads  to  (M(q\k))  having  the 
form  given  by  Eq.  (4.3).  These  results  have  the  conse¬ 
quence  that  the  leading  two  terms  in  the  expansion  of  the 
right-hand  side  of  Eq.  (4.10a)  in  powers  of  y  are  of  O(?70) 
and  of  0(  y2);  the  leading  term  on  the  right-hand  side  of 
Eq.  (4.10b)  is  of  0(  y2).  Thus  if  we  wish  to  calculate  the 
self-energy  M(k)  to  second  order  in  y,  we  need  to  evaluate 
the  contributions  to  {V(q\k)}  of  O(y0)  and  of  0(y2)  and 
add  the  result  to  that  obtained  from  Eq.  (4.10b)  by  evalu¬ 
ating  {V(q\p)V(p\k)}  in  the  numerator  of  the  integrand 
to  0{y2)  and  replacing  M(p)  in  the  denominator  of  the 
integrand  by  the  contribution  of  0(  y°)  obtained  from  Eq. 
(4.10a).  After  the  summation  of  all  the  contributions  is 
done  (see  the  detailed  description  in  Appendix  A),  we  ob¬ 
tain  the  expression  for  the  self-energy  M(k )  in  the  form 


M(k) 


1  a ^  2/'1\2  1 

ie  1  +  f(k)  V  \  ie)  [1  +  f(k)f 


X 


{m(k\p)G(0\p)X  1(p)A1(p|A)}, 


where 


(4.15) 


A-i(</|&)  =  \n(q\k)d(k)X(k) 

1 

+  m{q\k)\(k)Y(k)]— - — .  (4.16) 

2ea0(k) 

The  evaluation  of  the  cumulant  average  in  the  inte¬ 
grand  of  the  second  term  in  brackets  on  the  right-hand 
side  of  Eq.  (4.15)  utilizes  the  result  that 

{J(  Til Qi)J(  72^2)} 


=  2t tS(Q1  +  Q2)ex  p 


-^(n2  +  r22)^2 


x 


J. 


d u  expf-tQpGjexpi;- yLy2 S2W(\u | )]-!}. 


(4.17) 

The  resulting  integrals  in  M(k)  have  to  be  evaluated  nu¬ 
merically,  recalling  that  k  -  ^[e^(cl)/c)sin80. 


5.  INCOHERENT  SCATTERING 

From  Eq.  (3.14),  we  find  that 

[(|f?(q|^)|2)  -  K-R(q|£)>|2] 

=  W(k)[{\G{q\k)\2)  ~  |<G(?|A))|2].  (5.1) 

The  equation  for  the  averaged  two-particle  Green’s  func¬ 
tion  (\G(q\k)\2)  can  be  obtained  starting  from  the  equa¬ 
tion  for  the  Green’s  function  written  in  a  form12 

G(q\k)  =  G(q)2iTS(q  —  k)  +  G(q)t(q\k)G(k),  (5.2) 

which  incorporates  into  its  calculation  the  averaged 
Green’s  function  G(  p )  instead  of  the  unperturbed  Green’s 
function  G(0>(p).  In  Eq.  (5.2)  the  operator  t(p\r)  was  in¬ 
troduced  to  satisfy 


(q\p)G(p\k) 


Hq\k)G(k), 


(5.3) 


where  w  has  been  defined  by  Eq.  (4.5)  and  is  the  solution 
of  the  equation 

f”  dp 

t(q\k)  =  w(q\k)  +  —  w(q\p)G(p)t(p\k).  (5.4) 

J  -0=  2  77 


It  follows  from  Eq.  (5.2)  that  (/(ql^))  =  0.  When  we 
multiply  Eq.  (5.2)  by  its  complex  conjugate  and  use  the 
procedure  outlined  in  Ref.  12,  we  obtain 

{G(q\k)G*(q\k))  =  (2tt)2 S2(q  -  k)\G(k)\2 

+  \G(q)\2{r(q ,  k\q ,  k)}\G(k)\2 , 

(5.5) 

where  r(q,  k\q’ ,  k’)  =  t(q\k)t*{q'\k')  is  the  reducible 
vertex  function,  and  we  have  used  the  result  that 
(G(q\k))  =  2-nSiq  —  k)G(k)  and  (t(q\k))  =  0.  The  use 
of  Eq.  (5.5)  in  Eqs.  (5.1)  and  (3.4b)  yields  the  equation  on 
which  our  calculation  of  (dR/dds) incoh  is  based: 

cos2  6S  cos  ^olG^)!2 

X  (r(q ,  k\q ,  k))\G(k)\2.  (5.6) 

In  this  paper  we  will  calculate  (r(q,  k\q,  k))  through 
terms  of  fourth  order  in  77,  since  it  is  in  the  fourth-order 
contribution  that  the  phenomenon  of  enhanced  back- 
scattering  first  arises.  To  evaluate  ( r(q ,  k \q ,  k ))  we  need 
to  evaluate  the  cumulant  average  {t(q\k)t*(q\k)}  to 
fourth  order  in  y.  To  do  this  we  multiply  the  iterative  so¬ 
lution  of  Eq.  (5.4), 


dR\ 

1 

1-2 

- - 

V  60 

77 

ddsl 

'.  .  L1 

mcon  x 

f°°  dp 

t(q\k)  =  w(q\k)  +  —  w(q\p)G(p)w(p\k) 

J  -oo  Z  TT 


r 00  dp  f00  dr 

+  —w(q\p)G{p)w(p\r) 

J  —  cc  A  7T  J  — oc  ^  7 T 

X  G(r)w(r\k)  +  ,  (5.7) 

by  its  complex  conjugate  and  average  the  resulting  ex¬ 
pression  term  by  term. 

Following  the  procedure  of  averaging  described  in  Sec¬ 
tion  4  and  Appendix  A,  we  obtain  to  fourth  order  in  77, 

y2  1 

{r(q,  k\q,  k)}  =  —  ,.2[r2(<7|^)  +  yfz(q\k) 

e  |1  +  f(q)\ 

+  TVm?’  <5'8) 

where,  to  make  the  expressions  for  fn{q \k)  clearer,  we  in¬ 
troduced  a  new  notation  for  the  cumulant  averages,  viz., 

{J(  yi\Qi)---J(yn\Qn)} 

=  2ttS(Qi  +  Q2  +  ■■■  +  Qn){J(  yi|Qi)...=f(yn|Q„)}o, 

so  that  after  making  use  of  the  delta  functions  in  carrying 
out  the  integrals,  we  obtained 

r2(q\k)  =  A1{A1(g,|^)A*(g|^)}0 , 


(5.9a) 
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T3(q\k)  =  2 L1  Im  m(q\p) 


G(p) 

1  +f(p) 


*  Ai(p\k)Af(q\k)\  , 
o 


(5.9b) 


^4{i)('3'l^)  =  L1 


G(P) 

m(q\p)  A1(p\k)m*(q\r) 

1  +  f(p) 


G*{r) 

X  - A*(r \k)\ 

1  +  f*(r)  1  1  j 


+  2  Re  m(q\p) 


G(p) 

1  +  ftp) 


G(r) 

x  m(p\r)  A^r\k)A^{q\k) 

1  +  f(r) 


(5.9c) 


^4(2)(<7l^)  =  L  1 


,  G(p) 

m(q\p)  — rIAifp \k) 


1  +f(p) 


X  m*(q\q  +  k  -  p)}„ 


G*(q  +  k  -  p) 

1  +T(q  +  k  -  p) 


X  A*(q  +  k  —  p\k) 


.  ,  G(p) 

+  m(g|p)  m*(g|p) 


X  A^plAi) 


1  +  Ap) 
G*(p) 


+  2  Re 


'w(pIp) 


i  +  f*(P) 
G(p) 


Af(p \k) 


1  +  Ap) 


XAj(p  —  q  +  k\k)]^  |;n(p|p—  q  +  k) 
G(p  -  q  +  k) 

x _ 

1  +  ftp  "  p  +  *)  1 

where  A1(q\k)  is  given  by  Eq.  (4.16). 

Having  in  hand  the  explicit  expressions  for  the  various 
cumulant  averages  {...}o  in  Eq.  (5.8)  and  the  averaged 
Green’s  function,  obtained  in  Section  4,  we  can  calculate 
numerically  the  angular  distribution  of  the  intensity  of 
the  scattered  light. 


(q\k) 


(5.9d) 


6.  DISCUSSION 

A.  Brewster  Angle  and  Critical  Angle  for  Total  Internal 
Reflection 

In  Figs.  2(a)  and  2(b)  are  plotted  the  logarithms  of  the  re¬ 
flectivities  Rp(do)  and  R  J  0n),  respectively,  calculated  on 
the  basis  of  Eqs.  (4.7a),  (4.7b),  and  (4.8),  when  the  me¬ 
dium  of  incidence  (e0  =  2.4336)  is  optically  less  dense 
than  the  scattering  medium  (e  =  2.6569);  in  Figs.  2(c) 


and  2(d)  the  same  quantities  are  plotted  for  the  case 
where  e0  =  2.6569  and  e  =  2.4336.  The  dielectric  con¬ 
trast  is  therefore  77  =  — 0.2233(  +0.2233)  in  the  former 
(latter)  case.  The  random  roughness  of  the  interface  is 
characterized  by  the  Gaussian  height  autocorrelation 
function,  Eq.  (2.8),  and  the  roughness  parameters  in  both 
cases  are  S  —  0.2X.  and  a  =  5 A,  where  A.  is  the  vacuum 
wavelength  of  the  incident  light. 

In  the  absence  of  the  interface  roughness,  the  reflectivi¬ 
ties  of  p-  and  s-polarized  light  are  given  by  Eqs.  (4.8)  with 
Mps  =  0.  Rip\d0)  is  seen  to  vanish  at  an  angle  of  inci¬ 
dence  given  by 

90  =  C  =  tan-^J  (6.1) 

and  called  the  Brewster  angle.  A  corresponding  angle 
does  not  exist  in  the  case  of  s  polarization. 

In  the  presence  of  interface  roughness  the  reflectivity 
Rp(  6 0)  does  not  vanish  at  any  real  value  of  0Q  because  the 
term  ie(c/co)Mp[\le0((o/c)sin00],  appearing  in  the  nu¬ 
merator  of  the  expression  (6.13a)  for  rp{60),  is  complex. 
In  this  case  we  can  define  the  Brewster  angle  SB  as  the 
angle  of  incidence  at  which  Rp(80)  possesses  a 
minimum.4,14  Note  that  this  definition  of  the  Brewster 
angle  reduces  to  the  usual  one,  Eq.  (6.1),  when  the  ran¬ 
dom  roughness  tends  to  zero,  as  it  should. 

The  Brewster  effect  is  clearly  seen  in  the  plots  pre¬ 
sented  in  the  insets  in  Figs.  2(a)  and  2(c).  For  the  values 
of  e0  and  e  used  in  obtaining  these  plots,  we  find  from  Eq. 
(6.1)  that  the  Brewster  angle  in  the  case  of  a  planar  in¬ 
terface  has  the  values  dB}  —  46.257°  and  8 =  43.743°, 
respectively.  From  these  figures  we  see  that  in  the  pres¬ 
ence  of  the  random  roughness  the  Brewster  angle  is 
shifted  toward  smaller  values  from  its  value  for  a  planar 
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Fig.  2.  Logarithm  of  the  reflectivity  of  a  one-dimensional  ran¬ 
domly  rough  dielectric-dielectric  interface  (solid  curves)  and  of  a 
planar  interface  (dashed  curves)  as  functions  of  the  angle  of  in¬ 
cidence,  0O  >  when  60  =  2.4336  and  e  =  2.6569  for  (a)  p  polariza¬ 
tion  and  (b)  s  polarization,  and  when  e0  =  2.6569  and  e 
—  2.4336  for  (c)  p  polarization  and  (d)  s  polarization. 
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interface  when  e0  <  e  and  toward  larger  values  when  e0 
>  e.  The  former  result  is  in  agreement  with  results  ob¬ 
tained  earlier  for  the  roughness-induced  shift  of  the 
Brewster  angle  obtained  by  several  different  approaches 
in  the  scattering  of  p -polarized  light,  incident  from 
vacuum,  on  a  one-dimensional  random  dielectric 
surface. 4,5,14-16  The  latter  result  seems  unexpected  at 
first  sight,  since  we  kept  only  the  contributions  to  the  av¬ 
eraged  self-energy  of  zeroth  and  second  orders  in  y.  Its 
explanation  lies  in  the  fact  that,  according  to  our  defini¬ 
tion  of  the  Brewster  angle  in  the  presence  of  interface 
roughness  and  to  Eq.  (4.7a),  its  value  is  given  approxi¬ 
mately  by  the  solution  of  the  equation 

e\fT0cosd0  -  e0(e0  cos2  80  -  y)m 

=  —  ~Re{ie(c/(o)Mp[\le0(w/c)sin  0O]},  (6.2) 

where  the  right-hand  side  is  positive  for  either  sign  of  y. 
In  the  vicinity  of  the  Brewster  angle  for  a  planar  inter¬ 
face,  d[B]  =  tan-1(^e0)1/2,  the  left-hand  side  of  Eq.  (6.2) 
can  be  expanded  as  y[(  ^e0/e)(e0  +  e)sin  d{B](dQ  -  6 ™). 
Thus  the  roughness-induced  shift  of  the  Brewster  angle  is 
given  approximately  by 

e(c/a)ImM  e0(ai/c)sin  6^°’] 

60  -  0<°>  =  - = - — -  ■  (6.3) 

’7[(ve0/e)(eo  +  e)sin  0^°  ] 

Since  the  sign  of  the  remaining  factors  is  positive  irre¬ 
spective  of  the  sign  of  y,  the  presence  of  the  factor  1/ y  on 
the  right-hand  side  of  Eq.  (6.3)  shows  that  the  shift  is 
positive  when  y  is  positive  and  negative  when  y  is  nega¬ 
tive.  From  a  comparison  of  the  results  presented  in  the 
insets  to  Figs.  2(a)  and  2(c),  we  also  see  that  the  magni¬ 
tude  of  the  shift  of  the  Brewster  angle  from  its  value  for  a 
planar  interface  is  larger  when  eQ  >  e  than  when  e0 
<  e.  The  shift  of  the  Brewster  angle  depends  on  the 
roughness  parameters  through  the  imaginary  part  of  the 
self-energy.  In  general,  this  dependence  cannot  be  writ¬ 
ten  out  explicitly.  However,  in  the  limit  of  a  small  corre¬ 
lation  length,  a  — >  0,  the  shift  is  inversely  proportional  to 
the  correlation  length,  0B  —  0B]  oc  S2/{a\),  as  was  indi¬ 
cated  by  Greffet  in  Ref.  15.  It  should  be  pointed  out, 
however,  that  the  use  of  small-amplitude  perturbation 
theory  in  Ref.  15  leads  to  an  overestimation  of  the  shift  of 
the  Brewster  angle.4,5  In  the  opposite  limit  of  a  large  cor¬ 
relation  length,  the  shift  becomes  independent  of  it. 

Returning  to  Eqs.  (4.7a)  and  (4.7b),  we  see  that  in  both 
polarizations  the  reflectivity  in  the  absence  of  surface 
roughness  equals  unity  at  an  angle  of  incidence  defined 
by  e  —  e0  sin2  #o  =  0,  i.e.,  for 

do  =  e[0)  =  sin-1] -J-J  ,  (6.4) 

and  remains  equal  to  unity  as  90  increases  beyond  8'ra ’  up 
to  77-/2,  because  (e  —  e0  sin2  00)V2  is  pure  imaginary  for 
6{c0)  <  60  =£  -it/2.  The  angle  6(c0}  is  called  the  critical 
angle  for  total  internal  reflection.  From  Eq.  (6.4)  we  see 
that  in  order  for  such  an  angle  to  exist  the  medium  of  in¬ 
cidence  must  be  the  optically  more  dense  medium;  i.e.,  we 
must  have  e0  >  e- 


In  the  case  of  a  randomly  rough  interface,  we  see  from 
Eqs.  (4.7a)  and  (4.7b)  that  the  existence  of  a  true  critical 
angle  for  total  internal  reflection  would  require  the  satis¬ 
faction  of  the  condition 

Gp(d0)  =  (e  -  e0  sin2  d0)1/2  -  i(e/e0)(c/io) 

X  Mp[  Veo(<w/c)sin  d0]  =  0  (6.5) 

in  the  case  of  p  polarization  and  the  satisfaction  of  the 
condition 

Cs(d0)  =  (e  -  £0  sin2  d0) 1/2  “  i(dw) 

X  Ms[\l £0(oi/c)sin  d0]  =  0  (6.6) 

in  the  case  of  s  polarization.  However,  because  Mpps(k) 
is  complex,  these  conditions  can  be  satisfied  only  by  com¬ 
plex  angles  of  incidence.  To  obtain  a  real  critical  angle  in 
the  presence  of  a  randomly  rough  interface,  we  define  it 
as  the  angle  df ,s  at  which  |Cp  s(  d0)|2  has  a  minimum  in p, 
s  polarization.  Again,  this  definition  reduces  to  the  usual 
one,  Eq.  (6.4),  in  the  limit  as  the  random  roughness  tends 
to  zero. 

The  critical  angle  0C  is  clearly  seen  in  the  results  plot¬ 
ted  in  Figs.  2(c)  and  2(d).  For  the  values  of  e0  and  €  used 
in  obtaining  these  plots,  we  find  that  in  the  case  of  a  pla¬ 
nar  interface  d10)  =  73.148°.  To  examine  the  behavior  of 
Rp(d0)  and  Rs(d0)  for  d0  in  the  vicinity  of  d*0) ,  we  have 
plotted  these  functions  in  this  range  of  d0  values,  using  a 
greatly  expanded  horizontal  scale,  in  Figs.  3(a)  and  3(b), 
respectively.  In  the  inset  to  each  of  these  figures  we  have 
also  plotted  |  Cp  ( d0 )  | 2  and  |  Cs  ( d0 )  | 2 ,  respectively.  The  ar¬ 
rows  give  the  position  of  the  minimum  of  each  of  the  lat¬ 
ter  functions,  viz.,  the  value  of  the  critical  angle  for  total 
internal  reflection  in  the  presence  of  the  interface  rough¬ 
ness.  We  see  that,  although  the  reflectivity  varies 
strongly  as  a  function  of  d0  in  the  vicinity  of  the  critical 
angle,  the  shift  of  the  critical  angle  is  small.  However,  as 
was  noted  earlier  in  Ref.  17,  the  shift  depends  strongly  on 
the  roughness  parameters,  the  power  spectrum,  etc.,  and 
can  have  either  sign  depending  on  them.  This  depen¬ 
dence  will  be  discussed  in  detail  in  a  separate  study.  In 
the  present  study,  the  value  of  the  critical  angle  for  the 
roughness  parameters  characterizing  the  weakly  rough 
interfaces  studied  here  is  shifted  by  the  roughness  to  val¬ 
ues  larger  than  its  value  for  a  planar  interface  for  each 
polarization.  The  shift  of  the  critical  angle  for  total  in¬ 
ternal  reflection  of  p-polarized  light  is  larger  than  that  for 
s-polarized  light. 

From  an  experimental  standpoint,  the  measurement  of 
the  roughness-induced  shift  of  0C  could  be  accomplished 
by  means  of  a  determination  of  the  complex  scattering 
amplitude  rp  s(  60).  It  then  follows  that 

e  1  -  rp(6 0) 

Cp(0o)  =  -=cos  e0— - — — ,  (6.7) 

v  £0  1  +  rp(0 o) 

I—  1  -  rs(60) 

Cs(0o)  =  Veocos  80- - — — ,  (6.8) 

1  +  rs(60) 

from  which  the  minima  of  \Cp(60)\2  and  |CS(0O)|2  can  be 
determined.  The  magnitude  of  the  roughness-induced 
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shift  of  d(cp,s) ,  however,  is  smaller  than  the  magnitude  of 
the  corresponding  shift  of  the  Brewster  angle. 

B.  Enhanced  Backscattering  Phenomenon 

In  Fig.  4  we  present  the  contribution  to  the  mean  differ¬ 
ential  reflection  coefficient  from  the  incoherent  compo¬ 
nent  of  p-polarized  [Figs.  4(a)  and  4(c)]  and  s-polarized 
[Figs.  4(b)  and  4(d)]  scattered  light  plotted  as  a  function  of 
the  scattering  angle  ft,  for  a  low-contrast,  one¬ 
dimensional,  randomly  rough  dielectric-dielectric  inter¬ 
face  characterized  by  the  Gaussian  height  autocorrelation 
function  Eq.  (2.8).  The  roughness  parameters  are  8 
—  0.  lA  and  a  =  0.2A,  where  A.  is  the  vacuum  wavelength 
of  the  incident  light,  when  the  medium  of  incidence  (e0 
=  2.4336)  is  optically  less  dense  than  the  scattering  me¬ 
dium  (e  =  2.6569)  [Figs.  4(a)  and  4(b)]  and  when  the  me¬ 
dium  of  incidence  (e0  =  2.6569)  is  optically  more  dense 
than  the  scattering  medium  ( e  =  2.4336)  [Figs.  4(c)  and 
4(d)].  The  values  of  rj  in  this  case  are  therefore  77 
=  +0.2233,  respectively.  For  comparison  the  contribu¬ 
tion  to  the  mean  differential  reflection  coefficient  from  the 
incoherent  component  of p-  and  s-polarized  scattered  light 
calculated  by  means  of  the  formally  exact  numerical 
simulation  approach18  is  plotted  by  dashed  curves. 

As  expected,  the  scattering  of  light  from  a  rough  inter¬ 
face  with  a  low  dielectric  contrast  is  extremely  weak.  As 


Fig.  3.  Reflectivity  of  a  one-dimensional  randomly  rough 
dielectric-dielectric  interface  characterized  by  the  Gaussian 
power  spectrum  (solid  curves)  and  of  a  planar  interface  (dashed 
curves)  as  functions  of  the  angle  of  incidence,  0O  >  f°r  @o  in  the 
immediate  vicinity  of  the  critical  angle  for  total  internal  reflec¬ 
tion  6C ,  when  e0  =  2.6569  and  e  =  2.4336  for  (a)  p  polarization 
and  (b)  s  polarization.  The  insets  show  plots  of  | ) 1 2  and 
|Cs(ftp|2  as  functions  of  60,  for  60  in  the  immediate  vicinity  of 
dc  .  The  arrows  indicate  the  critical  angle  in  the  presence  of  the 
random  roughness. 


es  ft 

Fig.  4.  Contribution  to  the  mean  differential  reflection  coeffi¬ 
cient  from  the  incoherent  component  of  the  scattered  light  as  a 
function  of  the  scattering  angle  ft,  when  (a)  p- polarized  light  and 
(b)  s-polarized  light  are  incident  from  the  optically  less  dense  me¬ 
dium  and  when  (c)  p-polarized  light  and  (d)  s-polarized  light  are 
incident  from  the  optically  more  dense  medium.  The  angle  of  in¬ 
cidence  6 0  =  0°.  The  interface  roughness  is  characterized  by 
the  Gaussian  power  spectrum  Eq.  (2.8)  with  8  =  0.1A  and  a 
=  0.2X.  Dashed  curves  show  the  results  of  rigorous  numerical 
simulations. 

seen  from  Fig.  4  the  s-polarized  light  is  scattered  more 
strongly  than  the  p-polarized  light.  In  the  case  in  which 
light  is  incident  onto  the  interface  from  the  optically  more 
dense  medium,  ( 8R/88s)incoh  displays  asymmetric  peaks 
at  ft,  =  0,; ,  analogous  to  the  Yoneda  peaks  occurring  in 
the  scattering  of  x  rays  from  solid  surfaces.8,9  These 
peaks  come  from  the  factors  cos  6s\G(q)\2  and  cos  fti|G(&)|2 
in  Eq.  (5.6).  These  functions  increase  with  q  and  k  and 
reach  their  maxima  at  the  branch  points  of  the  Green’s 
functions,  that  is,  when  the  angles  of  incidence  or  scatter¬ 
ing  reach  the  critical  angle  ft,  for  total  internal  reflection; 
the  functions  vanish  at  80  =  tt/2,  6s  =  ir/2,  owing  to  the 
presence  of  the  factors  cos  60  and  cos  ft, .  In  the  case  of 
the  scattering  of  p-polarized  light  incident  from  the  opti¬ 
cally  more  dense  medium  [Fig.  4(c)],  the  minimum  analo¬ 
gous  to  that  obtained  in  Refs.  6  and  19  at  an  angle  of  scat¬ 
tering  that  was  called  the  Brewster  angle  for  diffuse 
scattering  cuts  the  peaks  from  the  side  of  the  smaller 
angles  of  scattering.  It  is  easy  to  see  from  the  analytical 
results  of  the  small-amplitude  perturbation  approach  to 
the  scattering  of  p-polarized  light20  that  the  contribution 
to  the  mean  differential  reflection  coefficient  from  the 
term  of  the  lowest  order  in  the  surface  profile  function, 
which  describes  the  single-scattering  processes,  vanishes 
when  eqk  —  e0a(q)a(k )  =  0,  where 

q  =  ( oi/c )  V  e0  sin  ft, ,  k  =  ( co/c )  Vgi  sin  80 , 
a(q)  =  (&)/c)(cos2  ft,  —  p)1/2, 
a(k)  =  (ui/c)( cos2  ft)  —  v)V2- 
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However,  when  the  interface  roughness  is  increased,  the 
scattering  processes  of  higher  order  smear  out  the  mini¬ 
mum. 

In  Fig.  5  we  present  the  results  for  the  contribution  to 
the  mean  differential  reflection  coefficient  from  the  inco¬ 
herent  component  of  the  p-  and  s-polarized  scattered  light 
when  the  roughness  of  the  interface  is  characterized  by 
the  rectangular  power  spectrum  given  by  Eq.  (2.9)  cen¬ 
tered  at  [min(e,  e0)]1/2("/c),  when  the  medium  of  inci¬ 
dence  is  optically  less  dense  than  the  scattering  medium 
[Figs.  5(a)  and  5(b),  respectively]  and  when  the  medium  of 
incidence  is  optically  more  dense  than  the  scattering  me¬ 
dium  [Figs.  5(c)  and  5(d),  respectively].  The  roughness 
parameters  in  this  case  are  S  =  0.1A.  and  #max  =  12°.  As 
in  the  case  of  the  scattering  from  the  surface  with  the 
Gaussian  power  spectrum,  the  s-polarized  light  is  scat¬ 
tered  more  strongly  than  the  p-polarized  light  and  pro¬ 
duces  a  stronger  enhanced  backscattering  peak.  The 
situation  is  similar  to  that  encountered  in  the  scattering 
of  light  from  a  rough  dielectric  surface  with  large  rms 
heights  and  large  rms  slopes,  when  the  multiple  reflection 
of  light  from  the  slopes  is  important  for  producing  the  en¬ 
hanced  backscattering  peak.21  Since  the  p-polarized 
light  is  reflected  considerably  more  weakly  than  the 
s-polarized  light,  the  diffuse  scattering  of  the  former  is 
also  weaker.  The  phenomenon  of  total  internal  reflec¬ 
tion,  which  amplifies  the  diffuse  scattering  and  produces 
the  enhanced  backscattering  peak  present  in  the  results 
of  Ref.  22,  increases  the  scattered  intensity  in  the  case 
considered  in  this  paper  but  is  not  able  to  overcome  the 
effects  of  the  low  dielectric  contrast. 


e,  0S 
Fig.  5.  Contribution  to  the  mean  differential  reflection  coeffi¬ 
cient  from  the  incoherent  component  of  the  scattered  light  as  a 
function  of  the  scattering  angles  ds  when  (a)  p-polarized  light  and 
(b)  s-polarized  light  are  incident  from  the  optically  less  dense  me¬ 
dium  and  when  (c)  p-polarized  light  and  (d)  s-polarized  light  are 
incident  from  the  optically  more  dense  medium.  The  interface 
roughness  is  characterized  by  the  rectangular  power  spectrum 
Eq.  (2.9)  centered  at  (min{e,e0 })y2co/c  with  S  =  0.1A.  and  0max 
=  12°. 


We  recall  that  the  expression  for  the  contribution  to  the 
mean  differential  reflection  coefficient  from  the  incoher¬ 
ent  component  of  the  scattered  light  [Eqs.  (5.6)  and  (5.8)] 
contains  contributions  of  second,  third,  and  fourth  orders 
in  rj.  However,  each  contribution  contains  all  orders  in 
the  interface  profile  function.  Therefore  there  are  no  re¬ 
strictions  on  the  degree  of  the  interface  roughness  except 
those  imposed  by  the  Rayleigh  hypothesis,  and  we  can 
study  the  scattering  of  light  from  fairly  rough  interfaces. 
The  form  of  the  expression  for  (df?/<?0s)incoh  is  similar  to 
that  which  is  usually  obtained  in  the  framework  of  many- 
body  perturbation  theory.  The  first  two  contributions  to 
T4(2,(q\  k)  are  the  contributions  from  the  ladder  and  the 
maximally  crossed  diagrams,  respectively.  In  the  pole 
approximation,  if  we  had  one,  the  first  term  in  Eq.  (5.9d) 
would  produce  an  enhanced  backscattering  peak  with  a 
half-width  equal  to  the  inverse  mean  free  path  of  the  ex¬ 
citations  associated  with  poles  of  the  Green’s  function 
G(p).  At  the  same  time,  the  second  term  would  produce 
a  background  of  the  same  magnitude  as  the  magnitude  of 
the  peak  in  the  first  term.  We  consider  in  this  paper  the 
interface  between  two  dielectric  media,  characterized  by 
positive  dielectric  constants.  In  this  situation  there  are 
no  surface  polaritons,  and  the  Green’s  function  G(p)  does 
not  have  poles.  However,  it  has  branch  points  at  p 

—  ±\/e0w/c  and  p  =  ±\jew/c.  In  the  case  of  the 
dielectric-dielectric  interface,  the  branch  points  lead  to 
peaks  in  the  product  of  the  Green’s  functions  G(  p) 
X  [G(x  -  p ) ] *  exactly  as  the  poles  do  in  the  case  of  a 
metal  surface.20  They  are  much  wider  and  weaker,  of 
course,  than  those  associated  with  the  surface  polaritons, 
but,  nevertheless,  they  play  exactly  the  same  role.  It  is 
known  (see,  e.g.,  Ref.  7)  that  lateral  waves  are  associated 
with  the  branch  point  in  the  Green’s  function  at  p 

—  ±[min(e,  e0)]1/2Wc.  These  are  waves  that  propagate 
along  the  interface  in  a  wavelike  manner,  are  radiative 
waves  in  the  optically  more  dense  medium,  and  are  inde¬ 
pendent  of  the  distance  from  the  interface  in  the  optically 
less  dense  medium.  In  the  case  in  which  both  media  in 
contact  are  lossless,  the  amplitude  of  the  lateral  wave 
field  is  determined  by  the  difference  ( \e0  ~~  \  e)( oj/c )  and 
decays  algebraically  as  L  :l/2,  where  L  is  the  distance 
along  the  interface.  As  a  result,  the  width  of  the  en¬ 
hanced  backscattering  peak  is  proportional  to  the  dielec¬ 
tric  contrast.  The  interface  roughness  induces  additional 
losses,  so  the  enhanced  backscattering  peak  in  this  case  is 
quite  broad.  In  addition,  the  peak  is  non-Lorentzian, 
since  the  peaks  associated  with  the  branch  points  are 
non-Lorentzian.  It  should  also  be  mentioned  here  that 
the  power  spectrum  of  the  interface  roughness  should  be 
sufficiently  large  in  the  vicinity  of  the  branch  points,  as  it 
should  also  be  in  the  vicinity  of  the  poles  associated  with 
surface  plasmon  polaritons,  to  allow  efficient  excitation  of 
the  lateral  waves.  For  a  Gaussian  power  spectrum  of  the 
interface  roughness  this  means  that  the  correlation 
length  a  should  be  small,  a  =£  pXfminle,  e0)]1/2,  where  \  is 
the  vacuum  wavelength  of  the  incident  light.  The  use  of 
the  rectangular  power  spectrum  g(|Q|)  of  the  interface 
roughness  centered  at  Q  =  [min(e,  e0)]1/2<u/c,  Eq.  (2.9), 
greatly  amplifies  the  enhanced  backscattering  in  the  case 
in  which  light  is  scattered  from  the  random  interface  be¬ 
tween  two  dielectric  media,  as  it  does  in  the  case  in  which 
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the  enhanced  backscattering  is  caused  by  the  surface 
plasmon  polariton  mechanism.11,20 


7.  CONCLUSIONS 

In  the  present  paper  we  have  described  a  perturbation  ap¬ 
proach  to  the  problem  of  the  scattering  of  light  from  a 
one-dimensional  randomly  rough  interface  between  two 
dielectric  media  with  low  dielectric  contrast.  In  this  ap¬ 
proach  we  have  calculated  the  self-energy  and  the  two- 
particle  Green’s  function  as  expansions  not  in  powers  of 
the  profile  function  of  the  interface  but  as  an  expan¬ 
sion  in  powers  of  the  dielectric  contrast  rj  =  e0  —  e. 
Therefore  there  are  no  restrictions  on  the  strength  of  the 
surface  roughness  except  those  required  for  the  validity  of 
the  Rayleigh  hypothesis.  Several  conclusions  can  be 
drawn  from  the  results  described  here. 

The  first  is  that  at  a  one-dimensional  randomly  rough 
dielectric-dielectric  interface  the  Brewster  angle  (in  p  po¬ 
larization)  is  shifted  from  the  value  it  has  when  the  inter¬ 
face  is  planar.  The  shift  is  in  the  direction  of  smaller 
angles  when  the  medium  of  incidence  is  optically  less 
dense  than  the  scattering  medium  ( e0  <  e)  and  is  in  the 
direction  of  larger  angles  when  the  medium  of  incidence  is 
optically  more  dense  than  the  scattering  medium  (e0 
>  e).  The  former  result  is  consistent  with  results  ob¬ 
tained  for  the  roughness-induced  shift  of  the  Brewster 
angle  obtained  by  several  different  approaches  in  the 
scattering  of  /(-polarized  light,  incident  from  vacuum,  on  a 
one-dimensional  random  dielectric  surface. 4,14-16  It  is 
also  consistent  with  the  theoretical  results  obtained  by 
Baylard  et  al.5  and  Kawanishi  et  al.,19  as  well  as  with  the 
experimental  results  of  De  Roo  and  Ulaby,23  for  the  scat¬ 
tering  of  p-polarized  electromagnetic  waves,  incident  from 
vacuum,  on  a  two-dimensional  random  dielectric  surface. 
For  the  dielectric  contrasts  assumed  in  the  present  work, 

|  rj\  =  0.223,  and  the  roughness  parameters  adopted,  S 
=  0.2X  and  a  =  5\,  the  shifts  of  the  Brewster  angle  cal¬ 
culated  are  of  the  order  of  0.1°.  This  is  a  small  value  but 
one  that  should  be  measurable.  The  magnitude  of  the 
shift  of  the  Brewster  angle  from  its  value  for  a  planar  in¬ 
terface  is  larger  in  the  presence  of  total  internal  reflection 
than  when  it  is  absent. 

The  second  conclusion  we  can  draw  is  that  in  the  case 
in  which  the  medium  of  incidence  is  optically  more  dense 
than  the  scattering  medium  ( e0  >  e) ,  so  that  the  phe¬ 
nomenon  of  total  internal  reflection  occurs,  the  value  of 
the  critical  angle  for  total  internal  reflection  is  shifted  by 
the  roughness  of  the  interface  from  its  value  when  the  in¬ 
terface  is  planar.  In  the  case  in  which  the  interface 
roughness  is  characterized  by  the  Gaussian  power  spec¬ 
trum,  Eq.  (2.8),  and  for  the  roughness  parameters  as¬ 
sumed  here,  the  shift  is  in  the  direction  of  larger  angles 
for  incident  light  of  both  p  and  s  polarization. 

In  the  scattering  of  light  from  a  one-dimensional  ran¬ 
domly  rough  dielectric-dielectric  interface,  the  angular 
dependence  of  the  intensity  of  the  incoherent  component 
of  the  scattered  light  displays  an  enhanced  backscattering 
peak,  which  is  caused  by  the  coherent  interference  of  each 
multiply  scattered  lateral  wave  path  with  its  reciprocal 
partner.  When  light  is  scattered  from  a  rough  interface 
whose  roughness  is  characterized  by  a  rectangular  power 


spectrum  centered  at  [min(e,  e0)]1/2fe>/c,  the  enhanced 
backscattering  peak  is  amplified  considerably.  As  ex¬ 
pected,  the  enhanced  backscattering  peak  as  well  as  the 
diffuse  background  is  stronger  when  light  is  incident  onto 
the  interface  from  the  optically  more  dense  medium.  The 
most  favorable  situation  for  observing  enhanced  back- 
scattering  from  a  dielectric-dielectric  interface  is  when 
s-polarized  light  is  incident  from  the  optically  more  dense 
medium  onto  a  random  interface  whose  roughness  is 
characterized  by  a  rectangular  power  spectrum.  In  this 
case  the  angular  distribution  of  the  intensity  of  the  inco¬ 
herent  component  of  the  scattered  light  also  displays 
strong  asymmetric  peaks  when  the  scattering  angle 
equals  the  critical  angle  for  total  internal  reflection, 
which  are  analogous  to  the  Yoneda  bands  observed  in  the 
scattering  of  x  rays  from  a  solid  surface. 

Finally,  we  point  out  that  a  variant  of  small-contrast 
perturbation  theory  has  been  explored  recently  in  connec¬ 
tion  with  the  scattering  of  light  from,  and  its  transmission 
through,  a  random  interface  between  two  different  dielec¬ 
tric  media.24-26  It  differs  from  the  approach  presented 
here  in  several  respects.  In  application  to  a  one¬ 
dimensional  random  interface,  the  expansion  parameter 
is  not  e0  —  e  but  rather  the  difference  between  the  dielec¬ 
tric  constant  of  the  system,  e(xi,x3)  =  eQ0[x3  ~  fOei)] 
+  eO\_£(x{)  -  x3 ]  in  our  notation,  where  d{x)  is  the 
Heaviside  unit  step  function,  and  its  ensemble  average 
ecff(x3)  =  (e(x1,x3)).  In  addition,  it  is  an  essentially  nu¬ 
merical  approach.  It  can  yield  accurate  results  for  the 
reflectivity24  and  transmissivity25  for  values  of  e0  —  e  up 
to  2.25  and  5.0,  respectively,  for  rms  heights  of  the  rough¬ 
ness  up  to  A./2  and  transverse  correlation  lengths  of  up  to 
2\.  In  its  present  form,  however,  it  cannot  predict  en¬ 
hanced  backscattering  and  enhanced  transmission,  nor 
cross-polarized  scattering  from  two-dimensional  random 
surfaces,  but  this  appears  to  be  due  more  to  computa¬ 
tional  reasons  than  to  any  fundamental  limitation  of  the 
theory. 


APPENDIX  A 

From  Eqs.  (3.17)  and  (3.22)  we  see  that  to  calculate 
{V{q\k)}  we  have  to  calculate  the  average: 
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To  calculate  the  contribution  to  (v{q\k))  of  zeroth  order  in 
t)  we  have  to  calculate  the  contribution  of  this  order  from 
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each  term  on  the  right-hand  side  of  Eq.  (Al)  and  sum  the 
results.  To  obtain  the  contribution  of  zeroth  order  in  p 
from  any  term,  it  suffices  to  replace  the  average  of  that 
term  by  the  product  of  the  averages  of  the  individual  fac¬ 
tors  in  it.  In  this  way  we  obtain 

{u(g|£)}(0)  =  2rr8{q  -  k)[a(k)  ~  f(k)a(k) 

+  f2(k)a(k)  -  •••] 
a(k ) 

=  2tt S(q  -  k) - .  (A2) 

1  +  m 

The  leading  contribution  to  {v{q\k)}  that  is  of  nonze- 
roth  order  in  p  is  of  0(  p2)  and  is  obtained  by  summing  in 
each  term  on  the  right-hand  side  of  Eq.  (Al)  the  results 
obtained  by  pairing  two  of  the  factors  in  all  possible  ways, 
irrespective  of  order,  evaluating  their  cumulant  average, 
and  then  multiplying  the  latter  by  the  product  of  the  av¬ 
erages  of  each  of  the  remaining,  unpaired,  factors.  In  the 
rath-order  term  in  3=  2)  two  types  of  contributions  arise. 
The  first  consists  of  the  n  —  1  terms  in  which  one  of  the 
F(Pi\Pj>  is  paired  with  A(p„_1|fe),  while  the  remaining 
n  —  2  factors  of  F<  p ,  |  p ; )  are  averaged  individually;  the 
second  consists  of  the  ( n  —  1  )(ra  —  2)/2  terms  in  which 
two  of  the  F( p\pj)  are  paired,  while  the  remaining 
n  —  2  factors  [including  A(pn_1)]  are  averaged  individu¬ 
ally.  The  contribution  to  {v{q\k)}  from  the  first  type  of 
pairing  is 

Mg|*)}(2p  =  v2[i  -  fiq)  +  f2(q) - ] 

f”  dp 

X  —  {^|p)[l  -  fip) 
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The  contribution  from  the  second  type  of  pairing  is 


to  the  same  order.  To  do  this  we  multiply  two  iterative 
solutions  to  Eq.  (3.18)  and  average  the  result  term  by 
term.  The  lowest-order  contribution  to  (v{q\p)v{p\k)) 
as  an  expansion  in  powers  of  p,  which  is  of  zeroth  order  in 
p,  is  obtained  by  replacing  each  average  of  the  product  by 
the  product  of  the  averages  of  the  individual  factors. 
However,  since  what  we  need  is  not  (v{q\p)v(p\k))  itself, 
but  the  difference  (v{q\p)v(p\k))  -  (v(q\p))(v(p\k)), 
the  zeroth-order  contribution  to  (v{q\p)v(p\k))  can  be 
omitted  since  it  does  not  contribute  to  this  difference. 
The  contribution  to  (viq\p)v(p\k))  of  second  order  in  p  is 
obtained  from  the  sum  of  terms  in  which  two  factors  are 
paired  and  the  cumulant  average  of  their  product  is  mul¬ 
tiplied  by  the  product  of  the  averages  of  the  remaining 
factors.  However,  the  only  terms  of  this  type  that  con¬ 
tribute  to  the  difference  (v{q\p)v(p\k))  —  { v(q\p )) 
X  (v(p\k))  are  those  in  which  one  of  the  paired  factors 
whose  cumulant  average  is  calculated  comes  from  the  ex¬ 
pansion  of  v{q\p)  while  the  other  comes  from  the  expan¬ 
sion  of  v(p\k). 

Four  classes  of  terms  contribute  to  (v(q\p)v(p\k)) 
-  (v{q\p))(v{p\k))  to  order  p2.  They  are  defined  by 
the  two  factors  that  appear  in  the  pair  whose  cumulant 
average  is  evaluated.  They  can  be  written  schematically 
as  {AA},  {FA},  {AE},  and  {FF}.  These  four  categories  of 
terms  can  be  summed  to  yield  the  result  that  to  0(  p2), 
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From  Eq.  (3.17)  we  also  see  that  to  evaluate  the  cumu¬ 
lant  average  {V(q\p)V(p\k)}  appearing  in  the  integrand 
on  the  right-hand  side  of  Eq.  (4.10b)  to  second  order  in  p, 
we  have  to  evaluate  the  cumulant  average, 


{v{q\p)v(p\k)}  =  (v(q\p)v(  p\k))  -  (v(q\p))(v(p\k)), 

(A5) 
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One  of  the  most  interesting  phenomena  associated  with 
the  scattering  of  light  from  a  randomly  rough  surface 
is  enhanced  backscattering.  It  is  characterized  by  the 
presence  of  a  well-defined  peak  in  the  retroreflection 
direction,  which  results  primarily  from  the  coherent 
interference  of  each  multiply  reflected  optical  path 
with  its  time-reversed  par  tner . 1  “  4  Recently  a  theoreti¬ 
cal  study  of  volume  and  surface  scattering  showed 
that  novel  enhanced  backscattering  peaks  result  from 
an  amplifying  random  medium  and  surface.  An  ex¬ 
ample  of  an  amplifying  medium  is  a  laser  material. 
The  amplification  is  more  pronounced  for  long  paths 
that  build  up  the  structure  of  the  enhanced  backscat¬ 
tering  peak  and  qualitatively  change  this  backscatter¬ 
ing.  In  particular,  it  is  theoretically  predicted  that  the 
peak  will  become  sharper  as  the  gain  of  the  medium 
is  increased.5,6  However,  we  are  aware  of  no  previous 
experiments  that  would  confirm  this.  In  this  Letter 
we  investigate  enhanced  backscattering  from  a  rough 
surface  through  a  laser  dye-doped  polymer  and  report 
some  preliminary  experimental  results. 

Laser  dyes  are  highly  efficient  gain  media  either 
for  laser  sources  with  narrow  pulse  widths  and  wide 
tunable  ranges  or  for  optical  amplifiers  with  high 
gain  and  broad  spectral  bandwidths.  Obviously,  it 
was  convenient  to  use  the  broadband  gain  of  laser 
dyes  in  visible  wavelengths  for  our  study.  Laser  dyes 
captured  in  a  solid  matrix  are  much  easier  and  safer 
to  handle  than  their  counterparts  in  liquid  form. 
Moreover,  the  photostability  of  some  organic  laser 
dyes  improves  when  molecules  are  trapped  in  solid 
matrices.7,8 

We  doped  laser  dyes  in  acrylic  polymer  hosts  [e.g., 
poly(methyl  methacrylate)  and  poly( ethyl  methacry¬ 
late)]  to  prepare  our  gain  samples.9  The  laser  dyes 
were  dissolved  into  the  mixed  monomers  before  the 
polymerization.  The  monomers  used  included  methyl 
methacrylate  and  ethyl  methacrylate.  Specific 
amounts  of  initiator  (lauroyl  peroxide,  0.03  wt.  %)  and 
a  chain  transfer  agent  (1-butanethiol,  0.35  wt.  %)  were 
added  to  the  dye-doped  monomers,  and  the  samples 
were  prepared  by  thermal  polymerization.  A  new 
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class  of  laser  dye,  pyrromethene-based  laser  dyes,  has 
attracted  considerable  interest  recently  because  these 
dyes  have  shown  the  highest  fluorescence  quantum 
efficiency  (typically  more  than  80%)  and  a  triplet 
extinction  coefficient  that  is  merely  one  fifth  that  of 
Rhodamine  560. 10  Hence,  in  addition  to  fabricating 
samples  doped  with  conventional  laser  dyes  such  as 
Rhodamine  6G,  Rhodamine  B,  and  fluorescein,  we 
prepared  several  samples  doped  with  pyrromethene. 
All  the  dye-doped  gain  polymers  were  polymerized  by 
the  same  thermal  polymerization  process,  with  the 
process  temperature  progressively  increased  from  36 
to  98  °C  over  a  period  of  several  days.  The  process 
was  completed  with  heat  treatment  for  several  days  at 
temperatures  from  80  to  98  °C.  Finally,  the  dye-doped 
polymer  samples  were  cut  and  polished  to  various 
thicknesses  for  coupling  in  scattering  experiments. 

For  dye-doped  polymers  the  thermal,  chemical, 
mechanical,  and  optical  properties  are  of  great  im¬ 
portance.  For  the  present  experiment  the  most 
important  factor  is  the  gain  that  scattered  light 
would  have  through  a  dye-doped  polymer.  The  gain 
factor  can  be  found  from  a  simple  model  based  on 
the  well-known  singlet -triplet  energy-level  system  of 
dye  molecules.11  In  this  model  the  singlet  states  (the 
ground  state  So  and  the  excited  states  Si,  S2,  . . .)  are 
formed  by  the  two  most  energetic  electrons  with  their 
spin  antiparallel,  resulting  in  spin  S  =  0.  The  triplet 
states  (ground  state  To  and  excited  states  7\,  T2,  •  •  •) 
are  formed  when  the  spins  of  the  two  electrons  are 
in  parallel;  thus  S  =  1.  They  have  three  possible 
orientations  (S  =  —  1,  0,  1)  with  respect  to  an  external 
magnetic  field.  In  fact,  every  excited  singlet  state 
(Si,  S2,  etc.)  is  accompanied  by  a  triplet  state  (T \ ,  T2, 
etc.)  of  lower  energy.  Various  optical  processes  are 
associated  with  the  electron  transitions  between  these 
energy  levels.  For  example,  the  main  absorption  is 
normally  due  to  the  transition  from  So  to  Si,  and  the 
dominant  spontaneous  (fluroescence)  or  stimulated 
emission  is  due  to  the  transition  from  Si  to  So-  These 
are  two  processes  that  are  directly  related  to  the  gain 
factor.  Other  relevant  processes  are  associated  with 
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the  nonradiative  intersystem  transitions  (e.g.,  Si  to  T\ 
and  T\  to  So),  excited-state  absorption  (e.g.,  Si  to  S2  or 
S„,  and  T]  to  To  or  Tn),  and  nonradiative  inner-system 
transitions  (e.g.,  S„  to  Si  ).  In  a  gain  medium  the 
signal  intensity,  I  =  /(A,  z),  where  z  is  the  signal 
propagation  direction,  is  governed  by 

dJ  =  d /  _dJ  _d J 

d  Z  d Z  stim.Si^So  dz  ab,So^Si  d Z  ab,Ti  =>T2,T3- 

(1) 

where  the  total  signal  intensity  increases  because 
of  stimulated  emission  and  decreases  because  of 
absorption.  The  signal’s  optical  intensity  from 
stimulated  emission  is  well  known11  and  can  be  ex¬ 
pressed  as 

dJ  IM  -  AVfe'g.ilA'&AI  , 

di" - - I~yI ’  ® 

where  No,  g  1  and  N\ ,  g2  are  the  populations  (usu¬ 
ally  atom  densities)  and  degeneracies,  respectively, 
of  So  and  Si  states.  Here  c  and  A  are  the  velocity 
and  the  wavelength  of  light,  respectively;  11  is  the  re¬ 
fractive  index  of  the  gain  medium,  r  is  the  fluores¬ 
cence  decay  time  for  spontaneous  emission,  E  (A)  is  the 
spontaneous  emission  line-shape  function  that  satis¬ 
fies  / 0  .E(A)dA  =  4>,  where  <b  is  the  fluorescence  quan¬ 
tum  yield,  and  y  is  the  gain  constant.  In  general,  the 
pump  energy  E  absorbed  per  unit  volume  is  expressed 
by  E  =  /0  Ts{v)a{v)dv,  where  s(zd  is  the  optical  flux 
[W/cm2/Hz],  a(v)  is  the  absorption  coefficient  [1/cm], 
v  is  the  frequency  of  light,  and  r  is  the  fluorescence 
decay  time  [s] .  When  a  single-wavelength  pump  laser 
is  used,  the  number  of  absorbed  pump  photons  can  be 
expressed  as  N  =  (r /hv)s{v)a{v).  If  the  absorption 
quantum  efficiency  is  17 (v),  the  excited  molecule  num¬ 
ber  per  volume  is  N\  =  ( t / h  v ) 77 ( v ) s iv)a{v).  When  all 
the  pump  power  absorbed  produces  excitation  of  active 
dye  molecules,  e.g.,  when  the  excited-state  absorption  is 
neglected,  we  have  rj(v)  =  1.  Of  course,  in  most  prac¬ 
tical  cases,  t]{p)  is  less  than  1. 

In  practical  applications,  the  pump  wavelength  must 
be  sufficiently  shorter  than  the  signal  wavelength. 
This  ensures  an  ideal  case  for  optimal  gain:  The  pump 
excites  the  molecules  efficiently,  and  the  signal  is 
amplified  effectively.  In  these  cases,  we  have  simply 
A N  =  [IVf  —  N0{g2/gi)]  —  Ni.  Then  the  gain  constant 
of  the  dye-doped  polymer  samples  can  be  evaluated  by 


dielectric  constant  62  by  I  =  Ioeyz  with  a  gain  constant 
y  =  {2tt / The  gain  in  the  range  of  a  few 
decibels  per  centimeter  corresponds  to  small  69  values. 

Figure  1  is  a  diagram  of  the  optical  setup.  Usually 
high  pump  intensity  is  needed.  For  optimal  pump 
efficiency  the  pump  and  the  scattered  beams  should 
be  collinearly  irradiating  the  gain  layer  and  rough 
surface.  Hence  the  scattering  main  beam  is  coaxial 
with  the  pump  beam.  Both  pump  and  scattering 
beams  would  better  be  focused,  with  the  pump  beam 
size  slightly  larger  than  the  scattering  beam  size. 
A  narrow-band-pass  filter  is  necessary  because  the 
fluorescence  from  laser  dyes  is  typically  broadband, 
and  it  may  easily  become  mixed  with  the  output  signal. 

The  wavelength  of  the  scattered  beam  must  be 
sufficiently  separated  from  that  of  the  pump  beam 
to  avoid  high  absorption  near  the  pump  wavelength. 
Additionally,  it  must  be  sufficiently  close  to  the  fluo¬ 
rescence  peak  to  ensure  a  significant  optical  gain. 
The  dye-doped  polymer  samples  have  absorption 
peaks  at  470-540  nm  wavelengths  and  fluorescence 
peaks  at  570-670  nm.  Hence  suitable  pump  sources 
for  these  samples  are  frequency-doubled  YAG  lasers 
(wavelength,  532  nm)  and  argon  lasers  (wavelength, 
514  or  488  nm).  Fluorescence  measurement  has 
shown  that  pyrromethene-doped  polymers  have  their 
emission  peaks  near  650  nm.  This  suggests  that 
pyrromethene-doped  polymer  would  be  appropriate 
for  the  current  experiment,  with  a  He-Ne  laser  at 
633  nm  as  the  signal  (scattering)  source.  The  detailed 
experimental  setup  is  described  in  Ref.  3. 

The  main  scattering  source  is  a  35-mW,  s-polarized 
He-Ne  laser  at  633  nm;  the  pump  source  is  a  10-W 
argon-ion  laser  at  514  nm.  The  laser  beams  can  be 
focused  onto  an  area  as  small  as  0.1  mm  X  0.1  mm. 
We  specially  fabricated  a  sample  for  our  experiment. 
The  mean  thickness  of  the  designed  photoresist  film 
was  —10  yum,  and  that  of  the  glass  was  2  mm.  In 
view  of  the  need  to  accommodate  one-dimensional  or 
two-dimensional  (2-D)  scattering  theories,  a  2-D  very 
random  rough  surface  was  fabricated  by  use  of  random 
speckle  patterns.12  Then  a  layer  of  gold  was  deposited 
onto  the  rough  surface.  The  surface  profile  of  the  2-D 
random  rough  surface  was  measured  with  a  Dektak 
3030  profilometer.  Statistical  analysis  of  data  from 
10  profiles  determined  that  the  rms  roughness  was 
1.2  fim.  and  the  1/e  correlation  length  was  3.1  gm. 
Finally,  a  layer  of  dye-doped  polymer  was  coupled  with 
the  gold  rough  surface. 


_  y(Pp)s{vp)a(pp)\s4E(\s) 

^  87 rcn2hvp 

As  an  example,  we  estimate  the  gain  constant  of  a  Rho- 
damine  6G- doped  polymer  sample  with  an  argon  laser 
(514  nm)  as  the  pump  and  a  He-Ne  laser  (632.8  nm)  as 
the  signal  source.  Taking  typical  parameters  of  Rho- 
damine  6G,  e.g.,  77(A)  =  0.9  and  E(\)  —  4  X  104/cm 
as  well  as  sample  parameters  a(v)  =  10  dB/mm  and 
n  =  1.48,  we  have  a  gain  constant  of  —2.3  dB/cm, 
given  a  pump  power  of  10  W  with  a  spot  area  of 
0.2  mm  X  0.2  mm.  The  gain  constant  defined  by 
Eq.  (2)  can  be  related  to  the  imaginary  component  of 


rough  surface 


Fig.  1.  Sketch  of  the  optical  setup. 
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Fig.  2.  Backscattering  measurement  of  a  dye-doped  2-D 
gold  rough  surface  (a)  without  the  pump  beam  and  (b)  with 
the  pump  beam  (main  beam  at  0.6328  /xm,  pump  beam 
at  0.5145  /tm). 


Fig.  3.  Comparison  of  normalized  enhanced  backscatter¬ 
ing  peaks. 


The  amplified  scattering  for  a  2-D  random  rough 
gold  surface  with  dye-doped  polymer  is  shown  in 
Fig.  2.  Figure  2(a)  shows  the  far-field  intensity  dis¬ 
tribution  of  the  2-D  gold  rough  surface  coupled  with 
pyrromethene-doped  polymer  when  no  pump  beam  is 
used.  The  thickness  of  the  polymer  is  ~3  mm.  The 
s -polarized  laser  beam  is  applied  at  an  incident  angle 
of  —5°.  An  enhanced  backscattering  peak  at  the 
retroreflection  direction  of  5°  is  observed.  Figure  2(b) 
shows  the  far-field  intensity  distribution  with  a  pump 
power  of  2  W.  Here  the  incident  angle  of  the  main 
beam  remains  —5°,  so  the  enhanced  backscattering 


peaks  at  5°.  Comparing  Figs.  2(a)  and  2(b),  we  find 
that  the  enhanced  backscattering  peak  has  increased 
from  9.8  to  11.4  and  the  width  has  narrowed  from  1.9° 
to  1.5°  for  amplified  scattering  from  the  rough  gold 
surface  through  the  dye-doped  polymer.  Because  of 
the  interference  of  the  source  and  the  detector,  the 
center  part  of  the  backscattering  peak  is  missing; 
however,  the  general  effect  should  remain  the  same. 
Figure  3  depicts  the  experimental  results  for  the  same 
2-D  gold  rough  surface  with  the  dye-doped  polymer, 
where  the  enhanced  backscattering  peaks  obtained 
from  62  =  0  (without  pumping),  e<i  =  —3.6  X  10-6  (with 
2-W  pumping  power),  and  62  =  —1.2  X  1()  '5  (with 
8-W  pumping  power)  have  been  shifted  vertically  and 
normalized  such  that  their  maxima  coincide.  This 
figure  demonstrates  clearly  that  the  enhanced 
backscattering  peak  is  sharper  and  the  width  is 
narrower  when  the  pump  power  is  increased  for  a  low 
dielectric  constant  |  e2 1 .  It  is  also  found  that  the  accom¬ 
panying  background  noise  is  the  result  of  nonuniform 
distribution  of  the  pump  power.  We  believe  that  the 
results  from  an  amplifying  polymer  bounded  by  a 
random  rough  surface  here  could  be  explained  by  the 
theoretical  prediction6  of  the  enhanced  backscattering 
for  a  leaky  guided-wave  model  with  a  low  dielectric 
constant  1 62 1 .  The  enhanced  backscattering  peak  is 
proportional  to  |A|_1,  and  its  width  is  proportional  to 
| A |,  where  |A|  is  the  smallest  decay/amplification  rate 
of  the  guided  waves  supported  by  the  dye-doped  poly¬ 
mer  in  the  presence  of  the  surface  roughness.  |A|  de¬ 
creases  with  increasing  dielectric  constant  1 62 1  -  That 
is  why,  when  dielectric  constant  1 62 1  increases,  the  en¬ 
hanced  backscattering  peak  is  sharper  and  its  width  is 
narrower. 

The  authors  are  grateful  for  useful  discussions  with 
Zong-Qi  Lin.  We  express  our  gratitude  to  the  U.S. 
Army  Research  Office  for  its  support  under  contracts 
DAAG55-98-C-0034  and  DAAD19-99-1-0321. 
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By  numerical  simulations  we  study  the  scattering  of  .s-polarized  light  from  a  rough  dielectric  him  deposited 
on  the  planar  surface  of  a  semi-infinite  perfect  conductor.  The  dielectric  him  is  allowed  to  be  either  active  or 
passive,  situations  that  we  model  by  assigning  negative  and  positive  values,  respectively,  to  the  imaginary  part 
e2  of  the  dielectric  constant  of  the  him.  We  study  the  reflectance  1Z  and  the  total  scattered  energy  U  for  the 
system  as  functions  of  both  e2  and  the  angle  of  incidence  of  the  light.  Furthermore,  the  positions  and  widths 
of  the  enhanced  backscattering  and  satellite  peaks  are  discussed.  It  is  found  that  these  peaks  become  narrower 
and  higher  when  the  amplihcation  of  the  system  is  increased,  and  that  their  widths  are  linear  functions  of  s2. 

The  positions  of  the  backscattering  peaks  are  found  to  be  independent  of  e2,  while  we  hnd  a  weak  dependence 
on  this  quantity  in  the  positions  of  the  satellite  peaks. 
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I.  INTRODUCTION 

In  the  first  half  of  the  1990s  and  subsequently,  amplifying 
volume  disordered  media  received  a  great  deal  of  attention 
from  theorists1’2  and  experimentalists2’3  alike.  This  attention 
was  partly  motivated  by  the  suggestion  of  using  random  vol¬ 
ume  scattering  media  to  construct  a  so-called  random  laser.4 
For  scattering  systems  possessing  surface  disorder  in  contrast 
to  volume  disorder,  the  overwhelming  majority  of  theoretical 
and  experimental  studies  were  devoted  to  scattering  from 
passive  (i.e.,  absorbing)  media.  Only  recently  has  the  surface 
scattering  community  begun  study  surface-disordered  ampli¬ 
fying  systems.  The  only  literature  on  the  scattering  of  light 
from  amplifying  surface-disordered  media  known  to  us  is  the 
theoretical  study  by  Tutov  et  al.5  and  the  experimental  inves¬ 
tigation  by  Gu  and  Peng.6  In  the  theoretical  work  by  Tutov 
et  al.,5  the  authors  conducted  a  perturbative  study  of  the  scat¬ 
tering  of  s-polarized  light  from  an  amplifying  film  deposited 
on  the  planar  surface  of  a  perfect  conductor,  where  the 
vacuum-film  interface  was  a  one-dimensional  random  inter¬ 
face  characterized  by  a  Gaussian  power  spectrum.  In  this 
work  we  consider  the  same  scattering  system,  but  apply  a 
numerical  simulation  approach  for  its  study.  The  numerical 
approach  is  based  on  the  solution  of  the  reduced  Rayleigh 
equation  that  the  scattering  amplitude  for  the  system  satis¬ 
fies.  The  use  of  a  numerical  simulation  approach  enables  us 
to  study  possible  nonperturbative  effects7  that  could  not  be 
accounted  for  by  the  perturbative  technique  used  in  Ref.  5. 
Furthermore,  we  also  use  a  different  power  spectrum  of  the 
surface  roughness.  In  particular,  a  West-O’Donnell  (or  rect¬ 
angular)  power  spectrum8  is  used  in  this  work,  in  contrast  to 
the  Gaussian  power  spectrum  used  by  Tutov  et  al.  Such  a 
power  spectrum  allows  for  the  suppression  of  single  scatter¬ 
ing  over  a  range  of  scattering  angles  and,  more  importantly, 
it  opens  the  possibility  for  a  strong  coupling  of  the  incident 
light  to  guided  waves  supported  by  the  film  structure. 


In  this  work  we  calculate  the  reflectivity  of  a  surface- 
random  vacuum-dielectric-metal  film  geometry,  illuminated 
from  above  by  s-polarized  light  of  frequency  w.  The  metal- 
dielectric  interface  is  assumed  to  be  flat,  while  the  vacuum- 
dielectric  interface  is  described  by  the  surface  profile  func¬ 
tion  £(x ! ) .  The  amplifying  medium  (i.e.,  the  film)  is 
modeled  by  a  dielectric  medium  whose  dielectric  constant  e 
has  an  imaginary  part  e2  that  is  negative,  while  its  real  part 
e i  is  positive.  The  values  of  e2  are  chosen  so  that  they  in¬ 
clude  gains  [g  =  2Tr|e2|/(X  \/s7)]  in  the  medium  that  are 
physically  realizable.  The  assumption  of  a  negative  imagi¬ 
nary  part  to  e  is  the  simplest  way  of  modeling  stimulated 
emission  in  this  system.  The  reflectivity  is  given  by  |R(k)|2, 
where  R(k)  is  defined  in  terms  of  the  scattering  amplitude 
R(q\k)  by  \(R(q\k))\2  =  L{2rrr8{q  —  k)\R(k)\2.  In  this  rela¬ 
tion  the  wave  numbers  k  and  q  are  related  to  the  angles  of 
incidence  and  scattering  by  k  =  (  oj/c)  sin  0Q  and  q 
=  (&>/c)sin  0S,  respectively,  L ,  is  the  length  of  the  x  |  axis 
covered  by  the  random  surface,  and  the  angular  brackets  de¬ 
note  an  average  over  the  ensemble  of  realizations  of  the  sur¬ 
face  profile  function  l,(x\).  The  scattering  amplitude  R(q\k) 
is  obtained  by  numerically  solving  the  reduced  Rayleigh 
equation  it  satisfies  for  a  large  number  of  realizations  of 
£(xi),  and  (R(q\k))  is  obtained  by  averaging  the  results.  As 
expected,  the  reflectivity  of  the  amplifying  medium  with  a 
random  surface  is  larger  than  that  of  the  corresponding  ab¬ 
sorbing  medium,  viz.  a  medium  with  the  same  value  of  |e2| 
but  with  e2  positive,  for  all  angles  of  incidence. 

II.  SCATTERING  THEORY 
A.  Scattering  system 

The  scattering  system  that  will  be  considered  in  this  paper 
consists  of  a  dielectric  film,  with  a  randomly  rough  top  in¬ 
terface,  deposited  on  the  planar  surface  of  a  semi-infinite 
perfect  conductor.  In  particular,  it  consists  of  a  vacuum  in 
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FIG.  1.  The  scattering  geometry  considered  in  the  present  work. 

the  region  x3>£(X|),  an  amplifying  or  absorbing  dielectric 
medium  in  the  region  —  r/<x3<  £(xj),  and  a  perfect  conduc¬ 
tor  in  the  region  x3<  —d.  This  geometry  is  depicted  in  Fig. 
1.  The  rough  surface  profile  function,  denoted  by  £(x , ),  is 
assumed  to  be  a  single-valued  function  of  its  argument,  and 
is  differentiable  as  many  times  as  needed.  Furthermore,  it  is 
assumed  to  constitute  a  zero-mean,  stationary,  Gaussian  ran¬ 
dom  process  defined  by 


<£(*i)>  =  0,  (2.1a) 

(axl)ax[))=S2W(\xl-x[\),  (2.1b) 

where  ( • )  denotes  an  average  over  the  ensemble  of  realiza¬ 

tions  of  £(xj),  and  S  is  the  rms  height  of  the  rough  surface. 
Moreover,  VFdxj |)  denotes  the  surface  height  autocorrela¬ 
tion  function,  and  is  related  to  the  power  spectrum  of  the 
surface  roughness  g(|£|)  by 

g(\k\)=  f  dxmWl)  e~ikxK  (2.2) 

J  —00 

In  the  numerical  simulation  results  to  be  presented  later,  we 
will  assume  a  rectangular  power  spectrum,  also  known  as  the 
West-O’Donnell  form. 


netic  wave  of  frequency  co,  the  only  nonzero  component  of 
the  electric  field  vector  in  the  region  x3> £(x \)max  is  the  sum 
of  an  incident  wave  and  a  scattered  field: 

E\ (xi  ,x3|  w)  =eikxi~iao<-k’a>)x3 

f 00  da 

+  wJ-R(q\k)eiqXi+ia*(q'u})x\ 

J  —  oo2  77 

(2.4) 

In  this  equation  R(q\k)  denotes  the  scattering  amplitude, 
while  we  have  defined 


a0(q,to)  = 


q  |  <  co/c 


q\  >  co/c. 


(2.5) 


From  a  knowledge  of  the  scattering  amplitude  one  can 
define  the  differential  reflection  coefficient  (DRC)  dRI d 8 s . 
It  is  defined  such  that  ( dRI  d  8 s)d  0S  is  the  fraction  of  the  total 
time-averaged  flux  incident  on  the  surface  that  is  scattered 
into  the  angular  interval  d  6S  about  the  scattering  angle  0S ,  in 
the  limit  as  dds—*  0.  The  contribution  to  the  mean  differen¬ 
tial  reflection  coefficient  from  the  coherent  (specular)  com¬ 
ponent  of  the  scattered  field  is  given  by9’10 


dR 


1  co  cos2  8, 


MJcoh  L\  2 ttc  cos  Oq 


|(R(<7|A:)>|2,  (2.6a) 


and  the  contribution  to  the  mean  differential  reflection  coef¬ 
ficient  from  the  incoherent  (diffuse)  component  of  the  scat¬ 
tered  field  is  given  by9'10 


dR 

Jo. 


1  &)  cos  2  8. 


s '  incoh 


L  !  2  7TC  cos  0, 


[<|i?(#)|2H<tf(<?|£)>l2]- 

(2.6b) 


In  Eqs.  (2.6),  Lx  is  the  length  of  the  xj  axis  covered  by  the 
random  surface,  and  the  wave  numbers  k  and  q  are  related  to 
the  angles  of  incidence  dQ  and  the  angle  of  scattering  0S 
according  to 


co  co 

k  =  —  sin  Oq  ,  q  =  —  sin  6S . 


(2.7) 


g(\k\)=^r[8(k-k_)0(k+-k) 

+  6(-k_-k)8(k  +  k+)],  (2.3) 

where  0(k )  is  the  Heaviside  unit  step  function,  and  k  .  are 
parameters  to  be  specified.  This  power  spectrum  was  re¬ 
cently  used  in  an  experimental  study  of  enhanced  back- 
scattering  from  weakly  rough  surfaces.8 

B.  Scattering  equations 

If  the  vacuum-dielectric  interface  x3  =  l,(x  , )  is  illumi¬ 
nated  from  the  vacuum  side  by  an  s-polarized  electromag- 


Both  these  angles  are  measured  from  the  normal  to  the  mean 
surface,  as  indicated  in  Fig.  1. 

From  the  definition  of  the  mean  differential  reflection  co¬ 
efficient,  we  find  that  the  reflectance  of  the  surface  is  defined 
according  to 


where  k  is  given  by  Eq.  (2.7),  and  R(k)  is  related  to  the 
scattering  amplitude  |R(g|A:)|2  by  \{R{q\k))\L  =  L{2ir8(q 
—  £)|R(A:)|2.  Likewise,  the  total  scattered  energy  (normal¬ 
ized  to  the  incident  energy)  is  defined  by 
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where  ( dR/dds )  is  the  total  mean  DRC,  i.e.,  the  sum  of  the 
coherent  and  incoherent  contribution  as  defined  in  Eqs. 
(2.6a)  and  (2.6b),  respectively. 

So  far  we  have  not  specified  how  to  obtain  the  scattering 
amplitude  entering  into  the  above  equations.  It  has  previ¬ 
ously  been  shown  that  R(q\k)  is  the  solution  of  the  so-called 
reduced  Rayleigh  equation. 1 1  This  single,  inhomogeneous  in¬ 
tegral  equation  for  R(q\k )  for  our  scattering  geometry 
reads10 


r°°  dq 

— M(p\q)R(q\k)  =  N(p\k ),  (2.10a) 

J  -mItt 


where 


eia(p,io)d 

e~ia(p,io)d 

- 7 - 7 - 7 - (<?,«) 

a0{q,o))-a{p,u)) 

—  a(p,co)\p  —  q\,  (2.10b) 


N(p\k)=- 


eia(p,a)d 

a(p,a>)—  a0(k,co) 


I[a(p,a)-  a0(k,o))\p-k\ 


e~ia(p,co)d 

- 7 - 71 — 77 - zI[-a(p,(o) 

a(p,(o)  +  aQ(k,co) 

- a0(k,co)\p-k ], 

with 


I(y\q)=  dXleiytoi>e-iqxK 


In  writing  Eq.  (2.10),  we  have  introduced 


(2.10c) 


(2.10d) 


a(q,u>)  = 


(2.11) 


where  the  branch  of  the  square  root  is  chosen  so  that  the  real 
part  of  a(q,co)  is  always  positive,  while  the  imaginary  part 
is  positive  when  r2> 0 ,  but  is  negative  when  e2<0. 

The  simulation  results  to  be  presented  in  Sec.  Ill  were 
obtained  by  directly  solving  numerically  the  reduced  Ray¬ 
leigh  equation  (2.10).  This  approach  can  treat  much  longer 
rough  surfaces  as  compared  to  a  rigorous  numerical  simula¬ 
tion  approach9  with  the  same  use  of  computer  power  and 
memory.  An  additional  advantage  of  a  numerical  approach 
based  on  the  reduced  Rayleigh  equation  is  that  R,  and  U  can 
be  calculated  to  high  precision,  whereas  the  same  quantities 
calculated  by  a  rigorous  approach  have  been  found  to  be  less 
accurate  for  the  surface  lengths  typically  used  in  such  simu¬ 
lations.  We  believe  this  difference  in  accuracy  for  'R,  and  U 
for  these  two  numerical  approaches  is  related  to  the  differ- 
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ence  in  the  length  of  the  surface  that  can  be  handled  practi¬ 
cally  with  today’s  typical  computer  resources.  The  numerical 
solution  of  the  reduced  Rayleigh  equation  is  done  by  con¬ 
verting  the  integral  equation  into  a  set  of  linear  equations 
obtained  by  using  an  appropriate  quadrature  scheme  and 
solving  the  resulting  system  by  standard  numerical 
techniques.12  Due  to  the  increased  numerical  performance, 
the  calculation  of  the  I(y\q)  integrals  was  based  on  an  ex¬ 
pansion  of  the  integrand  in  powers  of  the  surface  profile 
function.  This  numerical  method  was  recently  applied  suc¬ 
cessfully  to  a  similar  scattering  geometry7,  and  the  interested 
reader  is  directed  to  this  paper  for  details  of  the  numerical 
method. 


III.  RESULTS  AND  DISCUSSIONS 

For  the  numerical  simulations  to  be  presented  below,  we 
have  considered  the  scattering  of  ,v-polarized  incident  light  of 
wavelength  \  =  632.8  nm.  The  film  was  assumed  to  have  a 
mean  thickness  d=  500  nm,  and  its  dielectric  constant  at  the 
wavelength  of  the  incident  light  was  taken  to  be  e(co) 
=  2.6896+  ie2,  where  e2  is  allowed  to  vary  over  both  posi¬ 
tive  and  negative  values.  The  surface  profile  function  was 
characterized  by  a  power  spectrum  of  the  West-O’Donnell 
type  as  defined  in  Eq.  (2.3).  For  the  parameters  defining  the 
power  spectrum,  we  used  k_  =  0.86<w/c  and  k+=]  .97  w/c. 
For  these  values  of  k±,  single  scattering  should  be  sup¬ 
pressed  for  scattering  angles  in  the  range  |#s|<55.1°.  The 
rms  height  of  the  surface  was  taken  to  be  <5=30  nm.  Fur¬ 
thermore,  the  length  of  the  surface  was  taken  to  be  L 
=  160\,  and  the  numerical  results  were  all  averaged  over 
N c  =  3000  realizations  of  the  surface  profile  function. 

In  Fig.  2(a)  we  present  the  numerical  simulation  results 
for  the  contribution  to  the  mean  differential  reflection  coef¬ 
ficient  from  the  light  that  has  been  scattered  incoherently, 
(dRld0s)  u,coh,  for  ,y-polarized  light  incident  normally  on  the 
mean  surface  (90  =  0°).  The  values  of  the  imaginary  part  of 
the  dielectric  were  (from  top  to  bottom)  e2=— 0.0025,  0, 
and  0.0025.  From  this  figure  we  note  the  enhanced  back- 
scattering  peaks  located  at  0S=  00  =  0°.  Moreover,  two  sat¬ 
ellite  peaks,  located  symmetrically  about  the  position  of  the 
enhanced  backscattering  peak,  are  easily  distinguished  from 
the  background.  Their  positions,  as  read  from  Fig.  2(a),  fit 
nicely  with  their  positions,  0±  =  ±17 .7° ,  calculated  for  the 
corresponding  planar  geometry  in  the  limit  of  vanishing  s27. 
The  choices  made  for  e2  of  the  film  in  Fig.  2(a)  correspond 
to  an  amplifying  or  active  film  (e2= —0.0025),  a  neither 
amplifying  nor  absorbing  film  (e2  =  0),  and  an  absorbing  or 
passive  film  (e2  =  0.0025),  respectively.  This  is  reflected  in 
Fig.  2(a),  where  the  contribution  to  the  mean  DRC  from  the 
light  scattered  incoherently  from  the  amplifying  medium  is 
larger  for  all  scattering  angles  than  for  the  other  two  cases, 
due  to  the  extra  energy  gained  by  the  scattered  light  from  the 
amplifying  film.  Moreover,  it  is  interesting  to  note  that  the 
differences  between  these  curves  are  largest  for  small  scat¬ 
tering  angles,  and  as  one  moves  to  larger  scattering  angles 
these  differences  are  reduced.  The  main  reason  for  this  is  that 
for  scattering  angles  |  0S\  <55. 1 0  the  light  undergoes  multiple 
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FIG.  2.  The  mean  differential  reflection  coefficient  for  the  inco¬ 
herently  scattered  light  for  (a)  e2  =  0,±  0.0025,  and  (b)  as  a  function 
of  the  same  parameter.  For  both  figures  the  angle  of  incidence  was 
#o  =  0°,  and  the  wavelength  of  the  incident  light  was  \ 
=  632.8  nm.  The  dielectric  constant  of  a  film  of  mean  thickness  d 
=  500  nm  was  £ (w)  =  2.6896+  zs2,  where  s2  is  as  indicated  in  the 
figure.  The  randomly  rough  surface  had  a  rms  roughness  of  S 
=  30  nm.  The  power  spectrum  was  of  the  West-O’Donnell  type 
defined  by  the  parameters  k_  =  0.86  co/c  and  k+  =  1.97  Wc. 


scattering,  which  will  increase  the  effects  of  amplification 
and  absorption  as  compared  to  a  system  that  is  dominated  by 
single-scattering  events  for  such  scattering  angles.  In  the 
wings  of  the  angular  dependence  of  the  mean  DRC,  |  0S\ 
>55.1°,  where  single  scattering  gives  the  main  contribution, 
the  differences  between  the  curves  corresponding  to  different 
values  of  e2  is  much  less  pronounced.  In  order  to  obtain  a 
more  complete  picture  of  how  the  incoherent  component  of 
the  mean  DRC  depends  on  the  imaginary  part  of  the  dielec¬ 
tric  function,  in  Fig.  2(b)  we  present  a  plot  showing 
(dR/dds)iocoil  as  a  function  of  e2,  as  well  as  of  the  scattering 
angle  9S .  The  angle  of  incidence  here  was  also  chosen  to  be 
90  =  0° .  As  seen  from  this  plot,  the  positions  of  the  peaks  are 
fixed,  or  close  to  fixed,  while  the  overall  amplitude  of 
(dR/ d6s)mcoh  increases  monotonically  with  the  decreasing 
imaginary  part  of  the  dielectric  constant. 


To  quantify  better  how  the  amplification  or  absorption 
depends  on  e2,  we  have  studied  the  total  energy  scattered  by 
the  surface  as  well  as  its  reflectance.  These  two  quantities, 
denoted  by  U{  #0,e2)  and  72(  90,e2)  respectively,  are  related 
to  the  mean  differential  reflection  coefficient  by  Eqs.  (2.8) 
and  (2.9).  The  numerical  results  for  these  two  quantities  for 
normal  incidence  are  given  in  Figs.  3(a)  and  3(b).  For  small 
values  of  e2  we  find  that  these  quantities  are  linear  in  e2. 
However,  when  the  absolute  value  of  the  imaginary  part  of 
the  dielectric  constant  increases,  a  deviation  from  this  behav¬ 
ior  is  observed.  The  numerical  data  in  both  cases  are  well 
fitted  by  a  cubic  polynomial  in  e2.  In  Fig.  3(c)  we  present  the 
numerical  results  for  U  and  72.  as  a  function  of  the  angle  of 
incidence  90  for  e2=±  0.0025.  It  is  seen  that  U{90)  is  a 
monotonically  increasing  or  decreasing  function  of  the  angle 
of  incidence  for  positive  and  negative  values  of  e2,  respec¬ 
tively,  and  the  two  curves  for  e2=  ±0.0025  are  symmetric 
with  respect  to  the  line  U(  90)  =  1 .  For  negative  (positive)  s2 
the  total  scattered  energy  is  larger  (smaller)  than  unity.  How¬ 
ever,  from  the  same  graph  it  is  observed  that  72(  9q)  is  not  a 
monotonic  function  of  e2.  Instead  it  has  a  minimum  in  the 
vicinity  of  25°.  Below  this  value  it  is  decreasing,  while 
above  it  is  increasing.  The  reason  for  this  behavior  is  due  to 
the  excitation  of  a  leaky  guided  wave  supported  by  the  scat¬ 
tering  geometry.5  The  minimum  in  7 Z(  9q)  occurs  for  an 
angle  of  incidence  corresponding  to  the  wave  number  of  the 
leaky  guided  wave,  and  the  excitation  of  this  mode  will  take 
away  scattered  energy  from  the  specular  direction,  resulting 
in  a  minimum  in  72(  9q,e2)  for  this  angle  of  incidence. 

From  Fig.  2(a)  it  can  be  observed  that  the  widths  of  both 
the  backscattering  and  satellite  peaks,  in  contrast  to  their 
positions,  are  sensitive  to  the  value  of  the  imaginary  part  of 
the  dielectric  function.  Since  the  scattering  geometry  sup¬ 
ports  (at  least)  two  true  guided  modes,  the  widths  of  these 
peaks  are  expected  to  grow  with  e2(w)5.  This  is  much  more 
apparent  if  we  shift,  but  not  scale,  the  tops  of  the  enhanced 
backscattering  peaks  to  the  same  height.  We  have  done  so  by 
plotting  (9R/d9s)mcoh-(dR/d9s)  incoh\gs=go  as  a  function  of 
the  scattering  angle  9S  for  various  values  of  e2,  and  the  re¬ 
sults  are  shown  in  Fig.  4  for  the  backscattering  peaks  [Fig. 
4(a)]  and  the  satellite  peaks  [Fig.  4(b)].  Figure  4(a)  clearly 
shows  that  the  width  of  the  enhanced  backscattering  peak 
increases  as  the  imaginary  part  of  the  dielectric  constant  in¬ 
creases.  Or,  in  other  words,  the  enhanced  backscattering 
peak  becomes  narrower  and  taller  when  the  amplification  of 
the  medium  is  increased.  This  behavior  is  in  qualitative 
agreement  with  the  experimental  results  reported  recently  by 
Gu  and  Peng.6  This  finding  can  theoretically  be  understood 
as  follows:  It  can  be  shown  that  the  enhanced  backscattering 
peak  should  have  a  Lorentzian  form  of  total  width5 


Ar(w)  =  Ae(w)  + Asc(w),  (3.1) 

where  Ae(  co)  is  the  contribution  to  the  width  from  the  at¬ 
tenuation  or  amplification  of  the  guided  waves,  while  Asc(  co) 
is  the  broadening  due  to  the  scattering  of  such  waves  by  the 
surface  roughness.  Moreover,  it  can  be  shown  that5 

Ae(<w)ae2.  (3.2) 
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FIG.  3.  The  total  scattered  energy  U  [Eq.  (2.9)]  and  the  reflectance  1Z  [Eq.  (2.8)]  as  functions  of  the  imaginary  part  of  the  dielectric 
constant  [(a)  and  (b)]  and  of  the  angle  of  incidence  (c).  In  (a)  and  (b)  the  angle  of  incidence  was  (90  =  0°,  while  in  (c)  the  imaginary  part  of 
the  dielectric  constant  was  e2=  ±0.0025.  The  remaining  parameters  are  as  given  in  Fig.  2. 


Depending  on  the  geometrical  and  dielectric  parameters  of 
the  film,  the  total  width  A  T(co)  can  be  dominated  by  either 
Ae(&>)  or  Asc( oj).  For  the  parameters  considered  in  this 
study,  however,  it  is  expected5  that  A  sc( oj)  >|Ae(cu)|>0. 
Therefore,  the  width  should  increase  with  increasing  values 


of  the  imaginary  part  of  the  dielectric  constant. 

We  will  now  examine  how  the  full  width  W(e 2)  of  the 
backscattering  peak  depends  on  e2.  In  Fig.  5  we  present 
W(e2)  vs  e2,  as  obtained  from  the  numerical  simulation  re¬ 
sults  shown  in  Fig.  2.  The  width  of  an  enhanced  backscatter- 
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FIG.  4.  Shifted  plot  for  the  mean  DRC  around  the  enhanced 
backscattering  peak  (a)  and  satellite  peaks  (b).  The  quantities  that 
are  plotted  is  (dR/S9s)  incob-(SR/dds)incoh\es=go  for  the  back- 
scattering  peaks  and  (<5R/c?0s)incoh—  (dR/dds)inCoh\es=$+  for  the  sat¬ 
ellite  peaks,  where  0+  is  the  (positive)  angular  position  of  the  sat¬ 
ellite  peaks. 


ing  peak  was  defined  as  its  full  width  at  half  maximum  above 
the  background  at  the  position  of  the  peak.  Here  the  back¬ 
ground  was  defined  to  be  located  at  the  minimum  value  of 
(dR/ d0s)incoh  between  the  backscattering  and  satellite  peaks. 
Even  though  the  data  in  Fig.  5  are  somewhat  noisy,  a  linear 
dependence  (solid  curve)  on  e2,  as  predicted  by  Eq.  (3.2),  is 
easily  seen. 

In  Fig.  4(b)  we  present  the  same  kind  of  plot  as  in  Fig. 
4(a),  but  now  for  a  satellite  peak.  One  sees  the  that  the  width 
of  the  satellite  peaks  increases  with  increasing  e2,  the  same 
behavior  found  for  the  enhanced  backscattering  peak.  How¬ 
ever,  more  interesting  is  the  apparent  change  in  the  position 
of  the  satellite  peaks  with  the  value  of  the  imaginary  part  of 
the  dielectric  constant.  To  the  precision  of  the  numerical  cal¬ 
culations,  the  positions  of  the  satellite  peaks  for  an  absorbing 
film  (s2>0)  seem  to  shift  to  larger  scattering  angles  (in 
absolute  value)  as  compared  to  the  position  of  the  satellite 


g2 

FIG.  5.  The  full  width  W(e2)  (filled  dots)  at  half  maximum 
above  the  background  at  its  position  of  the  backscattering  peak  as  a 
function  of  the  imaginary  part  e2  of  the  dielectric  constant  of  the 
film  as  obtained  from  the  numerical  simulation  results  of  Fig.  2. 
The  solid  line  represents  a  linear  fit  in  e2  to  the  numerical  data. 


peaks  when  e2  =  0.  The  opposite  seems  to  hold  true  for  an 
amplifying  film  (s2<0).  There  are  two  reasons  for  this  be¬ 
havior  of  the  satellite  peaks.  First,  the  real  part  of  the  self¬ 
energy  has  a  linear  in  s2  contribution,  thus,  in  the  presence 
of  surface  roughness  the  values  of  the  wave  numbers  of  the 
guided  waves  acquire  a  contribution  linear  in  e2.  The  second 
reason  is  the  strong  dependence  of  the  background  intensity 
on  the  values  of  e2.  The  increase  of  the  background  intensity 
also  shifts  the  visual  positions  of  the  satellite  peaks  to 
smaller  scattering  angles.  For  the  widths  of  the  satellite 
peaks,  the  quality  of  the  numerical  data,  unfortunately,  did 
not  allow  us  to  obtain  reliable  results. 


IV.  CONCLUSIONS 

By  numerical  simulations  we  have  studied  light  scattered 
from  an  absorbing  or  amplifying  dielectric  film  deposited  on 
the  planar  surface  of  a  semi-infinite  perfect  conductor  where 
the  vacuum-dielectric  interface  is  randomly  rough.  It  has 
been  shown  that  the  reflectance  1Z(80,E2 ),  as  well  as  the 
total  scattered  energy  U(0o,s 2),  are  decreasing  functions  of 
the  imaginary  part  of  the  dielectric  function  of  the  film  for  a 
fixed  angle  of  incidence.  Furthermore,  it  has  been  demon¬ 
strated  that  U(  8(^8 2)  is  a  monotonically  increasing  or  de¬ 
creasing  function  of  the  angle  of  incidence  for  fixed  positive 
and  fixed  negative  values  of  the  imaginary  part  of  the  dielec¬ 
tric  function,  respectively.  However,  for  the  reflectance  we 
find  that  1Z(6q,E2)  first  decreases  to  a  minimum  near  0O 
=  25°  and  then  increases.  This  minimum  is  a  result  of  the 
leaky  guided  wave  supported  by  the  scattering  structure. 
Moreover,  for  an  amplifying  surface  both  72.(#0,e2)  and 
U{  0o,e2)  are  smaller  then  their  absorbing  equivalents  for  all 
angles  of  incidence. 

The  width  of  the  enhanced  backscattering  peaks,  as  well 
as  the  satellite  peaks  supported  by  the  scattering  system,  are 
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found  to  increase  with  increasing  e2.  While  the  location  of 
the  enhanced  scattering  peaks  seems  to  be  unaffected  by  the 
value  of  the  imaginary  part  of  the  dielectric  constant  of  the 
film,  the  corresponding  positions  for  the  satellite  peaks  are 
found  to  be  shifted  toward  larger  (smaller)  scattering  angles 
for  positive  (negative)  values  of  the  imaginary  part  of  the 
dielectric  function,  respectively.  Finally,  it  is  found  that  the 
width  of  the  enhanced  backscattering  peak  is  a  linear  func¬ 
tion  in  e2. 
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Abstract 

We  present  results  of  perturbative  calculations  of  the  second  harmonic  light  generated  in  the  transmission  of  p-polarized 
light  through  a  thin  metal  film  with  a  one-dimensional  random  surface  in  the  Kretschmann  attenuated  total  reflection  (ATR) 
geometry.  The  metal  film  is  deposited  on  the  planar  surface  of  a  prism  through  which  the  light  is  incident.  The  back  surface 
of  the  film  is  a  one-dimensional  random  surface  whose  generators  are  perpendicular  to  the  plane  of  incidence.  It  is  in  contact 
either  with  a  semi-infinite  vacuum  or  with  a  semi-infinite  nonlinear  crystal  (quartz).  It  is  shown  that  when  the  random 
surface  separates  the  metal  film  from  vacuum  so  that  the  nonlinearity  of  the  film  surfaces  gives  rise  to  the  harmonic  light,  for 
a  general  angle  of  incidence  a  dip  appears  in  the  angular  dependence  of  the  intensity  of  the  transmitted  harmonic  light  in  the 
direction  normal  to  the  mean  surface.  When  the  second  harmonic  generation  is  due  to  the  nonlinearity  of  the  crystal  in 
contact  with  the  metal  film,  a  peak  in  the  angular  dependence  of  the  intensity  of  the  transmitted  harmonic  light  occurs  in  this 
direction.  These  dips  and  peaks  are  multiple-scattering  effects.  However,  when  the  angle  of  incidence  is  optimal  for  the 
excitation  of  surface  plasmon  polaritons  at  the  film- vacuum /nonlinear  crystal  interface  the  nonlinear  mixing  of  the  incident 
light  and  the  backward  propagating  surface  plasmon  polariton  leads  to  an  intense  peak  in  the  angular  dependence  of  the 
intensity  of  the  transmitted  harmonic  light  in  the  direction  normal  to  the  mean  surface.  This  peak  is  already  present  in  the 
single-scattering  approximation.  ©  2000  Elsevier  Science  B.V.  All  rights  reserved. 


1.  Introduction 

Experimental  and  theoretical  studies  of  second  harmonic  generation  (SHG)  of  light  in  reflection  from  a  metal 
surface  go  back  at  least  three  decades,  to  the  first  experimental  observation  [1]  and  the  first  theoretical 
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description  of  the  phenomenon  in  [2,3].  At  this  early  stage  of  the  studies  [2,3]  it  was  established  that  this 
phenomenon  is  a  surface  effect.  It  is  therefore  very  sensitive  to  anything  happening  on  the  surface.  In  the  last 
several  years  interest  in  second  harmonic  generation  from  a  rough  metal  surface  has  arisen  due  to  the  growing 
interest  in  interference  effects  occurring  in  the  multiple  scattering  of  electromagnetic  waves  from  randomly 
rough  metal  surfaces  and  the  related  backscattering  enhancement  phenomenon  [4].  It  has  been  expected  that  the 
nonlinear  optical  interactions  at  a  randomly  rough  metal  surface  should  also  produce  new  features  owing  to 
interference  effects  in  the  multiple  scattering  of  electromagnetic  waves.  The  results  of  a  perturbative  calculation 
carried  out  by  McGurn  et  al.  [5]  predicted  that  enhanced  second  harmonic  generation  of  light  at  a  weakly  rough, 
clean,  metal  surface  occurs  not  only  in  the  retroreflection  direction  but  also  in  the  direction  normal  to  the  mean 
scattering  surface.  Interference  effects  in  the  multiple  scattering  of  surface  plasmon  polaritons  of  the  fundamen¬ 
tal  frequency,  excited  by  the  incident  light  through  the  roughness  of  the  surface,  are  responsible  for  the 
appearance  of  the  peak  in  the  direction  normal  to  the  mean  surface,  while  those  occurring  in  the  multiple 
scattering  of  surface  plasmon  polaritons  at  the  harmonic  frequency  are  responsible  for  the  appearance  of  the 
peak  in  the  retroreflection  direction. 

This  work  stimulated  several  subsequent  experimental  studies  of  second-harmonic  generation  in  the 
scattering  of  light  from  random  metal  surfaces  [6-11],  and  enhanced  second  harmonic  generation  peaks  in  the 
direction  normal  to  the  mean  surface  and  in  the  retroreflection  direction  were  observed  [6-9,11].  In  these 
experiments,  however,  the  scattering  system  was  not  a  clean  random  interface  between  vacuum  and  a 
semi-infinite  metal.  To  amplify  the  second  harmonic  signal  the  Kretschmann  attenuated  total  reflection  (ATR) 
geometry  [12]  was  used.  Therefore,  the  scattering  system  was  the  random  interface  with  a  dielectric  or  vacuum 
of  a  thin  metal  film  deposited  on  the  planar  base  of  a  dielectric  prism  through  which  the  light  was  incident.  In 
the  experiments  of  Refs.  [6,7,9]  the  scattering  system  was  the  random  interface  between  a  silver  film  and  a 
nonlinear  quartz  crystal,  so  that  the  nonlinear  interaction  occurred  in  the  quartz  crystal  rather  than  at  the 
significantly  more  weakly  nonlinear  silver  surfaces.  A  well-defined  peak  of  the  second  harmonic  generation  in 
the  direction  normal  to  the  mean  interface  was  observed  in  transmission  in  [6].  When  the  experiment  was  carried 
out  with  long-range  surface  plasmon  polaritons  [13],  peaks  of  the  enhanced  second  harmonic  generation  were 
detected  both  in  the  retroreflection  direction  [7,9]  and  in  the  direction  normal  to  the  surface  in  transmission  [9]. 
In  Refs.  [8,10,11]  attempts  to  detect  the  peaks  of  the  enhanced  second  harmonic  generation  at  a  silver 
film-vacuum  interface  were  made.  A  well-defined  peak  in  the  direction  normal  to  the  mean  surface  was 
observed  in  transmission  in  [8,11],  while  only  a  broad  depolarized  background,  but  no  peak  in  the  direction 
normal  to  the  mean  surface,  was  observed  in  transmission  in  Ref.  [10].  The  peak  of  the  intensity  of  the 
generated  light  in  the  direction  normal  to  the  mean  surface  observed  in  [6,8,9,11]  was  interpreted  as  due  to  the 
coherent  nonlinear  mixing  of  multiply-scattered  contrapropagating  surface  plasmon  polaritons.  As  is  well  known 
[14],  the  symmetry  of  the  surface  nonlinear  polarization  of  a  clean  metal  surface  forbids  second  harmonic 
generation  due  to  contrapropagating  beams  of  surface  plasmon  polaritons.  In  [8,11]  it  was  argued  that  the 
surface  roughness  breaks  the  symmetry  and,  as  a  result,  makes  the  second  harmonic  generation  by  contrapropa¬ 
gating  beams  of  surface  plasmon  polaritons  possible.  We  believe  that  this  explanation  is  incorrect,  and  present 
what  we  believe  to  be  the  correct  explanation  in  the  present  work. 

The  main  reason  for  using  the  Kretschmann  ATR  geometry  in  the  experiments  [6-11]  was  to  excite  surface 
plasmon  polaritons  associated  with  the  film-vacuum  (film-nonlinear  crystal)  interface  through  the  ATR 
phenomenon,  and  thus  to  enhance  the  field  at  the  metal  film-vacuum  (or  metal  film-nonlinear  crystal)  interface. 
For  many  years  this  experimental  configuration  was  used  to  enhance  the  second  harmonic  generation  in 
reflection  from  a  metal  surface  [15]. 

If,  however,  the  metal  surface  is  rough  the  surface  plasmon  polaritons  can  be  excited  through  the  surface 
roughness  without  a  prism  coupler.  The  nonlinear  interaction  of  the  excited  surface  plasmon  polaritons  with  the 
incident  light  also  leads  to  a  strong  enhancement  of  the  second  harmonic  generation  [5,16,17].  Such  processes 
lead  to  strong  peaks,  up  to  several  orders  of  magnitude  above  the  background,  in  the  angular  distribution  of  the 
intensity  of  light  of  frequency  2  at  in  the  directions  determined  by  the  conditions  q  =  k  +  ksp(  &>),  where 
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q  =  (2  to/c)sinOs,  k  =  ( oj/c)sin  O0,  Os  and  60  are  the  angles  of  scattering  and  incidence,  and  ksp(  oj)  is  the 
wavenumber  of  the  surface  plasmon  polaritons  of  frequency  oj  that  are  excited  through  the  surface  roughness. 
These  peaks  arise  already  in  single-scattering  processes,  and  their  positions  depend  on  the  angle  of  incidence. 

In  the  Kretschmann  geometry  the  angle  of  incidence  is  tuned  so  that  the  surface  polaritons  on  the  rough  metal 
film-vacuum  interface  or  the  rough  metal  film-nonlinear  crystal  interface  are  excited  efficiently.  This  means  that 
k  =  A'sp(  oj),  and  the  single-scattering  peaks  move  to  q  =  0,  i.e.  to  the  direction  normal  to  the  mean  surface,  and 
to  q  =  2  ksp(a>),  i.e.  to  the  nonradiative  region.  Due  to  the  single-scattering  origin  of  the  peak  in  the  direction 
normal  to  the  mean  surface,  it  could  be  expected  that  its  intensity  is  much  higher  than  that  of  the  peak  predicted 
in  [5],  which  is  associated  with  multiple-scattering  processes.  As  a  result,  the  weak  features  associated  with  the 
coherent  effects  in  the  multiple  scattering  of  surface  plasmon  polaritons  are  masked  by  the  strong  single-scatter¬ 
ing  contribution.  The  presence  of  roughness  leads  also  to  the  excitation  of  the  surface  plasmon  polaritons 
associated  with  the  prism-metal  film  interface.  As  a  result,  two  additional  strong  peaks  appear  in  the  angular 
distribution  of  the  intensity  of  the  generated  light.  Their  positions  are  determined  by  the  conditions  q  =  k  + 
klp(  oj),  where  k^X  oj)  is  the  wavenumber  of  the  surface  plasmon  polaritons  associated  with  the  prism-metal 
film  interface. 

In  this  paper  we  present  results  of  perturbative  calculations  of  the  second  harmonic  generation  of  light  in 
transmission  in  the  Kretschmann  ATR  geometry  when  the  interface  of  a  thin  metal  film  with  vacuum  or  a 
nonlinear  crystal  is  weakly  rough.  The  emphasis  will  be  on  the  existence  of  the  peak  of  the  enhanced  second 
harmonic  generation  in  the  direction  normal  to  the  mean  surface,  which  is  due  to  the  interference  of 
multiply-scattered  surface  plasmon  polaritons  of  the  frequency  of  the  incident  light.  The  results  of  rigorous 
numerical  simulations,  applicable  to  more  strongly  corrugated  surfaces,  will  be  presented  elsewhere. 


2.  Formulation  of  the  scattering  problem 

The  physical  system  we  consider  consists  of  a  dielectric  prism  characterized  by  a  positive  dielectric  constant 
e0  in  the  region  x3  >  D,  a  metal  film  characterized  by  an  isotropic,  complex,  frequency-dependent  dielectric 
function  e,(w)  =  e'((o)  +  ie"(  oj)  in  the  region  D  >  x3  >  £(xj)  and,  generally,  a  nonlinear  crystal  characterized 
by  a  linear  dielectric  function  e2(&>)  in  the  region  x3  <  C ( x , )  (Fig.  1). 


X3 


Fig.  1 .  The  system  studied  in  this  paper. 
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The  surface  profile  function  C ( x , )  is  assumed  to  be  a  single-valued  function  of  xl  that  is  differentiable  as 
many  times  as  is  necessary,  and  to  constitute  a  zero-mean,  stationary,  Gaussian  random  process  defined  by 


<£(*,)>  =  (),  (2.1a) 

<f(  *1K(JC'1)>  =  S2W( \xx-x\\).  (2.1b) 

The  angle  brackets  in  Eqs.  (2.1)  denote  an  average  over  the  ensemble  of  realizations  of  the  surface  profile 
function,  and  <5  =  <  £  ~  is  the  rms  height  of  the  surface. 

We  also  introduce  the  Fourier  integral  representation  of  the  surface  profile  function, 

r<x  dQ  „ 

f(*i  )=/  -z-t{Q)eiQx'.  (2.2) 

-'-00  27 T 

The  Fourier  coefficient  ('( Q)  is  a  zero-mean  Gaussian  random  process  defined  by 

<<f(2)>  =  0,  (2.3a) 

(  i(Q)  i(Q'))  =  2ir8(Q  +  Q')  82  g(\Q\)  n  (2.3b) 

where  g(l2l),  the  power  spectrum  of  the  surface  roughness,  is  given  by 

/CO 

dxlW(\xl\)e~iQx'.  (2.4) 

—  00 


In  this  paper  we  will  present  results  calculated  for  a  random  surface  characterized  by  a  Gaussian  power 
spectrum  given  by 

g{\Q\)  =  LrTae~Q~a~ /A .  (2.5) 

In  our  treatment  of  second  harmonic  generation  we  neglect  the  influence  of  the  nonlinearity  on  the 
fundamental  fields  (undepleted  pump  approximation).  We  treat  the  nonlinearity  of  the  metal  film  through 
effective  nonlinear  boundary  conditions,  while  the  bulk  nonlinearity  of  the  crystal  is  taken  into  account  through 
the  solution  of  the  Maxwell  equations.  Since  we  study  the  Kretchsmann  ATR  geometry,  and  the  surface 
roughness  is  one-dimensional,  only  /j-polarized  incident  waves  are  of  interest  to  us.  As  is  known,  the  nonlinear 
polarization  of  a  metal  surface  has  only  /^-polarized  components  independent  of  whether  the  incident  light  is  p- 
or  ,v-polarized.  Therefore,  in  what  follows  we  assume  that  a  /^-polarized  plane  wave  of  frequency  at  is  incident 
from  the  prism  onto  the  planar  prism-metal  interface.  The  angle  of  incidence,  measured  counterclockwise  from 
the  normal  to  the  mean  surface  is  60,  and  the  plane  of  incidence  is  the  x}  x3-plane.  We  first  solve  the  linear 
scattering  problem,  and  with  its  solution  in  hand  we  determine  the  surface  and  bulk  nonlinear  polarizations  at 
the  harmonic  frequency  2  at.  For  the  sake  of  simplicity  we  assume  that  the  orientation  of  the  crystal  is  chosen  so 
that  the  bulk  nonlinear  polarization  in  it  has  a  nonzero  tangential  component  [18] 

P)NL-)(x1,x3|2<w)  =  £/11(£,12(x1,x3|(u)  —  £3  (x[,x3|<w)),  (2-6) 

where  dn  is  the  second  order  nonlinear  susceptibility.  In  solving  the  scattering  problem  for  the  harmonic  fields 
we  will  use  the  nonlinear  boundary  conditions  [19],  whose  general  form  is 


H^n(xl,x3\2Lo)\X3=D.axl)  -  H^p’l')(xl,x3\2ot)\Xi  =  D,aXi) 


lie  1 

_ uiP’V) _ 

^3  ,2 

(0  A' 


=  A(-p-u')(xl  |2w), 


(2.7a) 
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'  d 

,x3|2w) 

x3  =  D,£(Xl)  e0,2(2<w) 

— Hip'v\ x,,x3\2co) 
dN  V  i’  31  ) 

jt3  =  D,C(xt) 


lie  d 


co  dx j  (/>"(*[) 


mH^(/)(Xi’X3'w) 


(*l) 

*3  =  D,(  I 


tAp’u) 


/  <9  ^ 

\21] 

1 

x3  =  D.((xl)J  I 

=  B(p'v\Xl\2co), 


(2.7b) 


where  d/dN=  (  —  £'(x1)d/dx1,0,d/dx3)  is  the  unnormalized  derivative  along  the  normal  to  the  surface, 
<f>( x | )  =  [1  +  (  ^'(^i))2]1/2  and  the  indices  p,  /,  and  v  denote  the  fields  in  the  prism,  metal  film,  and  vacuum, 
respectively.  In  Eqs.  (2.7)  pc\p2 are  phenomenological  nonlinear  coefficients  at  the  prism-film  ( p)  and 
film-vacuum  ( v)  interfaces,  and  are  to  be  determined  from  experimental  data  or  by  using  some  particular  model 
for  the  surface  nonlinear  polarization. 

We  assume  that  the  metal  film-crystal  interface  is  weakly  rough  and  satisfies  the  condition  for  the  validity  of 
the  Rayleigh  hypothesis,  |£'(.Vi)I<k  1  [20-22].  In  this  case  we  can  seek  the  x7-component  of  the  magnetic 
fields  of  frequencies  co  and  2  co  in  the  form 


dq 


/w  uu 

- R(qM)eiqx'eia°(q’ 

-ro  2tT 


klXx)  ~D) 


(2.8a) 


in  the  prism. 


/°°  do 

- ei‘lx'\Tl(qM)eia'(‘l'n)xi  +  T2(qM)e-ia'(,1'n)xi] 

~cc2ir 


(2.8b) 


in  the  metal  film,  and 

/CO  dej 

—  eiqx'\T(q,{2)e-ic‘^q’n)x>+&,(qM\x3)]  (2.8c) 

-oo277 

in  the  crystal.  In  Eqs.  (2.8)  fl  stands  for  either  co  or  2  co,  R( q.  (2 )  and  T(q.O)  are  the  scattering  and 
transmission  amplitudes,  respectively,  aQ(q,0 )  =  \Je0(O2/c2)  —  q 2 ,  Re( «0( q. fl))  >  0,  \m(a0(q,O))  >  0, 
a  /q,{l)  =  ]Jel({2)(fl2/c2)—  q2  ,  Re(  a  3(  g,  f2  ))  >  0,  Im(  a  /q,  fl  ))  >  0,  and  a2(q,fl ) 

=  \Je2(fl)(fl2/c2)  —  q2  ,  R e(a2(q,fl))  >  0,  lm(ot2(q,fl)))  >  0. 

When  we  consider  fields  of  the  fundamental  frequency  co,  H0  is  the  amplitude  of  the  incident  field, 
k  =  ][^o(  co/c) sin0o  and  a0  ( k,co )  =  v'e0(  co/c) cos00  are  the  tangential  and  normal  components  of  the  wavector 
of  the  incident  light,  and  ^°(q,co |jc3)  =  0.  For  the  second  harmonic  fields  H0  =  0  and  q,2  <w|  x3)  describes 
the  particular  solution  of  the  Maxwell  equations  in  the  nonlinear  crystal: 


c^z>(  t/,2  w|r3,)  = 


dp 


2  cdn 
coe2(  co)  J -co  2tt 


IS 

- e-K<x2(.P,<o)+a2(q-P,lo))x3TCq_p(0XTCp(0XFCqpX 

-co  2tt 


(2.9) 


where 


F(q,p) 


(a2(p,co)  +  a2(q  -  p,co))(p(q  -  p)  -  ot2(  p.co)  a2(q  -  p.co)) 
(a2(p,co)  +  a2(q-p,co))2  -  a22(q,2co) 


(2.10) 


Since  in  the  experiments  [6,8-11]  it  was  the  transmitted  signal  that  was  measured,  we  solve  the  scattering 
problem  for  the  transmission  amplitude  T(q,fl).  Using  the  boundary  conditions  for  the  tangential  component  of 
the  magnetic  field  and  the  tangential  component  of  the  electric  field  across  the  interfaces  at  the  fundamental  and 
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harmonic  frequencies,  we  can  obtain  a  single  integral  equation  for  the  transmission  amplitude  that  is 

analogous  to  the  reduced  Rayleigh  equation  of  the  scattering  problem, 

dp 

T(qM)=G0(qM )  —V(q\pM)T(pM)+GQ(qM)Q(qM),  (2.11) 

J -00  277 

where  the  scattering  potential  V(q\k,fl)  is 

e,(  /2)  —  e2(  O)  r  , .  n 

V(q\kM)  =  i - — 7 — '  [m(q\kM)  +  rm(qMy'a\qM)Dii(q\k,fl)],  (2-12) 

with 


m(q\k,{l) 

n(q\k,fl) 


qk  +  a^q.O)  a2(k,{l) 
aq(  q,{2)  —  a2(  k,fl) 

qk  —  a^q.O)  a2(k,fl) 
a^q.fl)  +  a~,(k,{l) 


-j[-(a{{qM)  ~  a2(kM))\q  ~  k), 
./(  oq(  )  +  a2(k,fl)\q  —  k). 


(2.13a) 

(2.13b) 


J(y\Q)  =  [  <fa1e_fG*1(e_,'rf<,l)-  1),  (2.13c) 

J  —  oo 


and  where  GQ(q,{2)  is  the  Green’s  function  associated  with  a  three-layer  system  with  planar  interfaces 

hUJ)’ 

with 


DW  = 


k,fl) 

+ 


«2(*,^) 

^) 


1  +  r0l(k)r12(k)e 


liable,!}  )Dl 


and 


(2.14b) 


r,j(qM) 


(ai(qM)€j(n)  -  aj(qM)ei(n ))  .  _  ^ 

(a,(?,/2)ey(/2)  +  a7(?,/2)e,(f2))  '  '7 


(2.15) 


The  driving  term  Q(q,{2)  in  (2.11)  has  different  forms  for  the  fundamental  and  harmonic  fields.  For  the 
fundamental  field  it  is  related  to  the  incident  field. 


Q(q,co)  =  -2  i 


«[(  k,  co) 
e,(  w) 


where 


t0l(  k,w)eia'(k’a,)DH02Tr8{q  -k). 


(2.16) 


tiMM) 


_ 2ai(kM)ej(n) _ 

ai(k,n)ej(n)  +  aj(kM)ei(fl)  ' 


i,j  =  0,1,2, 


(2.17) 


so  that  G0(q,co)Q(q,w)  =  T0(k,a>)2ir8(q  —  k),  where  70(  k,  to)  is  the  Fresnel  transmission  coefficient  for  the 
layer  system 


T0(k,a>) 


tl2(k,co)t0l(k,co)eia<k^D 
1  +  rl2(k,co)r0l(k,M)e2ia'(k-co)D  ' 


(2.18) 
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For  the  second  harmonic  field  the  nonlinear  driving  source  Q(q,2co)  has  three  contributions, 

Q{q,  2  to)  =  Q(r\q,2a>)  +  Q("\q,2co)  +  Q^b\q,  2w),  (2.19) 

where  Q(p\q,2a> )  is  associated  with  the  prism-metal  film  interface 

/  aJ  a, 2  w)  \ 


Q(p\q,  2cj)  =  itl0(q,2(o)eia'iq’2,o'>D 


- A(p\q )  +B<-P)(q)\, 


(2.20a) 


Q(<  )(q,2  oj)  is  associated  with  the  metal  film-crystal  interface 


Q^\q,2w)  =  if 


2  IT  \  6j(2w) 


ax(q,2co)  + 


q(q-p) 

aq(  q,2  co) 


A<-v)(p)[l(-al(q,2a))\q-p) 


r01(q,2  co)e2la'(q’1*,)Dl(al(q,2  w)\q  -  p)]  +  iBc‘,\p)[l(-a1(q,2(o)\q  -  p) 

■  r01(  q,2  w)e2ia^’2^Dl(  a,(  q, 2  co) \q  -  p)\  )  ,  ( 


(2.20b) 


and  Q^Xq, 2  co)  arises  from  the  nonlinearity  of  the  crystal 


Q{h\q,2co)  =  -if 


2ir  \  6j(2w) 


aj(^,2w)  + 


q(q-p) 

q, 2  <w) 


p)  [  i(  ~  «i(  q2  «) \q  ~  p) 


+  rm{q,2(o)l(aXq,2(»)\q-p)\  +  —  p)  [  /(  ~  oq(  q,2  co) \q  -  p) 

e2^z  co  j 

—  r01(q,2a))l(al(q,2(o)\q-p)]\,  (2.21) 

where  ^(  p)  and  .°7\{  p)  are  the  Fourier  components  of  the  driving  term  in  the  nonlinear  medium  and  its  normal 
derivative  evaluated  at  the  rough  interface,  and  are  given  by 


&{P)  = 


2cdn  .=°  dr  dr' 

■>,  x  f  \  —l(ai(r,co)  +  a^r- r\co)\p  -  r)F(r,r')T(r- r\co)T(r',co), 

coe2  (  co)  J -co  2tt  J  - oo  2tt 


(2.22) 


^i(p)  =  i 


2cflfu  dr  .oo  dr' 


/w  u/  ur 

—  J  —l(a1(r,(o)  +  a1(r-r',a))\p-r)  «,(  r,  w)  +  «;(  r  -  r' ,  co) 


60^2  (co)  J  -oo2tT  J -oc  2tt  v 

_ r(p-r) _ 

oq(  r,  w)  +  a;(  r  —  r' ,co) 


F(r,r')T(r- r',co)T(r',co). 


(2.23) 


The  solution  of  the  reduced  Rayleigh  equation  (2.11)  and  explicit  expressions  for  the  nonlinear  driving  term  are 
presented  in  Appendices  A  and  B,  respectively. 

The  quantity  we  are  interested  in  is  the  intensity  of  the  second  harmonic  light,  which  we  define  as  the  total 
power  of  the  harmonic  light  generated  diffusely,  normalized  by  the  square  of  the  power  of  the  incident  light  and 
multiplied  by  the  illuminated  area  S: 


(2.24) 
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where  S  =  LXL2,  and  L  and  L2  are  the  lengths  of  the  surface  along  the  xx-  and  x2-axes.  If  we  define  the  angle 
of  transmission  0t  explicitly  by  setting  q  =  (^ e9 (2  co)  2  w /c)sin dt,  so  that  a2(q,2a>)  =  (Je2(2oj)  2co/c)cos6,, 
the  mean  normalized  intensity  of  second  harmonic  light  takes  the  form 


</(0,|2<w)>incoh  = 


8  we0  cos  29t 
Lxc2\Hq\a  cos  % 


[{\T{q,2w)\2)  -  |<r(^,2w)>|2  . 


(2.25) 


3.  Results  and  discussion 

In  Fig.  2(a),  (b),  and  (c)  we  present  the  mean  intensity  of  the  second  harmonic  light,  calculated  by  the  use  of 
the  small-amplitude  perturbation  approach,  when  /^-polarized  light  is  incident  through  a  prism  on  a  one-dimen- 


-5.0  -2.5  0.0  2.5  5.0 

0,  [deg] 

Fig.  2.  The  mean  differential  intensity  of  the  second  harmonic  light  as  a  function  of  the  angle  of  transmission  6t  for  the  scattering  of 
/7-polarized  light  through  a  randomly  rough  silver  film-vacuum  interface.  The  interface  roughness  is  characterized  by  the  Gaussian  power 
spectrum  Eq.  (2.5)  with  5  =  5  nm  and  a  =113.5  nm.  The  nonlinear  coefficients  are  given  by  the  free-electron  model.  The  angles  of 
incidence  are  (a)  60  =  22°,  (b)  0Q  =  24°,  and  (c)  0O  =  26°.  The  optimal  angle  for  excitation  of  surface  plasmon  polaritons  at  the  film- vacuum 
interface  is  24°. 
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sional,  random  silver  film-vacuum  interface,  characterized  by  the  Gaussian  power  spectrum  (2.5)  with  an  rms 
height  8  =  5  nm  and  a  transverse  correlation  length  a  =  113.5  nm.  The  mean  thickness  of  the  film  is  D  =  55 
nm,  and  the  angles  of  incidence  are  90  =  22°  (a),  90  =  24°  (b),  and  90  =  26°  (c).  The  refractive  index  of  the 
prism  is  n0  =  2.479,  so  that  the  optimal  angle  for  the  excitation  of  surface  plasmon  polaritons  is  90  =  24°.  The 
nonlinear  coefficients  were  calculated  on  the  basis  of  the  free-electron  model  [19]. 

In  Fig.  3(a),  (b),  and  (c)  we  present  the  mean  intensity  of  the  second  harmonic  light,  calculated  by  the 
perturbative  approach,  when  p-polarized  light  is  incident  through  a  prism  on  a  one-dimensional,  random  silver 
film-quartz  interface,  characterized  by  the  Gaussian  power  spectrum  (2.5)  with  an  rms  height  8  =  5  nm  and  a 
transverse  correlation  length  a  =  113.5  nm.  The  mean  thickness  of  the  film  is  D  =  55  nm,  and  the  angles  of 
incidence  are  90  =  37.2°  (a),  90  =  39.2°  (b),  and  9Q  =  41.2°  (c).  The  refractive  indices  of  the  quartz  are 
;z,( oj)  =  -,  6i(  oj)  =  1.536  and  «,(2  oj)  =  6,(2  to)  =  1.542,  and  the  optimal  angle  for  the  excitation  of  surface 
plasmon  polaritons  is  90  =  39.2°. 


Fig.  3.  The  mean  differential  intensity  of  the  second  harmonic  light  as  a  function  of  the  angle  of  transmission  6t  for  the  scattering  of 
/7-polarized  light  from  a  randomly  rough  silver  film-nonlinear  quartz  interface,  whose  roughness  is  characterized  by  the  Gaussian  power 
spectrum  Eq.  (2.5)  with  5  =  5  nm  and  a  =  113.5  nm.  The  nonlinear  susceptibility  of  the  crystal  is  dn  —  0.93  X  10~9  esu.  The  angles  of 
incidence  are  (a)  0O  =  37.2°,  (b)  60  =  39.2°,  and  (c)  0o  =  41.2°.  The  optimal  angle  for  excitation  of  surface  plasmon  polaritons  at  the 
film-quartz  interface  is  39.2°. 
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To  analyze  the  main  features  of  the  angular  dependence  of  the  intensity  of  the  generated  light  we  need 
explicit  expressions  for  the  different  contributions  to  the  mean  differential  intensity  of  the  harmonic  light.  The 
effects  of  the  multiple  scattering  of  surface  plasmon  polaritons  of  frequency  co,  which  are  of  interest  to  us  here, 
are  contained  in  the  the  nonlinear  driving  term  on  the  right  hand  side  of  Eq.  (2.11)  evaluated  at 

fl  =  2at.  The  integral  term  in  Eq.  (A.  13)  of  Appendix  A  describes  the  multiple  scattering  of  the  waves  of 
frequency  2  to  and,  in  particular,  contains  the  effects  of  the  multiple  scattering  of  surface  plasmon  polaritons  of 
frequency  2  to.  Since  these  effects  do  not  include  the  peak  in  the  direction  normal  to  the  mean  surface,  which  is 
of  primary  interest  to  us  here,  we  omit  their  contribution  to  the  mean  differential  intensity  (/(0(|2<w))incoh.  Since 
all  three  contributions  to  Q(q,2a> ),  Eq.  (2.19),  contain  the  product  of  the  transmission  amplitudes 
Tip  ,  u))T(  p  .  ( o  ) .  by  using  the  expression  for  the  transmission  amplitude  /' ( ( j .  to )  -iX q(  k,  to)  / /^[2  it 5(  ci  k )  ~T 
G(q,co)t(q\k)]  (see,  Eq.  (A. 9))  we  can  subdivide  each  term  in  Q(q,2to )  into  three  contributions  with  different 
physical  meanings.  The  first  contributions  to  Q(p’l',h\q,2to),  which  contain  only  the  product  of  5-functions, 
(27t)25(  p  —  k)8(  p  —  k),  describe  the  nonlinear  mixing  of  the  fields  of  frequency  at  which  would  be  specular  if 
the  film-crystal  interface  were  planar.  The  parts  of  Q(  ppJ,)(  q.2  at)  that  contain  the  product  of  a  5-function  and  a 
term  with  the  Green’s  function,  2ir8(p  —  k)G(p',2  at)t(p'\k)  +  2tt8(p'  —  k)G(p,2  to)t(p\k),  describe  the 
interaction  of  the  ‘specular’  and  scattered  fields,  including  the  nonlinear  mixing  of  the  excited  surface  plasmon 
polaritons  with  the  incident  light.  Finally,  the  parts  of  Q('p'v,b\q,2to)  which  contain  the  product  of  two  Green's 
functions,  G(p,2  w)t(p\k)G(p',2  co)t(p'\k),  describe  the  nonlinear  mixing  of  the  scattered  fields,  and  include 
the  mixing  of  co-  and  contrapropagating  surface  plasmon  polaritons.  According  to  the  classification  we  have  just 
given  we  separate  explicitly  these  three  contributions  to  the  nonlinear  driving  source,  and  include  all  the 
roughness  induced  corrections  to  them  into  the  additional  source  function  Sx{q,2  oj),  so  that  we  obtain 


2  ic 

Q(q,2to)  =  - ^2(k,to)H2 


ro(k)2Tr8(q  —  2k)  +  ri(q,k)G(q  —  k)t(q  —  k\k) 


dp 


—  r2(q,p)G(q-p,(o)G(p,to)t(q-p\k)t(p\k)  +&sc(q,2to) 

-rrt  477 


(3.1) 


where  the  nonlinear  coefficients  are  given  by  ij  =  y\p)  +  +  yfb\  and  the  explicit  expressions  for 

yj ppl’h>  are  presented  in  Appendix  B.  The  most  resonant  contributions  to  the  intensity  of  the  harmonic  light 
have  the  form 


512  at 


</(0j2«)>res  =  - j-  t10(k,a>)e2,a'<-k’o>)D  ~  cos26scos29Q\G(q  ,2  w)|"|G(k,w)| 


enc 


X 


|ri(?,k)|2|G(^  -  k)\2r(q  -  k\k) 


+ 


dp 


j  —\r2(q.p)\2\G(q-p,co)G(p.to)\2T(q-p\k)T(p\k) 


(3.2) 


where  we  have  defined  (t(q\k)t  *  (p\k))  =  2v8(q  —  p)r(q\k),  and  r(q\k)  is  the  averaged  reducible  vertex 
function  that  can  be  calculated  by  using,  for  example,  the  pole  approximation  for  the  Green’s  function  [4]. 
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The  presence  of  the  Green’s  functions  \G{q,2at)\2  and  \G( k. oj)  1  in  Eq.  (3.2)  leads  to  the  amplification  of 
nonlinear  processes  at  the  metal  film-crystal  interface  in  the  Kretschmann  geometry  [23],  because  the  Green’s 
function  G(q,2co)  has  poles  at  the  wavenumbers  of  the  surface  plasmon  polaritons,  ksp(2  at),  and  G(  k.  to)  has 
poles  at  the  wavenumbers  of  the  surface  plasmon  polaritons,  ksp(  at).  Thus,  when  the  angle  of  incidence  is  the 
optimal  one  for  the  excitation  of  surface  plasmon  polaritons  the  enhancement  of  the  intensity  of  the  second 
harmonic  light  can  reach  several  orders  of  magnitude  compared  with  that  for  scattering  from  a  single  surface. 
This  is  true  for  both  the  coherent  and  incoherent  parts  of  the  intensity.  When  the  angle  of  scattering  is  the 
optimal  one  for  the  detection  of  surface  plasmon  polaritons  of  frequency  2  to  resonance  enhancement  of  the 
intensity  can  also  occur  [24].  However,  this  enhancement  can  be  observed  only  in  the  intensity  of  the  reflected 
light. 

The  second  interesting  feature  of  Eq.  (3.2)  is  the  presence  of  the  term  that  contains  the  factor  \G(q  —  k,co) |“. 
This  term  describes  the  second  harmonic  generation  due  to  the  nonlinear  mixing  of  the  incident  light  with  the 
surface  plasmon  polaritons  which  are  excited  due  to  the  surface  roughness.  Its  presence  leads  to  the  appearance 
of  strong  resonant  peaks  at  q  =  k  +  ks])(  at)  and  q  =  k  +  k{p(  to).  This  is  the  origin  of  the  peak  of  the  strong 
enhancement  of  second  harmonic  generation  in  reflection  from  a  randomly  rough  metal  surface  that  was  first 
observed  in  [16],  and  analyzed  by  Deck  and  Grygier  [17]  in  the  framework  of  the  first  order  perturbation  theory 
in  the  small  roughness.  These  peaks  of  the  enhanced  second  harmonic  generation  are  due  to  the  resonant 
interaction  of  the  incident  light  and  forward /backward  propagating  surface  plasmon  polaritons  excited  in  a 
single  scattering  event.  No  interference  effects  are  involved  in  the  formation  of  the  peaks.  The  main  reason  for 
using  the  Kretschmann  geometry  in  the  experiments  [6,8-11]  was  to  excite  surface  plasmon  polaritons 
associated  with  the  metal-vacuum  (metal-nonlinear  crystal)  interface  through  the  ATR  phenomenon.  Thus,  the 
angle  of  incidence  was  tuned  so  that  k  =  ksp(  at).  In  this  case  the  peaks  due  to  the  poles  of  G(q  —  k,  co)  move  so 
that  the  peak  due  to  the  mixing  of  the  incident  light  with  the  forward  propagating  surface  plasmon  polariton 
moves  into  the  nonradiative  region,  while  that  due  to  the  mixing  of  the  incident  light  with  the  backward 
propagating  surface  plasmon  polariton  moves  to  the  direction  of  the  normal  to  the  mean  surface,  q  =  k  —  ksp(  oj) 
=  0.  The  strength  and  the  shape  of  the  peak  is  determined  by  the  effective  nonlinear  coefficient  r,(  q.k).  In  the 
case  when  the  nonlinearity  of  the  system  is  due  to  the  film  interfaces  only,  this  effective  nonlinear  coefficient  is 
linear  in  q  for  small  q.  This  is  the  result  of  the  symmetry  of  the  surface  nonlinear  polarization  that  forbids 
second  harmonic  generation  by  contrapropagating  surface  plasmon  polaritons  [14].  Since  in  the  case  where  the 
angle  of  incidence  is  optimal  for  exciting  surface  plasmon  polaritons  the  incident  light  is  the  surface  plasmon 
polariton  propagating  in  the  forward  direction,  its  nonlinear  mixing  with  the  scattered  surface  plasmon 
polaritons  propagating  in  the  backward  direction  is  forbidden  by  this  symmetry.  As  a  result,  the  resonant  peak 
has  an  antiresonant  shape.  The  width  of  the  peak  is  determined  by  the  decay  rate  of  the  surface  plasmon 
polaritons  on  the  rough  interface  Im(ksp(o>))  =  At0t(o>)  =  A e(a>)  +  Asc( oj),  where  A e(a>)  is  the  decay  rate  of 
the  surface  plasmon  polaritons  of  frequency  at  due  to  ohmic  losses,  while  Asc(  oj  )  is  their  decay  rate  due  to  their 
roughness-induced  scattering  into  other  surface  plasmon  polaritons. 

The  effects  of  the  multiple  scattering  of  surface  plasmon  polaritons  are  contained  in  the  function  r(q\k).  As 
was  shown  in  [4,25,26],  because  our  scattering  system  supports  two  surface  plasmon  polaritons  at  the  frequency 
at,  the  function  t( q\k)  contains  a  superposition  of  two  Lorentzian  peaks  centered  at  q  +  k  =  0  (enhanced 
backscattering)  with  halfwidths  Atol(  <w)and  A(([/(  to).  It  also  contains  Lorentzian  peaks  centered  at  q  +  k  + 
(ksp(w)  —  klgK  <«))  =  0  (satellite  peaks)  with  a  half-width  Atot(  to)  +  A[^(  to).  In  these  results  A(t$(at)  is  the 
decay  rate  of  the  surface  plasmon  polariton  associated  with  the  prism-metal  interface.  Therefore,  r(q  —  k\k) 
entering  the  second  term  in  Eq.  (3.2)  has  a  peak  at  q  =  0.  Since  this  contribution  arises  due  to  the  nonlinear 
mixing  of  the  incident  and  scattered  waves,  it  describes  the  coherent  generation  of  the  second  harmonic  light  by 
the  incident  and  backscattered  radiation,  enhanced  due  to  the  multiple  scattering  of  surface  plasmon  polaritons 
by  the  roughness. 

The  strongest  contribution  associated  with  the  multiple  scattering  of  surface  plasmon  polaritons  of  frequency 
at  comes,  however,  from  the  second  term  in  Eq.  (3.2),  which  describes  the  nonlinear  mixing  of  the 
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multiply-scattered  surface  plasmon  polaritons  of  frequency  to  propagating  in  opposite  directions.  In  the  pole 
approximation  for  the  Green’s  function  [4,25]  this  contribution  has  the  form 


</(  0,|2  <»)>„,= 


512  or 


enc 


tlo(k,co)e2ia'(-k’‘o)D\^\G(q,2co)\2\G(k,co)\2 


C\M) 


y  Atot(w)  r  +  4A]ot(M) 

X  [\r2(q,ksp(  w))|2r(^sp(  co)\k)T(q-ksp(  co)\k)  +  \  r2(q,~  ksp(  co))\\(- ksp(  co)\k) 


Xr(q  +  ksp(co)\k)]  +  C4p(co)A[Pt\co) 


?2  +  4(A  <£>(*>))- 


r2(q,k%\o>))\2 


Xr(k^\  u)\k)r[q  -  k^\  w)|fc)  +  | r2[q,-k^\  w))|2 

Xr(~k^\  a))\k)T(q  +  k^\  «)l&)]  j,  (3.3) 

where  C(  oj)  and  Cp(  to)  are  the  residues  of  the  Green’s  function  at  the  poles  +  ksp(a>)  and  +  k{p}(  oj), 
respectively.  We  have  not  included  in  Eq.  (3.3)  the  contribution  from  the  possible  satellite  peaks  [26],  since  their 
positions  are  far  from  the  direction  normal  to  the  mean  surface.  As  expected,  the  result  given  by  Eq.  (3.3) 
contains  Lorentzian  factors  centered  at  q  =  0.  However,  the  efficiency  of  the  nonlinear  mixing  of  the 
contrapropagating  surface  plasmon  polaritons  is  determined  by  the  effective  nonlinear  coefficients  E2(  q,  + 
ksp(  to))  and  Ed  q,  +  k^\  to)).  In  the  case  where  the  nonlinearity  of  the  system  is  due  to  the  film  interfaces  only, 
these  effective  nonlinear  coefficients  are  linear  in  q  for  small  q.  This  is  the  manifestation  of  the  well  known  fact 
that  the  symmetry  of  the  nonlinear  polarization  of  a  metal  surface  forbids  such  processes  [14].  As  a  result,  the 
contribution  given  by  Eq.  (3.3)  displays  a  dip  rather  than  a  peak  in  the  direction  normal  to  the  mean  surface. 
The  depth  of  this  dip  depends  strongly  on  the  values  of  the  material  parameters  and  the  angle  of  incidence  of  the 
fundamental  light.  However,  when  the  metal  film  is  in  contact  with  a  nonlinear  quartz  crystal,  a  suitable  choice 
of  the  orientation  of  the  crystal  [18]  makes  possible  second  harmonic  generation  by  contrapropagating  surface 
plasmon  polaritons,  and  a  peak  of  the  enhanced  second  harmonic  generation  occurs  in  the  direction  normal  to 
the  mean  surface. 

Recently  the  first  experimental  studies  of  multiple-scattering  effects  in  the  second  harmonic  generation  of 
light  scattered  from  a  clean  one-dimensional  vacuum-metal  interface  were  carried  out  in  a  series  of  papers  by 
O'Donnell  and  his  colleagues  [27-29].  It  was  found  that,  for  weakly  rough  silver  surfaces  a  dip  is  present  in  the 
retroreflection  direction  in  the  angular  dependence  of  the  intensity  of  the  scattered  second  harmonic  light  rather 
than  the  peak  that  occurs  in  scattering  at  the  fundamental  frequency  [27,29],  while  no  well-defined  peak  or  dip 
in  the  direction  normal  to  the  mean  surface  was  observed  [28].  In  the  latter  experiment  the  random  surfaces  were 
fabricated  in  a  special  way  to  produce  a  strong  excitation  of  surface  plasmon  polaritons  of  the  fundamental 
frequency,  propagating  in  both  the  forward  and  backward  directions.  The  results  of  Ref.  [28]  suggest  a  surface 
nonlinear  polarization  of  a  form  different  from  those  usually  used  in  studies  of  second  harmonic  generation  in 
scattering  from  an  isotropic  metal  surface.  The  possible  anisotropy  of  the  surface  could  be  the  reason  for  the 
absence  of  the  dip  in  the  direction  normal  to  the  mean  surface.  If,  for  some  reason,  the  nonlinear  surface 
polarization  is  such  that  no  peak  or  dip  in  the  direction  normal  to  the  mean  surface,  which  is  due  to  the  multiple 
scattering  of  surface  plasmon  polaritons  by  the  surface  roughness,  can  be  formed,  in  this  case  in  experiments  in 
the  Kretschmann  geometry  the  resonant  peak  at  q  =  0  will  also  be  absent.  Finally,  the  different  qualitative 
results  of  [8,11]  and  [10]  suggest  that  the  mechanism  for  the  nonlinear  polarization  might  be  different  for  the 
strongly  rough  surfaces  studied  in  [8,11]  and  for  the  weakly  rough  surfaces  studied  in  [10].  As  an  example,  in 
Fig.  4  we  present  the  mean  intensity  of  the  second  harmonic  light,  calculated  by  the  small-amplitude 
perturbation  approach,  assuming  that  the  surface  nonlinearity  arises  from  a  thin  subsurface  layer  of  the  metal 
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Fig.  4.  The  mean  differential  intensity  of  the  second  harmonic  light  as  a  function  of  the  angle  of  transmission  0,  for  the  transmission  of 
p-polarized  light  through  the  same  film  as  in  Fig.  2,  but  for  the  case  where  the  surface  nonlinear  polarization  has  an  artificial  nature  that  is 
described  in  the  text.  The  inset  presents  the  contribution  to  (  /( 0,\2 oj ))mcnh  from  double-scattering  processes  only.  The  angles  of  incidence 
are  (a)  0o  =  23.5°,  (b)  0o  =  24°,  and  (c)  60  =  24.5°.  The  optimal  angle  for  excitation  of  surface  plasmon  polaritons  at  the  film-vacuum 
interface  is  24°. 


film,  or  from  a  monolayer  of  nonlinear  molecules  covering  the  metal  film.  In  either  case  the  surface  nonlinear 
polarization  is  associated  not  with  the  surface  itself  but  is  given  by  the  ‘bulk'  nonlinear  polarization  of  the  layer, 
which  is  assumed  to  be  given  by  Eq.  (2.6).  In  this  case  both  the  nonlinear  mixing  of  the  incident  light  with  the 
backward  propagating  surface  plasmon  polariton  and  the  nonlinear  mixing  of  the  multiply-scattered  surface 
plasmon  polaritons  lead  to  the  appearance  of  the  peak  in  transmission  in  the  direction  normal  to  the  mean 
surface. 


4.  Conclusions 

In  this  work  we  have  discussed  the  second  harmonic  generation  of  light  in  transmission  in  the  Kretschmann 
ATR  geometry,  in  the  case  where  a  metal  film-vacuum  or  a  metal  film-nonlinear  quartz  crystal  interface  is 
weakly  rough.  We  have  analyzed  the  origin  of  the  peak  of  the  enhanced  second  harmonic  generation  observed  in 
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the  direction  normal  to  the  mean  surface  in  [6,8,11].  We  have  shown  that  in  the  case  where  the  metal  film  is  in 
contact  with  vacuum,  so  that  the  nonlinearity  of  the  film  surfaces  gives  rise  to  the  harmonic  light,  the 
interference  effects  in  the  multiple  scattering  of  surface  plasmon  polaritons  lead,  due  to  the  symmetry  of  the 
nonlinear  polarization,  to  the  appearance  of  a  dip  rather  than  a  peak  in  the  direction  normal  to  the  mean  surface. 
When  the  second  harmonic  generation  is  due  to  the  nonlinearity  of  the  crystal  adjacent  to  the  metal  film  a  peak 
of  the  enhanced  second  harmonic  generation  occurs  in  this  direction. 

However,  when  the  angle  of  incidence  is  chosen  to  be  optimal  for  the  excitation  of  surface  plasmon 
polaritons  localized  at  the  film-vacuum/nonlinear  crystal  interface,  a  much  stronger  mechanism  leads  to  the 
appearance  of  a  peak  of  the  enhanced  second  harmonic  generation  in  the  direction  normal  to  the  mean  interface. 
It  is  the  nonlinear  mixing  of  the  incident  light,  which  in  this  case  is  the  resonantly  excited  surface  plasmon 
polariton,  and  the  backward-propagating  surface  plasmon  polariton  excited  through  the  roughness  that  forms  the 
peak.  No  interference  effects  are  involved  in  the  formation  of  the  peak.  Since  this  peak  appears  already  in  the 
single-scattering  processes,  it  is  considerably  stronger  than  the  weak  features  associated  with  multiple  scattering. 
When  the  angle  of  incidence  is  shifted  from  the  optimal  one,  the  peak  moves  away  from  the  direction  normal  to 
the  mean  interface,  so  that  the  weak  peak/dip  which  is  due  to  the  multiple-scattering  effects,  can  be  observed. 
However,  the  efficiency  of  second  harmonic  generation  decreases  considerably  as  the  angle  of  incidence  shifts 
from  the  optimal  one. 
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Appendix  A. 


To  solve  the  linear  scattering  problem  we  seek  the  solution  of  Eq.  (2.11)  in  the  form 

a,(  k,  oj  ) 

T(q,a> )  =  ~  2iH0G„(q\k)  t0l(k,w)eia^D , 

ei(  w) 


(A.l) 


where  we  have  introduced  the  Green's  function  Gl0(q\k)  associated  with  the  randomly  rough  interface  between 
the  vacuum  and  the  metal  that  is  the  solution  of  the  equation 

Gal(  q\k)  =  G(q,(o)2v8(q  —  k)  +  G(q,(o)t(q\k)G(k,co)  .  (A. 2) 

In  Eq.  (A. 2)  G(q,co ),  defined  by  (Gr„(  q\k))  =  2ttS( q  —  k)G(  q,  oj),  is  the  averaged  Green's  function  and  is 
given  by 


G(q,  oj)  =  2tt8(  q  —  k) 


1 

Gg  \k,oj)  —  M(k,co) 


where  M(k,co)  is  the  averaged  proper  self-energy.  The  latter  is  given  by 
( M(q\k ))  =  2ir8(q  —  k)  M(k,oj) , 

where  the  (unaveraged)  proper  self-energy  M(q\k )  is  the  solution  of  [25] 

r”  dp 

M(q\k)  =  V(q,k\co)  +  /  - M(q\ p)G(  p,oj)W(  p,k\oj) , 

'  -00  2tt 


(A.3) 


(A.4) 


(A.5) 
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and  we  have  introduced  the  notation 

W(q,k\co)  =  V(q,k\co)  —  ( M(q\k )). 

The  operator  t(p\r)  in  Eq.  (A. 2)  was  introduced  to  satisfy 
r°°  dp 

/  - W(q,p\co)G(  p\k.  co)  =  t(q\k)G(k,co) , 

—  co  2  77 

and  is  the  solution  of  the  equation 


(A.6) 

(A.7) 


/oo  dp  oo  dr 

—  \  —  W(q,p\co)G(  p,co)t(  p\k) . 

-on  Z  77  J  —  no  Z  IT 


(A.8) 


;  277  d  —  oo  277 

From  Eq.  (A. 2)  it  follows  that  (t(q\k))  =  0.  The  transmission  amplitude  T( q,  to)  in  terms  of  the  averaged 
Green's  function  G(p,co)  and  the  operator  tj, q\k)  is  then  given  by 

T(q,co)  =  ^f0(k,co)  H0[2Tr8(q  —  k)  +  G(q,co)t(q\k)],  (A. 9) 


where 


an(  k,w 

^0(£,«)  =  -2  i— - tlQ{k,w)eia^k-a)DG(k,co). 


(A. 10) 


Having  in  hand  the  solution  for  T(  q,  a>)  we  can  calculate  the  fields  of  frequency  a>  in  the  prism  and  in  the  metal 
film  and,  consequently,  the  nonlinear  driving  term  of  frequency  2  co. 

In  the  same  manner  we  can  seek  the  solution  of  the  nonlinear  scattering  problem.  If  we  now  introduce  a  new 
unknown  function  S( q\2k)  by  the  equation 

r=°  dq 

T(q,2co)  =  iG0(  p  ,2  co)  Q(  q  ,2  co)  +  iGQ(q,  2  co)  - S(  p\q)G0(q,2co)Q(q,2co),  (A.ll) 

it  follows  from  Eq.  (2.11)  that  the  function  S(q\p)  satisfies  the  equation 

/°°  dr 

—  V(q\r,2M)GQ(r,2co)S(r\p).  (A.  12) 

—  co  277 

The  amplitude  S(q  \  p)  describes  the  multiple  scattering  of  electromagnetic  waves  of  frequency  2  co,  including 
the  scattering  of  surface  plasmon  polaritons  of  frequency  2  co.  It  can  be  rewritten  in  terms  of  the  Green’s 
function  associated  with  the  rough  interface  of  the  metal  film  exactly  as  this  was  done  for  the  fundamental 
fields.  As  a  result  we  obtain  the  following  expression  for  the  transmission  amplitude 

r°°  dq 

T(p,2co)  =  iG{  p,2  co)  Q(  p,2  co)  +  iG(  p,2co)  /  - t2al{  p\q)G(q,2a>)Q(q,2co)  .  (A. 13) 

_  oc  2  77 


Appendix  B. 

In  this  appendix  we  present  the  explicit  expression  for  the  effective  nonlinear  coefficients  y‘ 

ari(2k,2  co)  a,(k,co) 

J(oP\k)  =tw(2k,2co)ei^2k^D{  p^k - ~—f+(k)f_(k) 


€i(w) 


-2k 


p\p)k2fl(k)  +  p,p I  al^,to)  I  f2_(k) 

£l(co) 


(B.l) 
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I  [  a,(  a  —  k.co) 
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1  eo  [  ei(»’) 

a,(  k,co) 

+  (q-k) - ——f+(q-k)f_(k)  -2 q  p,[p)(q~ k)kf+(q- k)f+(k) 

ei( w) 


+  tip) 


a^k.co)  ax(q  —  k,a>) 

€i(w)  ei(«) 


f-{q~k)f+{k ) 


)(?-2w)  I"  a^q-p.co) 


f+(p)f-(q-p ) 


“iC/7-")  r  , , 

+  (<7-/7) - f+(q~P)f-(p)  -2 q  p\ P\q-p)pf+(q-p)f+(p) 

ei  O) 


+  ^>- 


€i(w)  ej(» 


f-(q-p)f+(p )  . 


/±(?) = 


1  ±  r12(?,«)e2i“‘(?’w)D 

'I2(?<")ei“,(,'")D 


y$0)(*)  =  m(3'^ 


a1(2^,2w)  a2(£,<w) 
ei(2w)  e2(w) 


g+(2£)-2%_(2£)  tf»k2  +  riv) 


i(k'co) 


ff,(fl,2w)  oi^(q  —  k,a>}  aJk.co) 

y\ \B\q>k)  =  $) —  g+(g)  , —  +  (g-*)  ~  ,  v 

e,(2w)  e2(w)  e2(w) 


a2(k,i w)  a2(q  —  k,co ) 
e2(w)  e2(w) 


a0(q  —  p,a )) 

6i(2wJ  £2(w)  e2(VV) 


iqg-(q)  p\v\q-p)p  +  p(2 


(u)  ai( q  —  P’M)  q2(/7^w) 


e2(w)  e2(w) 


^±(?)  =  l  +  r01(^,2W)e2i“>(«'2“)°. 
idu  I  a,(2k,2co ) 

y(ob\k)  =  -ITT  ,,  ,  (1  +  r01(2*,2W)e2'-“^2">B) 


(w)  I  e1(2w) 


2  a2(k,co) 
e2(2co) 


(1  -  r01(2^,2w)e2'a>(2*;’2“)o)|JF(2^^), 


T.A.  Leskova  et  al.  /  Optics  Communications  183  (2000)  529-545 


545 


y[b\q,k)  = 
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Abstract 

Using  a  computer  simulation  approach  we  study  the  generation  of  second 
harmonic  light  in  reflection  and  in  transmission  in  the  Kretschmann  attenuated 
total  reflection  geometry.  In  this  geometry  a  thin  metal  film  is  deposited  on  the 
planar  base  of  a  dielectric  prism,  through  which  p-polarized  light  is  incident 
on  the  film.  The  back  surface  of  the  film,  which  separates  the  film  from 
vacuum,  is  a  one-dimensional,  randomly  rough  surface,  whose  generators  are 
normal  to  the  plane  of  incidence  of  the  light.  The  nonlinearity  responsible 
for  the  second  harmonic  generation  is  assumed  to  arise  at  the  prism-metal 
and  metal-vacuum  interfaces,  and  thus  enters  the  problem  only  through  the 
boundary  conditions  at  these  interfaces  at  the  harmonic  frequency.  The  source 
terms  entering  these  boundary  conditions  are  obtained  from  the  solutions  of 
the  corresponding  scattering  and  transmission  problems  at  the  fundamental 
frequency.  It  is  found  that  a  peak  in  the  angular  dependence  of  the  intensity  of 
both  the  transmitted  and  reflected  second  harmonic  light  occurs  in  the  directions 
normal  to  the  mean  scattering  surface,  in  addition  to  an  enhanced  backscattering 
peak  in  the  retroreflection  direction.  The  enhanced  transmission  peak  occurs 
in  the  non-radiative  region,  and  therefore  cannot  be  observed  in  the  far  field. 


1.  Introduction 

The  coherent  interference  of  multiply  scattered  electromagnetic  waves  propagating  in  volume 
disordered  media,  or  reflected  from  or  transmitted  through  random  surfaces,  has  attracted 
a  great  deal  of  attention  in  recent  years  due  to  their  analogy  with  the  interference  effects 
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caused  by  the  multiple  scattering  of  electrons  propagating  in  strongly  disordered  media  that 
are  responsible  for  Anderson  localization.  Even  if  the  volume  disorder  or  surface  roughness 
is  weak,  this  interference  is  important  because  it  can  give  rise  to  weak  localization  effects, 
including  enhanced  backscattering,  enhanced  transmission  and  satellite  peaks. 

For  randomly  rough  metallic  surfaces,  the  multiple  scattering  that  gives  rise  to  enhanced 
backscattering  involves  the  excitation  of  surface  plasmon  polaritons  [  1-3]  or  the  multiple 
scattering  of  volume  electromagnetic  waves  [4-7],  The  former  is  the  main  mechanism  involved 
in  the  case  of  weakly  rough  surfaces,  while  the  latter  appears  to  be  the  dominant  mechanism 
in  the  case  of  strongly  rough  surfaces. 

Recently,  the  main  ideas  of  weak  localization  theory  have  been  applied  to  nonlinear  optical 
phenomena  in  disordered  media  (see,  e.g.,  [8]).  In  particular,  a  perturbative  calculation  of  the 
second  harmonic  generation  of  light  in  the  scattering  of  p-polarized  light  from  a  clean,  weakly 
rough,  one-dimensional,  random  metal  surface  predicted  that  a  peak  in  the  angular  dependence 
of  the  intensity  of  the  second  harmonic  light  should  occur  not  only  in  the  retroreflection 
direction  but  also  in  the  direction  normal  to  the  mean  surface  [9].  The  second  harmonic 
radiation  in  this  study  was  assumed  to  be  generated  in  a  metal-vacuum  interface  layer  that 
has  a  finite  thickness  on  the  microscopic  scale,  within  which  the  isotropy  of  the  bulk  metal  is 
broken.  Within  this  layer  the  electromagnetic  fields  and  material  constants  vary  rapidly,  and 
their  gradients  give  rise  to  the  optical  nonlinearity  of  the  surface.  Therefore,  the  nonlinear 
polarization  enters  the  scattering  problem  only  through  the  boundary  conditions  on  the  second 
harmonic  fields  at  the  metal-vacuum  interface. 

A  subsequent  computer  simulation  and  perturbation  theory  study  of  second  harmonic 
generation  from  weakly  rough  one-dimensional  random  metal  surfaces  showed  that  either 
a  peak  or  a  dip  can  occur  in  the  retroreflection  direction,  depending  on  the  values  of  the 
phenomenological  constants  entering  the  nonlinear  boundary  conditions,  and  on  the  angle  of 
incidence,  and  that  there  is  no  peak  in  the  direction  normal  to  the  mean  surface  [  10],  The 
experimental  observation  that  only  a  dip  occurs  in  the  retroreflection  direction  for  all  angles 
of  incidence  [11, 12],  yielded  valuable  information  about  the  phenomenological  constants  in 
the  nonlinear  boundary  conditions  [13].  Not  surprisingly,  surface  plasmon  polaritons  play  a 
prominent  role  in  the  formation  of  the  features  observed  in  the  retroreflection  direction,  which 
have  been  shown  to  be  due  to  the  nonlinear  excitation  of  surface  plasmon  polaritons  at  the 
harmonic  frequency. 

Experimental  [14]  and  numerical  simulation  [15]  results  for  second  harmonic  generation 
in  the  scattering  of  p-polarized  light  from  clean,  one-dimensional,  random  metal  surfaces 
with  large  RMS  heights  and  large  RMS  slopes  agree  in  showing  well  defined  dips  in  the 
retroreflection  direction.  In  this  case  the  multiple-scattering  processes  that  give  rise  to  these 
dips  are  of  a  different  nature  from  those  occurring  at  weakly  rough  metal  surfaces,  and  involve 
the  multiple  scattering  of  volume  electromagnetic  waves  by  the  surface  roughness. 

Thus,  the  experimental  results  for  second  harmonic  generation  in  the  scattering  of  light 
from  both  weakly  rough  and  strongly  rough,  clean,  one-dimensional,  random  surfaces, 
are  explained  well  by  the  numerical  simulation  and  perturbation  theory  studies  of  this 
generation. 

The  earliest  experimental  investigations  of  the  second  harmonic  generation  of  light  in 
the  scattering  of  light  from  randomly  rough  metal  surfaces,  however,  were  not  carried  out 
on  clean,  one-dimensional,  random  metal  surfaces.  Instead,  to  amplify  the  second  harmonic 
signal  the  Kretschmann  attenuated  total  reflection  (ATR)  geometry  [16]  was  used.  In  the 
experiments  of  [17-19]  the  scattering  system  consisted  of  a  silver  film  deposited  on  the  planar 
base  of  a  dielectric  prism,  through  which  p-polarized  light  was  incident  on  the  film.  The 
unilluminated  (back)  surface  of  the  film  was  a  randomly  rough  surface  that  separated  the 
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film  from  a  nonlinear  quartz  crystal.  In  this  case  the  nonlinear  interaction  occurred  in  the 
quartz  crystal  rather  than  at  the  more  weakly  nonlinear  silver  surfaces.  A  well  defined  peak 
of  second  harmonic  generation  in  the  direction  normal  to  the  mean  silver-quartz  interface 
was  observed  in  transmission  in  [17].  When  the  experiment  was  carried  out  with  long-range 
surface  plasmon  polaritons  [20],  peaks  of  the  second  harmonic  generation  were  present  both 
in  the  retroreflection  direction  [  18, 19],  and  in  the  direction  normal  to  the  mean  silver-quartz 
interface  in  transmission  [19], 

In  [21-23]  efforts  were  made  to  observe  peaks  of  enhanced  second  harmonic  generation 
in  the  geometry  used  in  [17-19]  but  with  the  quartz  crystal  replaced  by  vacuum,  i.e.  at  a 
silver-film  vacuum  interface.  A  well  defined  peak  in  the  direction  normal  to  the  interface  was 
observed  in  transmission  in  [21,23].  However,  in  [23]  the  peak  was  observed  when  the  film 
was  a  gold  film,  but  not  when  it  was  a  silver  him.  In  contrast,  in  [22]  only  a  broad  depolarized 
background,  but  no  peak  in  the  direction  of  the  normal  to  the  mean  silver-vacuum  interface 
was  observed. 

The  Kretschmann  ATR  geometry,  especially  in  the  case  where  the  metal  him  is  in  contact 
with  vacuum,  has  attracted  a  good  deal  of  attention  from  both  theorists  and  experimentalists, 
because  it  is  designed  to  yield  experimentally  the  dispersion  relation  of  surface  plasmon 
polaritons.  This  structure  supports  two  surface  plasmon  polaritons,  of  which  the  one  bound 
to  the  metal-vacuum  interface  leaks  into  the  prism.  At  a  given  wavelength  of  the  incident 
light  one  can  hnd  the  optimal  condition  for  exciting  the  surface  plasmon  polaritons  of  this 
wavelength  localized  to  the  metal-vacuum  interface  by  varying  the  angle  of  incidence.  At 
the  optimal  angle  of  incidence  the  transmissivity  of  the  system  displays  a  maximum,  while 
the  reflectivity  simultaneously  displays  a  minimum.  From  a  determination  of  this  optimal 
angle  of  incidence  the  wavenumber  of  the  surface  plasmon  polariton  at  the  wavelength  of 
the  incident  light  can  be  obtained.  The  strong  excitation  of  surface  plasmon  polaritons  at  this 
angle  of  incidence  in  the  Kretschmann  ATR  geometry  make  it  an  attractive  one  to  use  in  studies 
of  second  harmonic  generation  of  light  at  weakly  rough  metal  surfaces,  where  the  multiple 
scattering  of  these  surface  waves  is  expected  to  play  a  dominant  role  in  the  formation  of  weak 
localization  features  in  the  angular  distribution  of  the  second  harmonic  light  scattered  from  or 
transmitted  through  the  randomly  rough  surfaces. 

A  perturbative  theory  of  the  second  harmonic  generation  of  light  in  transmission  in  the 
Kretschmann  ATR  geometry,  both  in  the  presence  of  a  nonlinear  crystal  in  contact  with  the  metal 
film  and  in  its  absence,  has  been  developed  very  recently  [24],  for  the  case  where  the  metal- 
vacuum/nonlinear  crystal  interface  is  a  one-dimensional  random  interface  whose  generators 
are  perpendicular  to  the  plane  of  incidence  of  p-polarized  light.  This  theory  predicts  that 
when  the  angle  of  incidence  is  optimal  for  the  excitation  of  surface  plasmon  polaritons  at 
the  film-vacuum/nonlinear  crystal  interface  an  intense  peak  should  be  present  in  the  angular 
dependence  of  the  intensity  of  the  transmitted  harmonic  light  in  the  direction  normal  to  the  mean 
interface.  This  peak  is  already  present  in  the  single-scattering  approximation,  and  is  therefore 
not  a  multiple-scattering  phenomenon.  For  an  angle  of  incidence  that  differs  from  the  optimal 
one,  a  dip  appears  in  the  angular  dependence  of  the  intensity  of  the  transmitted  harmonic 
light  in  the  direction  normal  to  the  mean  interface  when  the  metal  is  in  contact  with  vacuum. 
When  the  metal  is  in  contact  with  a  nonlinear  crystal  a  peak  in  the  angular  dependence  of  the 
transmitted  light  occurs  in  this  direction.  These  dips  and  peaks  are  multiple-scattering  effects. 
The  explanations  for  the  peaks  in  the  direction  normal  to  the  mean  metal-vacuum/nonlinear 
crystal  interface  correct  the  one  presented  in  [9,21,23]. 

In  this  paper  we  extend  the  results  of  [24],  which  are  valid  only  for  a  weakly  rough 
metal-vacuum/nonlinear  crystal  interface,  to  more  strongly  rough  interfaces,  by  carrying  out  a 
numerical  simulation  of  the  scattering  of  p-polarized  light  from,  and  its  transmission  through, 
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a  metal  film  in  the  Kretschmann  ATR  geometry,  in  the  case  studied  experimentally  in  [21- 
23],  where  the  metal  film  is  in  contact  with  vacuum.  In  our  analysis  the  metal-vacuum 
interface  is  assumed  to  be  a  one-dimensional,  random  interface.  We  assume  that  the  second 
harmonic  generation  occurs  in  the  metal-prism  and  metal-vacuum  interface  layers  that  have  a 
finite  thickness  on  the  microscopic  scale  and  neglect  the  small  contribution  to  the  nonlinearity 
coming  from  the  bulk  of  the  film.  In  this  case  the  nonlinear  polarization  of  the  interfaces  can  be 
taken  into  account  through  the  boundary  conditions  for  the  second  harmonic  fields.  Therefore, 
both  the  fundamental  and  harmonic  fields  satisfy  Helmholtz  equations  in  the  prism,  the  metal 
film  and  in  the  vacuum.  We  first  solve  the  linear  problem  of  the  scattering  of  light  of  the 
fundamental  frequency  a>,  and  use  its  solution  to  determine  the  surface  nonlinear  polarization 
at  the  harmonic  frequency  2&>.  Having  in  hand  the  boundary  conditions  for  the  harmonic  fields 
across  the  prism-metal  film  and  metal  film-vacuum  interfaces  we  then  solve  the  linear  problem 
of  the  scattering  of  light  of  second  harmonic  frequency.  Our  results  predict  the  occurrence  of  a 
peak  in  the  direction  normal  to  the  mean  metal-vacuum  interface  in  the  angular  dependence  of 
the  intensity  of  the  second  harmonic  light  generated  both  in  reflection  from  and  in  transmission 
through  the  rough  metal  film.  The  explanations  for  these  features  are  in  agreement  with  those 
presented  in  [24]. 

However,  it  will  not  be  possible  for  us  to  make  a  quantitative  comparison  between  the 
theoretical  predictions  of  this  work  and  the  experimental  results  presented  in  [21-23].  In  these 
papers  information  such  as  the  dielectric  constant  of  the  prism  and  the  mean  thickness  of  the 
metal  film  was  not  provided.  Moreover,  the  metal-vacuum  interfaces  in  these  studies  were 
two  dimensional  rather  than  one  dimensional,  and  their  roughness  was  not  characterized  in  a 
quantitative  fashion.  We  have  therefore  chosen  values  for  these  characteristics  of  the  scattering 
system  that  are  compatible  with  those  used  in  earlier  studies  of  the  scattering  of  light  from,  and 
its  transmission  through,  metal  films  [7,25],  and  in  studies  of  the  second  harmonic  generation 
of  light  from  clean,  randomly  rough  metal  surfaces  [10, 15, 24].  It  is  our  hope  that  the  results 
presented  in  this  paper  will  stimulate  experimental  studies  of  the  second  harmonic  generation 
of  light  in  the  Kretschmann  geometry  on  well  characterized  systems. 

The  outline  of  this  paper  is  as  follows.  In  section  2  we  define  the  scattering  system  studied 
in  this  work,  and  present  the  two  models  of  the  random  surface  roughness  that  will  be  used  in 
this  study.  The  two  surface  plasmon  polaritons  supported  by  the  scattering  system,  and  their 
consequences  for  the  angular  distribution  of  the  intensity  of  the  scattered  and  transmitted  light 
at  the  fundamental  frequency,  are  described  in  section  3.  The  scattering  problem  is  formulated 
in  section  4,  and  the  scattering  equations  at  the  fundamental  frequency  are  derived  in  section  5. 
The  boundary  conditions  at  the  harmonic  frequency  are  derived  in  section  6.  The  scattering 
equations  at  the  harmonic  frequency  are  obtained  in  section  7.  The  results  obtained  from  the 
solution  of  these  equations  are  presented  in  section  8,  and  the  conclusions  reached  on  their  basis 
are  summarized  in  section  9.  Two  appendices  containing  material  used  in  the  text  complete 
the  paper.  Readers  who  do  not  need  the  detailed  description  of  the  numerical  methods  used  in 
this  work  can  skip  sections  4-7,  as  well  as  both  appendices.  The  quantities  we  are  discussing 
in  section  8,  are  introduced  in  the  final  paragraphs  of  sections  5  and  7. 

2.  Scattering  geometry 

The  scattering  system  we  consider  in  this  paper  is  depicted  in  figure  1 .  It  consists  of  a  dielectric 
in  the  region  X3  >  D,  a  metal  in  the  region  ( (x  \ )  <  X3  <  D  and  vacuum  in  the  region 
.i'3  <  £  (x  1 ) .  The  dielectric  medium  is  characterized  by  a  real,  positive  dielectric  constant 
60,  while  the  metal  is  characterized  by  an  isotropic,  frequency-dependent,  complex  dielectric 
function  e (ox) .  We  will  be  interested  in  the  frequency  range  in  which  the  real  part  of  e (o>)  is 
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Figure  1.  A  schematic  diagram  of  the  scattering  geometry. 


negative,  since  it  is  in  this  range  that  surface  plasmon  polaritons  can  exist  in  this  scattering 
system.  The  surface  profile  function  £(.ri)  is  assumed  to  be  a  single-valued  function  of  x\ 
that  is  at  least  twice  differentiable,  and  constitutes  a  stationary,  zero-mean,  Gaussian  random 


process  defined  by  the  properties 

<£(*i)>=0  (2.1a) 

(S(xl)t;(x'l))=81W(\xl-x[\)  (2.1/7) 

(C2(X!)>=32.  (2.1c) 

The  angle  brackets  in  equations  (2.1)  denote  an  average  over  the  ensemble  of  realizations  of 
£(xi),  and  S  is  the  RMS  height  of  the  surface. 

The  Fourier  integral  representation  of  £  (jci)  is 

/°°  d  k  * 

—me'kx\  (2.2) 

-OO 

The  Fourier  coefficient  £  ( k )  is  also  a  zero-mean  Gaussian  random  process  defined  by 

<£(*)>  =  0  (2.3a) 

<?(*)£(*'»  =  2n8(k  +  k')82g(\k\)  (23b) 

where  g(|fc|)  is  the  power  spectrum  of  the  surface  roughness, 

/OO 

dx^-^WiM).  (2.4) 

-OO 


In  the  numerical  calculations  carried  out  in  this  paper  two  forms  for  the  power  spectrum 
g(|fc|)  will  be  used.  The  first  is  the  Gaussian  power  spectrum, 

g(|k|)  =  y)ra  exp(— a2k2/4) 


(2.5) 


188 


I  V  Novikov  et  al 


where  the  characteristic  length  a  is  called  the  transverse  correlation  length  of  the  surface 
roughness.  The  second  power  spectrum  we  use  is  given  by 

s(l*l)  =  ToTITa) [9(k  -  k^ik^ax  -k)  +  9(—k  -  +  k)] 

kmax  kmin 


nh2 


k(2)  -k(2) 

Kmax  K  ■ 


m  -  C„)d(kZ 


k)+e(-k-k^n)0(kZ+k)] 


(2.6) 


where  9(z)  is  the  Heaviside  unit  step  function,  and  h\  +  hi  =  1.  The  manner  in  which  k(tllJn, 
Kilax’  kmli'  ^max  are  chosen  will  be  described  in  section  8.  Surfaces  characterized  by  a  power 
spectrum  of  this  form  have  been  used  in  recent  experimental  [  1 1, 12]  and  theoretical  [  10, 13] 
studies  of  second  harmonic  generation  in  reflection  from  clean,  one-dimensional,  random  metal 
surfaces. 


3.  Surface  plasmon  polaritons  and  leaky  waves 

At  each  frequency  co  in  the  interval  0  <  co  <  comax,  where  comax  is  the  solution  of 
eo  +  Re  e  (co)  —  0,  the  structure  depicted  in  figure  1  supports  two  p-polarized  surface  plasmon 
polaritons,  whose  wavenumbers  are  denoted  by  <71  (co)  and  qi(co),  with  <71  ( co )  <  qiico).  In  the 
absence  of  surface  roughness  (/(x\)  =  0),  these  wavenumbers  are  obtained  as  the  solutions 
of  the  dispersion  relation 

[e0 P(q,  co)  +  e(co)Pp(q ,  co)][e(a>)Po(q,  co)  +  /3(q,  «)] 

=  ~[eoP(q,  w)  -  e(co)Pp(q,  a>)][e (w) /30(q ,  w)  -  P(q,  co)]  exp[-2;S(^,  (o)D) 

(3.1) 

where  ft p(q,  co)  =  [q2  —  eo(&>/c)2]1/2,  with  Re  fip(q,  co)  >  0,  Im /3p(q,  co)  <  0;  /3(q,  co)  — 
[q2  —  e(<a)(tt)/c)2]1/2,  with  Re  /3(q,  co)  >  0,  Im  ft  (q ,  co)  <  0;  and/Jo(<T  co)  —  [q2  —  (co/c)2]l/1, 
with  Re  /So  (q,  co)  >  0,  Im  /So  (q,  co)  <  0. 

If,  for  the  time  being,  we  neglect  the  imaginary  part  of  e(&>),  we  find  that  true  surface 
plasmon  polaritons  exist  only  in  the  region  q  >  ^/?o(tti/c),  where  both  fip(q,  co)  and  /So (q,  co) 
are  real  and  positive,  so  that  the  electromagnetic  field  in  both  the  prism  and  the  vacuum  decays 
exponentially  with  increasing  distance  from  the  metal  film  (/S  ( q ,  co)  is  real  and  positive  because 
we  have  assumed  that  c(o>)  is  real  and  negative).  In  the  limit  D  -*  00  the  vanishing  of  the  first 
factor  on  the  left-hand  side  of  equation  (3.1)  is  the  dispersion  relation  for  a  surface  plasmon 
polariton  localized  to  the  prism-metal  interface;  the  vanishing  of  the  second  factor  is  the 
dispersion  relation  for  a  surface  plasmon  polariton  localized  to  the  interface  between  the  metal 
film  and  the  vacuum. 

The  solution  of  equation  (3.1)  for  finite  values  of  D  in  the  frequency  range  of  interest  to  us 
yields  two  real  values  of  q ,  q\{co)  and  qi{co).  In  this  frequency  range  qiico)  >  Veo (co/c),  so 
that  both  PQ(qi{co))  and  fipiqiico))  are  real  and  positive.  The  field  associated  with  this  mode 
has  its  maximum  at  the  prism-metal  interface  and  decays  exponentially  both  into  the  prism 
and  into  the  vacuum.  This  is  a  true  surface  plasmon  polariton  mode,  which  in  the  limit  of  a 
thick  film  becomes  the  surface  plasmon  polariton  at  a  prism-metal  interface. 

The  solution  q\(co),  although  it  is  greater  than  (co/c,  qi(co)  >  (co/c),  is  smaller  than 
(co/c),  qi(co)  <  ^/cq(co/c),  so  that  p0(qi(co))  is  real,  while  fip(q\  (co))  is  imaginary.  The 
field  associated  with  this  mode  has  its  maximum  at  the  metal-vacuum  interface  and  decays 
exponentially  into  the  vacuum;  however,  it  radiates  into  the  prism.  Thus,  this  mode  is  a  leaky 
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qc/cop 


Figure  2.  The  dispersion  curves  for  the  surface  polaritons  supported  by  a  planar  metal  film 
characterized  by  the  dielectric  function  e(a>)  =  1  —  a>2p/a>2.  The  medium  above  the  film  is  a 
dielectric  (eo  =  2.25).  The  medium  below  the  film  is  vacuum.  The  leaky  mode  is  depicted  by  the 
broken  curve. 


wave.  In  the  limit  of  a  thick  film  this  mode  becomes  the  surface  plasmon  polariton  at  a  metal- 
vacuum  interface.  The  fact  that  for  finite  values  of  D  this  mode  is  a  leaky  wave  makes  it 
possible  to  be  excited  in  the  Kretschmann  ATR  configuration. 

The  dispersion  curves  resulting  from  the  solution  of  equation  (3.1)  are  plotted  in  figure  2 
for  the  case  where  eo  =  2.25  and  e(co )  has  the  simple  free  electron  form  e(co)  =  1  —  ( cop/co )2, 
where  cop  is  the  plasma  frequency  of  the  conduction  electron  in  the  metal.  The  portion  of  one 
branch  of  the  dispersion  curve  that  corresponds  to  the  leaky  wave  is  depicted  by  the  broken 
curve,  and  represents  a  plot  of  co  as  a  function  of  Re  q . 

When  the  imaginary  part  of  the  dielectric  function  is  restored,  i.e.  when  c(o>)  is  now  taken 
to  be  complex,  both  wavenumbers  qi{co)  and  <72 (®)  become  complex.  Their  imaginary  parts 
are  generally  small  enough  compared  with  their  real  parts  that  the  dispersion  curves  plotted  in 
figure  2  are  almost  unchanged,  except  that  the  entire  horizontal  axis  must  now  be  understood 
to  be  labelled  as  Re  q. 

The  fact  that  the  scattering  system  depicted  in  figure  1  supports  two  surface  plasmon 
polaritons  has  the  consequence  that  a  pair  of  satellite  peaks  can  occur  in  the  angular  distribution 
of  the  intensity  of  the  light  scattered  incoherently  from,  or  transmitted  incoherently  through, 
this  system  [26-28].  If  we  denote  by  q\ (co)  and  qiico)  the  real  parts  of  the  wavenumbers  of  the 
two  surface  plasmon  polaritons  of  frequency  co  supported  by  the  scattering  system,  an  analysis 
of  the  kind  carried  out  in  [26-28]  predicts  that  in  scattering  the  two  satellite  peaks  occur  at  the 
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scattering  angle  0S  given  by 

c 

sin  A*  =  -  sin  0O  ±  -  qiico)]  (3.2) 

Veo® 

where  6q  is  the  angle  of  incidence  (figure  1),  while  in  transmission  the  two  satellite  peaks  occur 
at  angles  of  transmission  0t  (figure  1)  given  by 

c 

sin0,  =  — ^/iosindo  ±  —  [q\  (co)  —  q\(co)].  (3.3) 

CO 

These  satellite  peaks  in  scattering  and  transmission  are  multiple-scattering  phenomena.  It 
should  be  noted  that  among  the  satellite  peaks  in  scattering  and  transmission  that  should  occur 
in  the  corresponding  radiative  region  of  the  optical  spectrum,  not  all  may  be  intense  enough 
to  be  observable.  This  is  especially  the  case  in  scattering  where  the  light  has  to  pass  through 
the  metal  him  twice,  and  is  attenuated  during  each  pass. 

The  fact  that  one  of  the  branches  of  the  dispersion  curves  obtained  from  the  solution  of 
equation  (3.1)  is  that  of  a  leaky  wave  for  a  certain  range  of  frequencies  (figure  2),  gives  rise  to 
the  possibility  of  additional  peaks  in  the  angular  distribution  of  the  intensity  of  the  incoherent 
component  of  the  reflected  light.  In  contrast  with  the  satellite  peaks  discussed  above,  these 
leaky  wave  peaks  are  single-scattering  phenomena,  and  hence  are  generally  more  intense  than 
the  former.  To  estimate  the  scattering  angles  at  which  the  leaky  wave  peaks  occur  we  use  the 
simple  argument  that  the  component  of  the  wavevector  of  the  scattered  light  parallel  to  the 
mean  scattering  surface  is  equal  in  magnitude  to  the  wavenumber  of  the  leaky  surface  plasmon 
polariton, 

Re[#i  (co)]  =  ±^€o  -  sin  0ieaky  (3.4) 

c 

The  angles  at  which  the  leaky  wave  peaks  occur  are  therefore  independent  of  the  angle  of 
incidence  6q.  We  note  that  because  Re[gi  (&>)]  is  smaller  than  ^/eo (co/c)  but  larger  than  (co/c), 
it  follows  that  there  are  no  leaky  peaks  in  transmission,  because  in  the  transmission  region  the 
dielectric  constant  is  unity,  and  the  corresponding  peaks  lie  in  the  non-radiative  region  of  the 
optical  spectrum.  For  the  same  reason,  leaky  wave  peaks  are  absent  in  the  scattering  of  light 
from  a  free-standing  metal  film  (f0  =  1).  Because  the  leaky  wave  peaks  give  a  significant 
contribution  to  the  angular  distribution  of  the  intensity  of  the  scattered  light,  we  may  expect 
that  multiple-scattering  effects  will  manifest  themselves  more  clearly  under  conditions  where 
the  leaky  wave  peaks  are  absent. 

4.  Formulation  of  the  scattering  problem 

Monochromatic  p-polarized  light  of  frequency  co,  whose  plane  of  incidence  is  the  .vi.v'3-planc, 
illuminates  the  prism-metal  interface  X3  —  D  from  the  side  of  the  prism.  In  this  case  it 
is  convenient  to  work  with  the  single  non-zero  component  of  the  magnetic  vector  at  the 
fundamental  frequency  co.  It  is  assumed  that  the  nonlinearities  that  give  rise  to  the  second 
harmonic  field  arise  in  a  thin  region  containing  the  prism-metal  interface,  and  in  a  thin  region 
containing  the  metal-vacuum  interface.  The  nonlinearity  of  the  metal  therefore  enters  the 
problem  only  through  the  boundary  conditions  at  these  interfaces  at  the  harmonic  frequency. 
It  is  also  implicit  in  our  formulation  of  the  problem  that  the  harmonic  field,  being  small,  has 
no  influence  on  the  fields  or  the  scattering  problem  at  the  fundamental  frequency.  Then  the 
.^-components  of  the  magnetic  fields  at  co  and  2 co  satisfy  Helmholtz  equations  in  each  of  the 
regions  X3  >  D  (region  I),  / (x \ )  <  X3  <  D  (region  II)  and  X3  <  t,  (x  1 )  (region  III).  By 
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applying  Green’s  second  integral  identity  in  the  plane  [29]  to  each  of  these  three  regions  in 
turn,  we  obtain  the  following  equations: 

9{x 3  —  D)H^\x i ,  X3 1 £2)  =  Hq(x\,  x3\Si)  H - /  dx[ 

4tt  J.qo 

H(I\x[ ;|£2) 


-^-G(£\xux  3\x[,x3) 


-I  x'3=D 

9)cv'  I 


-[G^(xux3\x[,x'3)]^=dL^>(x[\Q) 
9(x 3  —  t;(x\))9(D  —  x3)H^n\xi,  X3|£2) 


(4.1) 


—if  d,: 


0 

—  G((a\xi,X3\x[,x'3) 

|_  ox 2 

- G<0) (XI ,  x3 |x; ,  x' )  —  Hfn) (xj .XjlO) 


1  f00  , 

- /  dx 

4nr  J_0 0 


9 

9(V 


yG*n)(Xl,  X3|x'[,  X3) 


^(xi.XjlO) 


xf=D 


Hfn)(x[,x'3 1  £2) 


-  G^’ (XI ,  x3  K ,  x' )  —  ff2(//)  (x;  ,  X3 1  Si) 
or! 


(4.2) 


*3=f(*l) 


0a(x1)-X3)//f/,(x1,X3|^) 


=  -if  d,: 


—  G^,(xi,X3|x'1,X3) 


'  H(n,)(x[\Q) 

*(=?(*!) 


-[g^)(x1,x3|x,1,x;)1  Lal,>(x\\Q)\  (4.3) 

respectively.  In  these  equations  G  denotes  either  o>  or  2a>,  9(z)  is  the  Heaviside  unit  step 
function. 


and 


9  ,99 

d~N  ~  Ul)9xq  +  9x3 


Hq(xi,  X3|fi)  =  //2(/)(xi,  x^\co)i„c  Si  =  co  (4.5a) 

=  0  Si  =  2(0.  (4.5  b) 

The  source  functions  //(/)(xi|£2),  L(/,(xi|£2),  H{III)(xi\Si),  and  L(///)(xi  |Q)  are  defined  by 
7/(/)(xi  |£2)  =  H^\xux3\Si) 

0 

L(/)(X!|^)=  —  H2(/)(xi,x3|S 
OX  3 

H{,U)(x\  |G)  =  G2(//,)(xi,x3|G) 


(4.4) 


x$=D 


X3 =D 


L(,II)  (xi  |  £2)  =  —  H"U)  (xi  ,  x3 1  Si) U=f0ci) . 
d/V 


(4.6a) 
(4.6  b) 
(4.6  c) 
(4.6  d) 
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The  functions  G^  (X| ,  x3 \x[ ,  x'3),  G*Q)  (x\ ,  x3 \x[ ,  x'3)  and  GqQ>  (x\  ,  x3 \x[ ,  x'3)  are,  respectively, 
the  Green  functions  for  a  dielectric  medium  characterized  by  a  dielectric  constant  to,  for  a  metal 
characterized  by  a  dielectric  function  e(£2),  and  for  vacuum,  at  frequencies  a>  and  2o>.  They 
are  given  explicitly  by 

rot  ,  ,  dq  Ini  ,  , 

G^‘  (xi,x-}\x1,x3)  —  /  - - - — —  exp[u/(xi  -  x,  )  +  \ap(q,  Q)|x3  -  x3|]  (4.7a) 

J  —  OO 

=  m  Hq1)  (el/2^-[(x  1  -  x[)2  +  (x3  -  x'3)2]XI2\  {A. lb) 

Gf)(xi,x3\x\,x'-i)  =  f  p-  ^  exp[i<y(xi  -  x[)  -  j8(g,  fl)|x3  -  x3|]  (4.8a) 

J —00 

=  wff0a)(«e(^A(xi  -x;)2  +  (x3 -Xj)2]1/2)  (4.8b) 

(£2)  ,  ,  f00  dq  2ni 

G q(xuX3\x1,x3)=  - - - — —  exp[ir/(xi  -  x,)  +.ia'0(<y,  G)|x3  -  x3|]  (4.9a) 

J —OO  ^0  1 

=  'm -  x'\)2  +  fe  -  x3)2]1/2^  (4.9b) 


where 


ap(q,  Q)  =  e0—  -  q 


q  <  eo— 

c~ 


(4.10a) 


=  1 


q~  >  e0  — 

c~ 


(4.10b) 


a0(q,  £2)  =  I  —  -  q‘ 


(4.11a) 


1  \q  - 


(4.11b) 


/3(qM)  =  lq~-e(n)  — 


Re yS (T/ ,  ^2 )  >  0  lm/3(q,  £2)  <  0 


ne(Q)  =  (e(£2))1/2  Rene(£2)  >  0  Im«e(£2)  >  0  (4.13) 

and  //,, 1 1  (z )  is  a  Hankel  function  of  the  first  kind. 

The  scattered  field  in  the  prism  is  given  by  the  second  term  on  the  right-hand  side  of 
equation  (4.1): 

1  C°°  ITS  1 

H 2(/)  (X! ,  x2 1  £2)«  =  —  /  dxj  —  G®  (xi ,  x3 \x[ ,  x'3)  H{1)  (x[  |  £2) 

47T  J- 00  [0X3  J*'=Z) 

-  [G'f  Cn ,  x3 \x[ ,  x' )]  L(/) (x;  I  £2) } .  (4.14) 
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The  transmitted  field  in  the  vacuum  is  given  by  the  right-hand  side  of  equation  (4.3): 


i  c°°  r  9 

}(xi,  JT3|S2)fr  =  )  d-Vl  j  I  \x[  ,x'3) 

-  [Gf^0) (JC! ,  JC3 |jci ,  *3)]  ,= 


Hin,)(x[\£l) 


To  obtain  the  equations  satisfied  by  the  source  functions  H(1',n) (X|  |  £2)  and  L{,',U) (x\ | £2) 
we  proceed  as  follows.  By  setting  x3  —  D  +  where  i]  is  a  positive  infinitesimal,  in 
equations  (4.1)  and  (4.2),  and  using  equations  (4.6),  we  obtain  the  following  pair  of  equations: 


H(l\Xl\Q)  =  H0(xl\Q)+  — 


1  r°°  ,  r 

-  / 

J —00 


—  G®  (xux3\x[,x'3) 


X3 =D+t] 
x'-x=D 


xfl|,,(i| |S2)-  [G^)(x1,x3 Ix'^x'^^D+r,  L(IHx[ |£2) 

x'=D 


0  =  -  — 


[h^\x[,x'3  in)]^ 


1  r°°  r  9  "i  r  1 

-  —  /  dxj  —  G<n) (xi ,x3\x[,  X3)  ff2a/) (*1 .  *3 1 

4jr  d_oo  dx,  X3=D+I)  L  "  Jx(= 

-  [G^n)  (X!  ,  X3  |xj  ,  X3)]  x3=Z)+>j  \  \x[,  x' |£2)1  } 

x(=£)  Ld*3  Jx(=«  J 

I  7  00  f  3  1  r 

H - /  dxj  - G^Q,(X|  ,  X3  |X| ,  x()  (Xj 

4tt  1  1  9iV'  e  31  1  3  x3=d  L  21 

"9 

-  [G<°>  (X! ,  X3 \x[  ,  x'  )]  x3=D  —  W2(,,}  (xj  ,  x'  I  S2) 

*5=c<*J)  L9Ar'  ' 


X3=D 

x3=£(xl) 


[w2w,(x;,x'i^)]^ 


where 


Ho(xilQ)  =  H0(xi,X3|£2)U3=d. 


We  obtain  two  more  equations  by  setting  x3  =  £(xi)  +  ?]  in  equations  (4.2)  and  (4.3): 


H{2U)(x  i,x3|S2) 


—  G^  '(Xi,X3|Xi,X3) 


=  -  j-  f  dxi  7-7  (w  -  x3  ki  -  *3) 

X3  =  f  (-H)  4jr  J.oo  L  9X3  J  X; 

f  (*1  .Xjiml  ,  -  [G<0)  (X! ,  X3  \x[  ,  x'  )]  X3=f  (XI) 

L  J  x-,=D  r'  —  n 


X3=S(xi) 


X  I  —tf2W,(x;,x'|Q) 


+i/-»4,'|[37;Cf’<',-'jW'4 

(,  -[G<n)(X!, 


*3  =  ?(*l)+>t 
-*3=?C*i) 


,  ,  -  [Gf}  (xi ,  x3  \x[ ,  X3)]  X3=f(jd)+i) 

x3~  t(.xi)  *'=£(*  J) 


x  —H$m(  x\,x'*\Q) 
dN'  2  1  31 


■*3=f(*l) 
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o  =  - 


1 

4  n 


[  dx(  - g!P\xi,  X3\x\  , 

J-oc  1  IdN'  0  31  1 


*3=C(*i  )+n 


Him(x[  |  £2) 


-  [  Gf>  (x, ,  x3  |x; ,  x')l  x^(xi)+ll  (x\  |  Q)  .  (4.20) 

*3=f(*i)  ’ 

The  four  equations  (4.16),  (4.17)  and  (4.19),  (4.20)  provide  the  starting  point  for  the  calculations 
that  yield  the  source  functions.  We  now  consider  the  fields  at  co  and  2o>  in  turn. 


5.  The  linear  scattering  equations 

The  continuity  of  the  tangential  components  of  the  electric  and  magnetic  fields  across  the 
surfaces  X3  =  D  and  X3  =  £(xi)  at  frequency  co  can  be  expressed  as 

//2(/)(xi,  x3|oj)|X3=/j  =  //2//,(xi,X3|cu)U3=z)  (5.1a) 

19  19 

—  i,x3|w)U3=d  =  —  i,x3|<y)  L3=,d  (5.1  b) 

€ 0  OX 3  €(CO)  0X2, 

and 

H{"\x  1,  X3|to)|l3=f(ll)  =  H^n\xu  X3|a))|*3=f(*i)  (5.2a) 

^  ^  W2(//) (xi ,  x3 1 co)  U3=f(x1)  =  ^ H%U) (xi ,  x3|a>) U3=f  ta)  (5.2b) 

respectively.  When  these  boundary  conditions  are  used  in  the  integral  equations  (4.16),  (4.17) 
and  (4.19),  (4.20)  with  Q,  —  co,  and  the  definitions  of  the  source  functions,  equations  (4.6),  for 
£2  =  00  are  used,  we  obtain  the  following  set  of  integral  equations  for  the  four  source  functions 
H{I)(x\ \co),  L(/,(xi | <w),  Hm(x i\w),  and  Lw/)(x, | w): 

/OO 

dx'i  [//^(xiK^Vil©)  -L£D(x1|x'1)L(/V1|a>)] 

-OO 

(5.3) 


0  = 


H(,II)(x\  |  a>)  = 


0  = 


—  H®d(x\  \x[)H(I){x[ \a>)  +  — LfD(xi|xJ)Lm(x» 

eo 

+//(fl0(xi|x;)//(///)(x»  -  eMLf°(x1|x;)L(///)(x» 

—  H°d(x\  \x[)Hu\x[ \co)  +  — LfZJ(x1|x,1)L(/>(x,1|cu) 

eo 

+We00(xl|x;)//,///)(x»  -  e (co)L°°  (xq  |x'j ) L (///) (xj  | co) 

-H°°(X  1  IxJ)//^^;  Ia>)  +  L0OOUi  k'i)i(///,u;  1©)]. 


(5.4) 


(5.5) 

(5.6) 


The  kernels  appearing  in  these  equations  are  written  out  explicitly  in  appendix  A. 
Equations  (5.3)— (5.6)  are  solved  by  converting  them  into  matrix  equations.  The  way  in  which 
this  has  been  done  in  this  paper  is  outlined  in  appendix  B. 
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For  the  incident  field  we  use  the  superposition  of  an  infinite  number  of  incoming  plane 
waves, 

^2  0^1  >  \(&)inc  =  ^  ~r~  I 

C  71  J — ji 


[X/ 2 

arw2  2 

1  df)  exp 

J-7, r/2 

<?o  .  ,  (9  9q) 

4  c- 

x  exp 


i\/fo  (x\  sin  9  ~  (x3  ~  D)  cos  9) 
c 


(5.7) 


In  the  limit  ^/cotcow /2c)  1  this  expression  defines  a  Gaussian  beam  of  width  2 w,  whose 

angle  of  incidence  is  9q.  The  total  time-averaged  flux  incident  on  the  surface  X3  =  D  is 

•ii/2 


/  dxi  /  dx2  Ref^jlmc 

J — 00  J — L  2/2 


=  Lo 


cw 


16V27T€o 


Erf  (  Veo 


cow  /  7 r 


x/2c 


-  -  0O  +  Erf  v^o 


ft)W  /  7T 


V2c 


—  4- 
2 


(5.8) 


where  S 3  is  the  three-component  of  the  complex  Poynting  vector,  L2  is  the  length  of  the  surface 
along  the  x2-axis,  and  Erf(z)  is  the  error  function. 

With  the  use  of  the  integral  representation  (4.7a)  of  the  Green  function  G ^  (x\ ,  X3  \x[ ,  X3) 
we  can  write  the  amplitude  of  the  scattered  field  (4.14)  in  the  far  field  in  the  form 

(i) 

H2  C*i,  X3\(o)sc  =  I  —  R(q,co)exp[iqxi+iap(q,co)x3]  (5.9) 

J  —  OO 


where 


1  r°° 

R(q,  co )  =  -  /  d.n  exp[— iqx\  —  i ap(q,  co)D ] 

2mp(q,co)  J-oo 


x[i ap(q,  co)H(I\x\\co)  +  L(I) (x\\co)]. 


The  total  time-averaged  scattered  flux  crossing  the  plane  X3  =  constant  >  D  is 

/oo  rL2/2 

dxi  /  dx2  Ret.S’Qv,. 

-OO  J  —1 


j(®)  _ 


—  OO 

n/ 2 


/-L2/2 


/n/z 
-jt/2 


d9sPsc(9s\w) 


where 


(5.10) 


(5.11) 


and 


Psc(9s\a>)  =  L2 


64jr2eoa> 


\r(9s  \co)\2 


r(9s  \co)  —  21^/eo —  cos0,lq  */eo  —  sin0j,  co 


(5.12) 


(5.13) 


(x  1 ,  X3  |Xj ,  X3)  we  can  write  the  amplitude  of  the  transmitted  field  (4.15)  as 
(in)  d0 

H2  ’(xi,Xi\co)n  —  /  —  T(q,  co)exp[iqx\  -  ia0(q,  co)x3] 

J — 00 


In  a  similar  fashion,  with  the  use  of  the  integral  representation  (4.9a)  of  the  Green  function 


(5.14) 


where 

T  ( q ,  co)  =  -  f 

2i a0(q,  co)  J_ 


dxi  exp[— iqx\  +  iaoO?,  <w)f  (xi)] 
x [i{q$'(x\)  +a0(q,  co))H(III) (x\\co)  -  L(UI\x\\co)]. 


(5.15) 
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The  total  time-averaged  flux  crossing  the  plane  x2  =  constant  <  £(xi)min  is 

,L2/2 

dx2  Re^],,- 


where 


p(w) _ 

rtr  — 


-r*[ 

j —00  J— 

/_ 


—00 
jt/ 2 


-Li/2 

ddr  ptr(e,\co ) 


(5.16) 


P,r(9t\w)  =  L2 


64tc2co 


V(e,\(o)\2 


and 


co 


t(6,\a>)  —  2i—  cos 0,  T I  —  sin$f,  co 


co 


(5.17) 


(5.18) 


The  differential  reflection  coefficient,  defined  as  the  fraction  of  the  total  incident  power 
that  is  scattered  per  unit  angle,  is 


9R(0s|co)  Rsc(6>s|cu) 


dds 


p 

1  in 


=  Li 


\r(es\co)\7 


64jr2eooo 


(5.19) 


Similarly,  the  differential  transmission  coefficient,  defined  as  the  fraction  of  the  total  incident 
power  that  is  transmitted  per  unit  angle,  is 


3r(0f|a>)  P,r(9,\co)  c2  \t(Q,\co)\2 

=  Pi 


dd, 


p. 

1  in 


64tt2co 


(5.20) 


From  these  results  we  find  that  the  contributions  to  the  mean  differential  reflection  and 
transmission  coefficients  from  the  incoherent  component  of  the  scattered  and  transmitted  light 
are  given  by 


ldR(9s\co)\ 

\  r\  I 


\ 


dOs  tmcoh  Ll  64tt 2 €oa> 


c 2  (k(^j|<n)r>  —  |(r(0s|(y)>r 


ldT{d,\<o)\  _L  c2  (\t(6,\co)\2)-  \(t(e,\a>)}\2 


\  3  Or  I 


incoh 


64jt2&> 


(5.21) 

(5.22) 


6.  Nonlinear  boundary  conditions 

Homogeneous  and  isotropic  metals  possess  inversion  symmetry.  Therefore,  the  dipolar 
contribution  to  the  bulk  nonlinear  polarization  is  absent  ( x(2)  —  0).  The  presence  of  a  surface 
breaks  the  inversion  symmetry  and,  since  both  the  electromagnetic  fields  and  material  constants 
vary  rapidly  at  the  interfaces,  their  gradients  give  rise  to  the  optical  nonlinearity  of  each  of 
the  interfaces.  Therefore,  the  second  harmonic  radiation  we  are  interested  in  is  generated  in  a 
prism-metal  interface  layer  and  in  a  metal-vacuum  interface  layer  that  have  finite  thicknesses 
on  the  microscopic  scale.  Consequently,  the  resulting  nonlinear  polarization  can  be  taken  into 
account  through  the  boundary  conditions  for  the  second  harmonic  fields.  In  what  follows  we 
will  neglect  the  small  contribution  to  the  nonlinearity  coming  from  the  bulk  and  the  possible 
anisotropy  of  the  material  constants.  We  also  assume  that  the  metal  film  has  a  macroscopic 
thickness,  so  that  the  interface  layers  are  well  separated.  Several  models  of  the  surface  nonlinear 
polarization  have  been  discussed  in  the  literature  [30-36].  In  this  paper  we  derive  the  nonlinear 
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boundary  conditions  for  the  general  form  of  the  nonlinear  polarization  in  a  centrosymmetric 
metal  proposed  in  [33],  which  in  the  case  of  a  metal  film  is 

P,m  =  ^-[uUIIE{S?  ■  E)  +  /W E  ■  V)E 

’  47T 

+Y1.111E  x  (V  x  E)  +  E{E  •  VpUII)  +  (E  •  E)Vk/j//]  (6.1) 

where  the  subscripts  I  and  III  denote  the  prism-metal  and  metal-vacuum  interfaces, 
respectively,  the  coefficients,  in  general,  depend  on  the  distance  from  the  corresponding 
interface  and  E  is  the  macroscopic  electric  field.  The  coefficients  entering  the  expression  (6.1) 
can  be  related  to  the  nonlinear  parameters  of  the  other  models. 

Both  material  constants  and  electromagnetic  fields  vary  strongly  across  the  interface  layers. 
However,  outside  the  interface  layers  the  fields  are  finite.  This  implies  that  in  spite  of  the 
singular  behaviour  of  the  nonlinear  polarization,  the  tangential  components  of  the  electric 
and  magnetic  fields  and  the  normal  components  of  the  displacement  vector  must  be  finite. 
The  latter,  in  turn,  implies  a  singular  behaviour  of  the  normal  component  of  the  electric  field 
across  the  interface  layer.  The  nonlinear  boundary  conditions  for  the  2o>  fields  are  obtained 
by  integrating  the  Maxwell  equations  for  them  across  the  interface  layers,  and  then  passing  to 
the  limit  of  vanishing  thicknesses  of  the  layers. 

We  first  derive  the  nonlinear  boundary  conditions  for  the  rough  metal-vacuum  interface, 
*3  =  %(x  1).  We  introduce  a  local  coordinate  system  with  unit  vectors  {x,y,z},  where 
x  =  (1,  0,  t;'(xi))/(p(xi)  and  z  =  (— £,'{x\),  0,  \)/4>(xi)  are  unit  vectors  tangent  and  normal 
to  the  interface  in  the  plane  perpendicular  to  its  generators,  <p{x\)  =  [1  +  (^'(.ri))2]1/2,  and 
y  is  the  unit  vector  along  the  X2-axis.  In  this  coordinate  system  all  material  parameters, 
e(&>),  e(2a> ),  a,  P,  y,  p  and  k,  depend  only  on  the  distance  from  the  interface  along  the  normal 
to  it,  z.  Integrating  the  tangential  component  of  the  equation  V  x  H  —  —  (2i co/c)D,  namely 
dHt/dz  =  ( 2\u>/c)z  x  D,  +  V,  / /- ,  along  a  contour  around  the  metal-vacuum  interface,  we 
obtain  with  the  use  of  the  relation  D  —  e(2co,  z)E  +  4jtPNL 

2iw  „ 

\im\H,(x ,  r]\2m)  —  H,(x,  —  r]\2a>)]  =  lim  /  dz  - z  x  [e(2 a>,  z)E,(x ,  z|2&>) 

>/-»■  0  c 

+4nPtNL(x,  z|2&>)]  +  —  Hz(x,  z|2®)l  (6.2) 

dt  ) 

where  the  subscript  t  denotes  the  components  tangential  to  the  local  interface  and  3/3f  = 
(d/dx,  d/dy,  0). 

The  non-vanishing  contribution  to  the  integral  on  the  right-hand  side  of  equation  (6.2)  in 
the  limit  77  — ^  0  comes  from  the  most  singular  part  of  P,NL.  Since  the  normal  component  of 
the  electric  field  and  the  nonlinear  material  parameters  are  discontinuous  across  the  interface, 
their  derivatives  with  respect  to  the  normal  to  the  interface  determine  the  unbounded,  most 
singular,  part  of  the  nonlinear  polarization.  Therefore,  from  equation  (6.1)  it  follows  that  the 
unbounded  part  of  the  tangential  component  PtNL  has  the  form 


=  -z—E,(x,  z\a>)Dz(x,  z|<w)  a///(z)  — 


dp///(z) 


dze(a>,z)  e(a>,z) 


where  e(&>,  z  >  p)  —  e(co)  in  the  metal  and  e(&>,  z  <  —rf)  =  1  in  vacuum.  Since  E,  and  Dz 
are  finite  they  can  be  evaluated  at  the  surface  and  removed  from  under  the  integral  sign.  As  a 
result  we  obtain 

Hjn\x,  z|2<y)|-=0  -  Hjn,)(x ,  z|2oj)|z=0  =  ^-p.f^z  x  E,(x,  z\co)Dz(x,  z\co)\z=0 


(6.4) 
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where  the  superscripts  (III)  and  (II)  denote  the  fields  in  vacuum  and  in  the  metal  film, 
respectively,  and  the  phenomenological  nonlinear  constant  is  given  by 


=  lint  r 


dz 


«///(z) 


1 


1  d  pui(z) 


d  ze(co,z)  e(co,z)  dz 


(6.5) 


The  field  components  entering  the  nonlinear  source  on  the  right-hand  side  of  equation  (6.4) 
are  continuous  across  the  local  interface  z  =  0  and  can  be  evaluated  either  in  the  film  or  in  the 
vacuum. 

The  analogous  boundary  condition  for  the  tangential  component  of  the  magnetic  field 
across  the  planar  metal-prism  interface,  x 3  =  D,  is  obtained  in  the  same  manner,  with  the 
result  that 

h\I] (x\,  x3\2to)\Xz=D  -  H\n) (x\,  Xi\2a>)\Xj=D 


2i  a> 


—  /A3  *3  X  Et(Xi,  X3\to)D3(Xi,  X3\w)\Xi=D 


(6.6) 


where  x3  is  the  unit  vector  normal  to  the  interface  directed  into  the  prism  and  the  superscript 
(I)  denotes  the  fields  in  the  prism.  The  phenomenological  nonlinearity  constant  //  z 1  is  given 
by 


/47) 


rD+'l 

lim  /  dx3 

^0  JD-n 


d  1 

01 1  (x  3) - 

dx3e(co,x3) 


1  dp,(x3) 

e(ca,x  3)  d.V3 


(6.7) 


and  e(co ,  x3  <  D  —  rj)  —  e(co)  in  the  metal  film  and  e(a>,  z  >  D  +  rj)  —  e 0  in  the  prism. 

The  second  boundary  condition  at  the  metal-vacuum  interface  x3  =  t;(x\)  is  obtained 
by  integrating  the  tangential  component  of  the  equation  V  x  E  —  (2\a> / c) H ,  namely 
8E,/dz  =  —(2ia>/c)z  x  H,  +  Vr  Ez,  around  the  metal-vacuum  interface: 


lim [Et(x,  rj\2a>)  —  E,(x,  —  rj\2a>)] 

i)^0 


/yj  /  0  \ 

dz  ( - z  x  H,(x ,  z\2m)  +  — Er(x,  z\2w)  ).  (6.8) 

-n  \  c  dt  ) 

The  normal  component  of  the  electric  field  can  be  singular  at  the  interface.  To  exclude 
it  we  use  the  relation  Ez(.*,z|2t»)  =  [Dz(x ,  z\2co)  —  ATtPzL(x,z\2co)]/e(2co,z),  where 
e(2 a>,  z  <  —>])  —  1  in  the  vacuum  and  e(2 a>,  z  >  >])  =  e(2co)  in  the  metal.  Since  the 
tangential  component  of  the  magnetic  field  and  the  normal  component  of  the  displacement 
are  finite  across  the  interface  layer,  the  non- vanishing  contribution  to  the  integral  on  the  right- 
hand  side  of  equation  (6.8)  as  rj  — >  0  comes  from  the  most  strongly  varying  part  of  the  normal 
component  of  the  surface  nonlinear  polarization.  From  equation  (6.1)  it  follows  that  this  is 
given  by 


PzNL(x,z\2co) 


1 

An 


D2z(x,  z \co) 


(aIH(z)  +  Pm(z)) 


d  1 

dz  e2(a>,  z) 


1 


e2(co,  z)  dz 


(Plll(z)  +  AT///(z))  I  +  Et  (x,  z | oj) 


,d  kiu(z) 

dz 


(6.9) 


On  evaluating  the  continuous  fields  at  the  interface  and  removing  them  from  under  the  integral 
sign  we  obtain 

tn\  tm\  3  /  ir  i\  a  -» 
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The  phenomenological  constants  //(|/,/i  and  /x!,™1  appearing  in  the  boundary  condition, 
equation  (6.10),  are  given  by 


(HD 

Mi 


dz 


1 

e(2 co,  z) 


1 

-(am(z)  +  Piuiz)) 


d  1 

dz  e2{co,  z) 


and 


+—, - r  -t-(Piii(z)  + 

e~(co,  z)  dz 


dm 

M2 


dz 


1  djc/7/(z) 

e(2co,z)  dz 


(6.11) 


(6.12) 


In  the  same  manner  we  obtain  the  second  boundary  condition  for  the  prism-metal  interface 
x3  =  D  in  the  form 

x3\2(d)1x,=d  -  E\n\xi,  x3\2w\Xi=D 


9 

U 


x3\u>)  +  [x(2nE?(xi,  x3|cu)j 


1*3=0 


(6.13) 


The  phenomenological  constants  /x^1  and  appearing  in  the  boundary  condition  (6.13)  are 
given  by 


r  D+i)  i 

lim  /  dx3 - 

>i^oJD-r,  e(2a>,x3) 


1 

-(oti(x3)  +  fil(x3)) 


d  1 

dx3  e2(co,  x3) 


and 


+  - r  —  (Pi(x3)  +  /c/(x3)) 

€z(CO,X 3)0X3 


r  d+i) 

—  lim  /  dx3 

i-*0  JD-v 
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<1k[(x3) 


e(2co,x3 )  d.V3 


(6.14) 


(6.15) 


From  the  boundary  conditions,  equations  (6.4),  (6.6),  (6.10)  and  (6.13),  it  follows  that 
when  the  incident  field  is  p-polarized  the  nonlinear  sources  on  the  right-hand  sides  of  the 
equations  are  non-zero  only  for  p-polarized  fields  of  frequency  2 co.  In  this  case  it  is  convenient 
to  work  with  the  single  non-zero  component  of  the  magnetic  field  H3(x  \ .  x3|Q),  and  in  the 
laboratory  coordinate  system  (xi ,  x2.  x3)  the  nonlinear  boundary  conditions  (6.4)  take  the  form 

„(//)/  ,0  3  „ (in),  ,0  3  2ic  <///)  L{IU\x\ |ft>)  d  ,m ■) 

H2  (xi,x3\2w)\ x3=!M-H  (x\\2(o)  =  — M3  — tt~,  : — ~z~H  (*iM 

co  cp-(x  1)  dxi 


=  A{nl\x)\2cD) 


(6.16a) 


and 


1 

e(2  co) 


'  9 

Jn 


H?\xu  x3\2co) 


l*3=f(*l) 


L(///)(xi  |2&>) 


2ic  d 

co  dx'i 


V(x  1) 


M(r  I"))'  +  i4!I)L(,II)(x)  |«)2 


=  Bm(Xl\2co)  (6.16b) 

where  H(l’IU)(x\  |f))  and  L(/,///>(xi  |£2)  are  given  by  equations  (4.6),  while  d/dN  is  the 
unnormalized  derivative  along  the  normal  to  the  surface  and  is  given  by  equation  (4.4). 
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The  nonlinear  boundary  conditions  (6.2)  and  (6.8)  in  terms  of  the  source  functions  take 
the  form 

H(I\x i|2cu)  -  //2(//,(xi,x3|2w)|,3=„  =  —ii^-L(I)(Xl\<o)^-H(I)(x i|o>) 

co  eo  d^i 


co  "  e0 
=  A{I)(xi\2a>) 


(6.17  a) 


1  i  9 

-L{I)(Xl\2co)  -  -—  —  H^ixuxi |2cu)k3=I 


e(2a>)  9x3 


=  — -p-  Mi'’  +/r^/)-lyL(/)(xi|ft;)2 

a;  dxi  \dxi  )  €q 


=  Ba)(Xl \2co). 


(6.17b) 


The  nonlinear  boundary  conditions  (6.16)  and  (6.17)  were  derived  for  the  general 
form  of  the  surface  nonlinear  polarization  given  by  equation  (6.1).  The  requirement  of 
energy  conservation  leads  to  the  following  relations  among  the  coefficients  in  equation  (6.1): 
a i  m  —  —Pun  —  —//,///,  and  Vp/  ///  =  V(a/  m+2-Ki  u).  In  this  case  the  nonlinear  coefficients 
ix''l,l]  takes  the  form 


p(///)  =  lim  [  dz 

J_n  l 

rn 

=  lim  /  dz  - 

’7-*0  J_n  e 

f” 

—  lim  /  dz  - 

>7^0  J  € 


d  am(z ) 


2  d  Kln(z) 


dze(«,z)  e(a>,  z)  dz 


e2(a >,  z)e(2co ,  z)  dz 

1  d  k,u(z) 
e(2co,z)  dz 


—  (oiiii(z)  +  3/ c///(z)) 


(6.18a) 


(6.18b) 


(6.18c) 
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>7^0  JD_ ^ 
r  D+ii 
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r  d+ii 
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>-n  e-(«,z)dz 


1  d ki(z) 
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(6.19a) 


(6.19b) 


(6.19c) 


If  we  assume  that  the  coefficients  pun  and  kj  hi  vanish,  while  a/j/i,  Pun  and  Yi,iii 
are  independent  of  the  distance  from  the  interface,  the  nonlinear  polarization  reduces  to  the 
form  introduced  by  Bloembergen  et  al  [30].  In  this  case  // {^'tU)  vanish,  while  the  nonlinear 
coefficients  p.\IJII>  and  ix^'UI)  take  the  forms 


p}‘  =  lim  am  /  dz  — 


dz  e(co,  z) 


(6.20a) 


Mi  =  lim  -(a m  +  pm)  /  dz 


€{2co,  z)  dz  e2(co,  z) 


(6.20b) 
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and 


—  lim  «/ 

J  tj—>0 


o+r,  d 

dz 


pU+1 

J D-r] 
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Mi0  =  lim  -  (a/  +yS/) 
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dz  <s(a >,  z) 

D+i) 


■/. 


dz 


d-^  e(2ca,  z)  dz  e2(a>,  z) 


(6.21  a) 

(6.21  b) 


Finally,  if  we  assume  that  pi  m  =  Ki  m  —  0,  while  otj  m  =  e/(&JTma>2)  =  ji,  Yi,iii  — 
/3I  IU  =  e3«o(z)/(4/«2w4)  =  2 y(z),  where  e  is  the  magnitude  of  the  electron  charge,  m  is  the 
electric  mass  and  no(z)  is  the  electron  number  density,  no(z)  =  noO(z)9(D  —  z),  where  0(z )  is 
the  Heaviside  unit  step  function,  the  surface  nonlinear  function  given  by  equation  (6. 1 )  reduces 
to  that  of  the  free-electron  model  [32, 36-38].  In  our  numerical  calculations  we  will  use  this 
model  of  the  surface  nonlinear  polarization  because  its  great  advantage  is  that  all  the  nonlinear 
coefficients  can  be  expressed  in  terms  of  the  dielectric  functions  of  the  adjacent  media.  The 
resulting  nonlinear  coefficients  are  known  to  yield  a  good  fit  to  the  experimental  data  on  second 
harmonic  generation  in  reflection  from  a  planar  silver  surface  [38]. 

Since  in  the  free-electron  model  the  nonlinear  coefficients  /I  and  y  are  known  and  we  can 
use  the  Drude  model  to  relate  the  dielectric  function  to  the  electron  number  density  «o(z)>  the 
nonlinear  coefficients  p  \ ,  /i-2  and  /X3  can  be  expressed  in  terms  of  e(&>,  z),  whose  behaviour  at 
the  surface  is  known. 

In  the  Drude  model  the  dielectric  function  e(a>)  is  e(&>)  =  1  —  (47te2no)/(ma>2),  so 
we  have  e(2 co)  =  (3  +  €(&>))/ 4  and  y  =  [/6(1  —  e(co))/4]9(z)0(D  —  z).  To  calculate  the 
phenomenological  nonlinear  coefficients  112  and  /X3  we  can  represent  e(2 co,  z)  and  y(z ) 
in  the  forms 


e(2&>,  z)  =  e  -  (e  -  e(cw,  z))  (1  -  |a)  (6.22) 

and 

y(z)  =  \/3(e  -  e(®,  z))«  (6.23) 


where 


1  ~  e(w) 
e  -  e(&>) 


(6.24) 


with  e=l  for  the  metal  film-vacuum  interface  and  e  —  eo  for  the  prism-metal  film  interface. 
Therefore,  the  phenomenological  nonlinearity  constants  // 'f1 1  and  // (/ 1  entering  the  boundary 
conditions  equations  (6.4)  and  (6.6)  are  now  given  by 


and 


/4/7/) 


’  lim 

v- 


rj_ 

1  ~  e(co) 
e(a>) 


1  d  1 

dz - 

d z  t(ffl,  z) 


111'1  —  p  lint  f 
n-*0  Jd 


d+i  d  ! 

dz - 

dz  e(co,  z) 


(6.25) 


e(cu)  eo 


(6.26) 


202 


I  V  Novikov  et  al 


Since  Ki  m  vanish  in  the  free-electron  model,  the  phenomenological  nonlinear  constant 
^ 'UI)  also  vanishes,  while  for  /ip  we  obtain  the  expression 


Mi 


(in) 


dz 


e(co) 


1 

6  (2 CO,  z) 
de(&>,  z ) 


/  0\  d  1 

V  U)  + 2J  d le2(co,z) 

3  —  e(co,z)  1 
e(a>,  z)  +  3  e3(tt>,  z) 


As  a  result  of  the  integration  we  obtain  that 


(6.27) 


mP  = 


(6M  -  1)(6M  -  3) 
e2(m) 


PnfPP 

3  \e(2m) 


For  the  prism-metal  film  interface  we  have 

r»  D+r) 


/ii/)  =  lim  f 
1-+  0 


1  /  A  d  1 

Ze(2m,z)  V  (Z)  + 2  )  dz  e2(cu,  z) 


=  -2/1 


D-n 

e°  2  +  eo«  —  ae(a>,  z) 


L 


1  de(m, z) 


e(Q1)  e(a>,  z)(4  —  3a) +  3eoa  e3(co,  z)  dz 
On  evaluating  the  integral  in  the  second  line  of  equation  (6.29)  we  obtain 


(6.28) 


(6.29) 


P  =  -2/1 


A  In 

'  e(o>)  ' 

-  B 

'  1  1  ' 

C 

'  1  1 

_e(2a>)  _ 

_e0  e  (cd)  _ 

~  2 

.Cq  f2( «) 

(6.30) 


where 


and 


2  2  +  €0  a 

3  €oa 

2  4-  3a 

- H - C 

3eo  3eo  a 


A 


4-  3a 

- B. 

3eoa 


(6.31a) 
(6.3  lb) 

(6.31  c) 


The  values  of  the  effective  nonlinear  susceptibilities  of  the  metal-vacuum  interface  /ip  and 
given  by  equations  (6.25)  and  (6.28)  coincide  with  those  proposed  by  Mendoza  and 
Mochan  [35]  for  semiconductors  possessing  a  centre  of  inversion. 


7.  The  scattering  equations  at  2 uj 

With  the  boundary  conditions  (6. 16)  and  (6. 17)  in  hand,  we  can  now  return  to  equations  (4. 16) — 
(4.20)  to  obtain  the  integral  equations  satisfied  by  the  source  functions  H(Ijn\xi\2a>)  and 
L^i’Hi) (.ri  |2&>).  These  can  be  written  as 

/OO 

dx,1[H?D(xi\x'l)HV)(x[\2a>)  -  lDpD {Xl\x[)L(I\x[\2co)} 

-OO 


(7.1) 
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/oo 

d*; 

-oo 


€(2w)  ~ dd 
eo  E 


H»D{xi\x\)HuHx\\2a>) 

(xx\x[)La\x[\2(D)  +  HDOe(xi\x[)Hm\x[\2(D) 


-e(2co)L®°  (x\ \x[)Lm(x[\2co) 


(7.2) 


/OO 

dx; 

-oo 


—H°d(x\\x[)H(1)(x[\2(d) 


i 


€(2w)  ~od 
eo 


(jci|  x[)L(I\x[\2co)  +  He00(xi\x[)H{III)(x[\2w) 


-e(2co)Lf°(xx  | x[)L(,II) (x[ |2 co) 

0  =  [  dx[  \-Hg0(xx\x[)H(ln\x[\2w)  +  L$°{xx\x[)L(ln\x[\2a))\ 

J  —  OO 


(7.3) 

(7.4) 


(7.5) 


where 

Q{I\xx\2co)=  f  &x[\-H?D{xx\x'x)A(I\x[\2co) 

J  —  OO 

+e(2w)Lfz)(x1|x/1)fi(/)(x,1|2w)  -  H^°(xi\x\)Aa">(x\\2oj) 

+  e(2w)L°°(xi \x\  )Bi"l)(x\  |2w)] 

Q{III\xx\2co)  =  -A{m\x i|2tt>)  +  f  dx[  \H°D(xi\x[)Aa)(x[\2co) 

— e  (2u>)LfD  (xi  |  xj )  6  (/-)  (xj  1 2<y)  +  ffe°' °(xi|x,1)A(///)(xJ|2w) 

-  e(2co)Lf°(x1\x[)Bm(x[\2co)j. 

The  matrix  elements  entering  these  equations  are  obtained  from  those  tabulated  in  appendix  A 
through  the  replacement  of  u>  everywhere  by  2 co. 

We  note  that  the  functions  g(/)(xi|2&>)  and  Q(III){x\  \2co)  play  the  role  of  sources  in 
equations  (7.2)  and  (7.3). 

The  integral  equations  (7.1)-(7.4)  are  converted  into  matrix  equations  following  the 
procedure  outlined  in  appendix  B,  which  are  then  solved  numerically  to  yield  H(I'UI)(xi  \2oo) 
and  L(I’nl\xi\2a>).  The  results  are  then  used  to  calculate  the  reflection  and  transmission 
efficiencies  of  the  second  harmonic  fields  as  follows. 

With  the  use  of  the  integral  representation  (4.7a)  of  the  Green  function  G^<M)  (xq ,  X3  |xj ,  x'3) 
we  can  write  the  two-component  of  the  scattered  field  in  the  form 


(7.6) 


(I)  n2y/fo<o/c  j 

H^(x  1  ,  X3|2ft>)sr  =  I  — expfk/xq  +  iap(q,  2co)xs)  (7.7) 

J~2^r0o>/c  2?r  ‘ 


where 


R(q,2ca)  -  — 


1  r° 

(q,2w)  J_c 


dxi  exp(— igxq  —  icipiq ,  2 co)D) 


2i  ap(q, 

x[i otp(q,  2co)H(I\xi\2w)  +  La\Xl\2co)]. 


(7.8) 
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The  total,  time-averaged  flux  crossing  the  place  x 3  =  constant  >  D  is 

„2  ml  2 


Ph  = 


2l°  1287T2<ue0  Ljt/2 


d6s  \r(0s\2m)\ 


where 


r  (6S 1 2 &>)  =  4i^/io  —  cos  6S  R  (  2^/eo  —  sin  0S ,  2co 


We  rewrite  PZ  in  the  form 


nit  _ 

r2a)  ~ 


J-jt/2 

where  Ps(0s\2co)  is  given  by 


f*/2 

j  d0s  Ps  (0S  |  2(d) 


(7.9) 


(7.10) 


(7.11) 


Ps(ds  \2eo)  = 


\r(ds\2co)\2. 


1287r2(ueo 

Similarly,  for  the  two-component  of  the  transmitted  field  we  have 


(7.12) 


(HD  f2w/c  d q 

(xi,  x-}\2co)tr  =  I  —  T(q,2a))exp(iqxi  —  iao(q,2a>)x3)  (7.13) 

J-2co/c  2n 


where 


T(q,  2 co)  =  - 


2i«o  (q 


i—  r 

q,  2m) 


dvi  exp(— iqx\  +  iao(<7,  2&>)f  (xi)) 


x[i(^'(xt)  +a0(q,  2co))H(1II)  (Xl \2co)  -  L(III\Xl\2co)].  (7.14) 

The  total,  time-averaged  transmitted  flux  crossing  the  plane  X3  =  constant  <  £(xi )„„>,  is 
.2  m/2 


PZ.  = 


2o)  1287r2(u 


/ 


dd,  |f(0r|2a>)r 


njl 


where 


In  a  similar  fashion  we  rewrite  PZm  in  the  form 


t(6, \a>)  —  4i—  cos 0,  T (  2—  sin0f,  2 m 


ptr  _ 

r2a>  ~ 


njr/2 

J-jt/2 


d6,  P,  (6, 1 2&>) 


(7.15) 


(7.16) 


(7.17) 


'  —ji/2 

where  P,{0t\2w)  is  given  by 


P,(0,  \2(o)  = 


128jt2o) 


Vie,\2m)\2. 


(7.18) 


We  define  the  efficiency  of  second  harmonic  generation  in  reflection  as  the  total  power  of 
the  scattered  harmonic  light,  normalized  by  the  square  of  the  power  of  the  incident  field  and 
multiplied  by  the  illuminated  area  S : 


jSC  _  1  2 CO  r> 

ho,  -  ~p2~  ^ ' 
r inc 


(7.19) 
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We  take  the  value  of  S  to  be  equal  to  2gL 2,  where  g  is  the  half-width  of  the  intercept  of  the 
incident  beam  with  the  upper  plane  (x^  =  D)  of  the  film,  Li  is  a  large  arbitrary  length  along 
the  A'2-axis,  and  Pinc  is  given  by  equation  (5.8). 

Similarly,  the  efficiency  of  second  harmonic  generation  in  transmission  is  given  by 


plr 

jtr  _  2 co  o 

ha,  ~  p2 

r  inc 


(7.20) 


The  efficiencies  defined  in  this  way  do  not  depend  on  the  amplitude  of  the  incident  field,  and  are 
therefore  convenient  to  use  in  experimental  measurements  of  the  second  harmonic  generation. 

We  then  define  the  differential  reflection  and  transmission  efficiencies  of  second  harmonic 
light  by 


9 

~d0~s 

9 

W, 


iiM 


Ps(6s\2(o ) 


S  = 


c-S 


p,(es \2co) 


s  = 


128 n2coe0P2( 
c2S 


\r(9s\2w)\2 


1287 r2coPt 


\t(e,\2co)\2. 


(7.21a) 
(7. 21/7) 


To  obtain  the  mean  differential  reflection  and  transmission  efficiencies  in  the  Kretschmann 
geometry  with  a  random  surface  we  must  average  the  expressions  given  by  equation  (7.21) 
over  the  ensemble  of  realizations  of  the  surface  profile  function. 


i7») 

w/2j9t) 


c2S 


128 7T2(O€0P2m 
c2S 


(\r(es\2w)\2 


128ic2coP2 


(\t(es\2co)\2 


(1.22a) 

(1.22b) 


The  contributions  to  the  mean  differential  reflection  and  transmission  efficiencies  from  the 
incoherent  components  of  the  scattered  and  transmitted  light,  respectively,  are  then  given  by 

c2S 


iticoh  1  287!  (OC()  Ppj 

C2S 

I  70. 

incoh 


mn2coP2r 


■[(k(0s|2&>)|  >  —  \  (r(9s\2u>))\‘']  (1.23a) 


[{\t(0i\2(a)\2)  —  |(t(flf|2(u)>|2].  (1.23b) 


8.  Results  and  discussion 

In  this  section  we  present  results  for  the  scattering  of  p-polarized  light  from,  and  its  transmission 
through,  the  structure  depicted  in  figure  1,  at  both  the  fundamental  and  harmonic  frequencies. 
The  numerical  results  illustrated  in  this  section  represent  the  averages  of  the  corresponding 
results  obtained  from  Np  h  1000  realizations  of  the  random  surface.  In  each  case  the  number 
of  realizations  Np  is  given  in  the  caption  to  the  corresponding  figure. 

The  results  obtained  at  the  fundamental  frequency,  in  particular  the  source  functions 
H(IHxi\co),  L{n(xi\co),  Hm(x i|«)  and  Lau) (xi\co),  are  needed  for  solving  the  problems  of 
scattering  and  transmission  at  the  harmonic  frequency.  However,  the  angular  distributions  of 
the  intensity  of  the  light  scattered  and  transmitted  incoherently  at  this  frequency  are  also  of 
interest  in  themselves,  because  they  can  display  features  associated  both  with  the  fact  that 
the  scattering  structure  supports  two  surface  plasmon  polaritons  at  each  frequency  co  below 
co  =  cop/y/ 1  +  eo>  where  cop  is  the  plasma  frequency  of  the  conduction  electrons  in  the  metal 
film,  and  with  the  presence  of  the  prism  on  whose  base  the  metal  film  is  deposited.  To  the  best 
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of  our  knowledge  the  scattering  and  transmission  of  p-polarized  light  from  a  rough  metal  film 
in  the  Kretschmann  attenuated  total  reflection  geometry  has  not  been  studied  theoretically  up 
to  the  present  time. 


8.1.  Results  at  the  fundamental  frequency 

To  illustrate  the  variety  of  single-scattering  and  multiple-scattering  phenomena  to  which  the 
system  depicted  in  figure  1  can  give  rise,  we  consider  a  silver  film  of  mean  thickness  48  nm  with 
a  randomly  rough  surface  characterized  by  a  Gaussian  or  a  West-O’Donnell  power  spectrum. 
We  have  chosen  two  wavelengths  of  the  incident  beam,  namely  394.7  and  612.7  nm.  At  these 
frequencies  the  complex  dielectric  function  of  silver  has  the  values  e(o>)  —  —4.28  +  i0.21 
and  e(o>)  —  —17.2  +  i0.498,  respectively.  The  medium  above  the  film  is  assumed  to  be 
either  a  dielectric  or  vacuum.  In  the  latter  case  (a  free-standing  film)  there  are  no  leaky 
wave  peaks  and,  as  explained  earlier,  we  therefore  expect  that  multiple  scattering  effects  will 
manifest  themselves  more  clearly  in  the  scattering  spectrum  in  this  case  than  in  the  case  of  the 
Kretschmann  geometry. 

In  figure  3  we  plot  the  contributions  to  the  mean  differential  reflection  (DRC)  and 
transmission  (DTC)  coefficients  from  the  incoherent  components  of  the  scattered  and 
transmitted  fields  for  p-polarized  light  of  wavelength  X  —  394.7  nm  incident  on  a  free¬ 
standing  film  with  a  random  back  surface  characterized  by  a  Gaussian  power  spectrum  (2.5) 
and  roughness  parameters  3  —  8.8,  a  —  250  nm.  The  angle  of  incidence  is  0O  =  0°.  The  mean 
thickness  of  the  film  is  D  —  48  nm.  The  numerical  solution  of  the  dispersion  equation  (3.1)  for 
the  film  with  planar  surfaces  in  the  case  where  €q  —  1 ,  yields  two  surface  plasmon  polaritons, 
the  real  parts  of  whose  wavenumbers  are  qfw)  —  1 .07 (&> / c) ,  qo{w)  —  1.26 ico/c).  The 
imaginary  parts  of  these  wavenumbers  are  three  orders  of  magnitude  smaller  than  their  real 
parts,  so  that  we  will  neglect  them  here  and  in  what  follows.  The  broken  lines  in  figure  3 
indicate  the  angles  at  which  the  satellite  peaks  occur  according  to  these  values  of  q\{m)  and 
qolco)  and  equations  (3.2)  and  (3.3).  These  peaks  are  weak  but  well  defined,  and  do  not 
disappear  as  the  number  of  sampling  points  used  increases.  There  are  no  leaky  peaks  in 
scattering  from  a  free-standing  film.  This  result  is  consistent  with  the  arguments  presented 
above. 

The  situation  is  different  when  the  upper  medium  is  not  vacuum  but  a  dielectric.  In 
figure  4  we  plot  the  contributions  to  the  mean  DRC  and  DTC  from  the  incoherent  components 
of  the  scattered  and  transmitted  fields  in  the  scattering  of  p-polarized  light  in  the  Kretschmann 
geometry.  In  obtaining  these  results  it  was  assumed  that  @o  =  0°,  X  =  394.7  nm, 
eo  =  2.25,  D  —  48  nm,  e(co)  —  —4.28  +  i0.21,  3  =  8.8  nm,  a  =  101.7  nm.  The  vertical 
broken  lines  mark  the  positions  of  the  leaky  wave  peaks  as  predicted  by  equation  (3.4)  with 
the  use  of  qi(co)  =  1.13(&>/c)  (q2(a>))  —  2.23(co/c)).  Satellite  peaks  in  reflection  are  not 
observed;  in  transmission  they  are  clearly  visible,  but  are  not  well  pronounced. 

In  figure  5  we  plot  the  results  of  calculations  of  (dR/dds)jncoh  and  (dT/ddt}mCOh  for 
the  scattering  of  a  p-polarized  beam  in  the  Kretschmann  geometry  with  a  random  surface 
characterized  by  the  West-O’Donnell  power  spectrum  (2.6)  with  k^n  —  0.86(&>/c),  k(Jfx  — 
1.80(a>/c),  h  i  =  1,  ho  =  0  and  3  =  8.8  nm.  In  obtaining  these  results  it  was  assumed  that 
6q  —  0°,  X  —  394.7  nm,  €q  —  2.25,  D  =  48  nm,  e(a>)  —  —4.28  +  i0.21.  The  numerical 
solution  of  the  dispersion  equation  (3.1)  for  the  film  with  planar  surfaces  yields  two  surface 
plasmon  polaritons  with  wavenumbers  q\(a>)  =  1.13a»/c,  qoiod)  —  2.23co/c.  Thus,  with 
our  choices  of  k^]n  and  kjjf  the  incident  field  can  excite  only  the  surface  plasmon  polariton 
with  wavenumber  q i(co).  Therefore,  satellite  peaks  will  not  be  observed.  Furthermore,  it 
follows  from  equation  (3.3)  that  the  satellite  peaks  in  transmission  should  appear  in  the  non- 
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Figure  3.  The  differential  reflection  and  transmission  coefficients  for  the  scattering  of  a  p- 
polarized  beam  of  light  from  a  one-dimensional  free-standing  silver  film  with  a  random  back  surface 
characterized  by  a  Gaussian  power  spectrum.  L  =  2.52  j^m,  A  =  394.7  nm,  6q  =  0°,  g  =  L/5, 
8  =  8.8  nm,  a  =  250,  D  =  0.048  nm,  e(tu)  =  —4.28  +  i0.28,  Np  =  1100,  qi(co)  =  \AAco/c, 
q2(co)  =  1.26 co/c.  The  vertical  dotted  lines  indicate  the  expected  positions  of  the  satellite  peaks. 


radiative  region  of  the  optical  spectrum.  A  prominent  peak  is  observed  in  transmission.  This 
is  the  enhanced  transmission  peak.  However,  in  reflection  the  amplitude  of  the  enhanced 
backscattering  peak  is  much  smaller  than  the  amplitude  of  the  leaky  peaks. 

Now  we  consider  a  scattering  system  in  which  both  wavenumbers  are  inside  the  window 
k(JJn  <  qi(oo) ,  qo(co)  <  k^ax.  Thus,  the  power  spectrum  is  non-zero  for  a  range  of  wavenumbers 
that  includes  q\(co)  and  qi(co).  In  figure  6  we  plot  the  DRC  for  the  scattering  of  a  p- 
polarized  beam  in  the  Kretschmann  geometry  with  a  random  surface  characterized  by  the 
West-O’Donnell  power  spectrum  with  k(nlJn  =  0.86  (co/c),  k^/x  =  1.80 (co/c),  hi  =  1,  =  0 

and  S  =  8.8  nm.  It  is  further  assumed  that  @o  =  0°,  A.  =  612.7  nm,  Cq  =  2.25,  D  —  48  nm, 
e(co)  =  — 17.2  + iO. 498.  From  the  solution  of  the  dispersion  equation  (3.1)  we  obtain  for  these 
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Figure  4.  The  differential  reflection  coefficient  for  the  scattering  of  a  p-polarized  beam  of  light 
in  the  Kretschmann  geometry  with  a  randomly  rough  silver  film  the  roughness  of  whose  back 
surface  is  characterized  by  a  Gaussian  power  spectrum.  L  =  25.2  /xm,  k  =  394.7  nm,  6q  =0°, 
g  =  L/5,  8  =  8.8  nm,  a  =  250  nm,  D  =  48  nm,  eo  =  2.25,  e(co)  =  —4.28  +  i0.2 1 ,  Np  = 
1100,  q\(co)  =  1.13o)/c,  qiite)  =  2.23 ai/c.  The  vertical  dotted  and  broken  lines  indicate  the 
expected  positions  of  the  satellite  and  leaky  peaks,  respectively. 


parameters  the  wavenumbers  of  the  two  surface  plasmon  polaritons  given  by  q\  (a>)  —  1.03 
(co / c) ,  qi(u>)  =  1 .62  (co/c).  There  are  two  well  defined  satellite  peaks  (dotted  lines)  in 
transmission  and  reflection  (see  the  inset)  at  scattering  angles  that  agree  with  the  expected 
positions  defined  by  equations  (3.2)  and  (3.3).  The  angles  at  which  satellite  peaks  occur  are 
given  by  0ssat  =  ±22.99°  and  0/°'  =  ±35.87°,  in  reflection  and  transmission,  respectively. 
The  leaky  wave  peaks  occur  at  Qieaky  =  ±43.43°  (dotted  lines). 

We  should  note  that  the  results  plotted  in  figure  6  show  large  wings  in  the  DTC.  This  is 
a  side  effect  that  occurs  due  to  the  short  segment  of  integration,  i.e.  the  length  of  the  rough 
surface  in  this  case  is  shorter  than  the  propagation  length  of  the  surface  plasmon  polaritons. 
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Figure  5.  The  differential  reflection  coefficient  for  the  scattering  of  a  p-polarized  beam  in  the 
Kretschmann  geometry  with  a  random  back  surface  characterized  by  the  West-O’Donnell  power 
spectrum.  Jfc^V  =  0.86  (o/c,  kj//x  =  1.80  co/c.  h\  —  \ .  hi  —  0.  L  =  25.2  //in.  q\  (oj)  =  1.14co/c, 
q2(o>)  =  l.26co/c ,  X  =  394.7  nrn,  8q  =  0°,  g  =  L/5,  S  =  8.8  nm,  a  =  250  nm,  D  =  48  nm, 
eo  =  2.25,  e(&>)  =  —4.28  +  i0.21,  N  =  400,  Np  =  2000.  The  vertical  dotted  and  broken  lines 
indicate  the  expected  positions  of  the  satellite  and  leaky  peaks,  respectively. 


We  intentionally  include  this  plot  to  compare  it  with  figure  7,  which  was  obtained  for  the  same 
parameters  except  that  L  —  25.2  fim  (twice  as  large),  g  =  L/5,  N  =  500.  A  comparison  of 
figures  6  and  7  demonstrates  that  a  short  integration  segment  gives  rise  to  computational  errors 
that  can  be  eliminated  by  making  the  integration  path  sufficiently  long.  To  ensure  that  the 
numerical  values  of  the  DRC  and  DTC  as  well  as  the  differential  reflection  and  transmission 
efficiencies  of  second  harmonic  light  are  reliable,  the  length  of  integration  was  chosen  so  that 
the  wings  at  large  angles  of  scattering  or  transmission  are  absent  and  a  further  increase  of  the 
length  does  not  influence  the  results.  However,  in  any  case,  the  positions  of  the  satellite  and 
leaky  peaks  are  not  greatly  affected  by  the  length  of  the  integration  interval. 
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Figure  6.  The  differential  reflection  coefficient  for  the  scattering  of  a  p-polarized  beam  in  the 
Kretschmann  geometry  with  a  random  back  surface  characterized  by  the  West-O’Donnell  power 
spectrum.  k^n  =  0.86  co/c,  kmh  =  1 .80 (o/c,  hi  =  l,hj  =  0,  q\{o>)  =  1.03  co/c.  q2(co)  =  1.62 
co/c,  L  =  12.6  gm,  X  =  612.7  nm,  do  =  0°,  g  =  L/4,  S  =  8.8  nm,  a  =  250  nm,  D  =  48  nm, 
€o  =  2.25,  c ((:>)  =  —17.2  +  i0.498,  N  =  400,  Np  =  2000.  The  vertical  dotted  and  broken  lines 
indicate  the  predicted  positions  of  the  satellite  and  leaky  peaks,  respectively. 


In  figure  8  we  present  the  results  of  calculations  for  the  same  parameters  as  in  figure  7, 
but  with  the  angle  of  incidence  9q  =  10°.  The  positions  of  the  satellite  peaks  should  shift 
according  to  equations  (3.2)  and  (3.3)  (0™'  =  —34.35°,  12.53°,  =  —57.82°,  18.99°),  but 

only  the  right  peak  is  well  manifested,  while  the  left  peak  disappears.  The  reverse  pattern  is 
observed  for  the  leaky  wave  peaks:  the  left  peak  is  much  more  intense  than  the  right  peak.  We 
note  that  the  positions  of  the  leaky  wave  peaks  do  not  depend  on  the  angle  of  the  incidence,  in 
agreement  with  equation  (3.4). 

At  first  glance,  the  preceding  results  seem  to  be  counterintuitive.  It  might  be  thought  that 
it  is  easier  to  excite  the  surface  polariton  in  the  forward  direction,  so  that  the  amplitude  of 
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Figure  7.  The  same  as  in  figure  6  but  with  L  =  25.2  /xm,  g  =  L/5,  N  =  500. 


the  right  leaky  peak  should  be  larger  than  the  amplitude  of  the  left  leaky  peak.  In  fact,  this 
observation  is  correct  only  if  the  power  spectrum  of  a  random  surface  has  a  Gaussian  form. 
However,  in  the  case  of  the  West-O’Donnell  spectrum  the  incident  light  couples  strongly 
to  the  surface  polaritons  over  a  limited  range  of  angles  of  incidence.  Consequently,  for 
some  angles  of  incidence  it  is  more  probable  to  excite  a  surface  polariton  in  the  backward 
direction. 

Let  us  analyse  the  results  obtained  in  figure  8.  As  we  mentioned  earlier,  if  the  angle  of 
incidence  is  zero,  both  wavenumbers  satisfy  the  following  set  of  inequalities: 

kmL  <  ?i  (®)  <  <72 (<o)  <  (8-1  a) 

kmax  <  -92(0>)  <  ~qi  (©)  <  ~k^n  (8.I/2) 

and  both  polaritons  can  propagate  in  the  forward  and  backward  directions  with  the  same 


212 


I  V  Novikov  et  al 


6,  [deg] 


Figure  8.  The  same  as  in  figure  7,  but  with  6q  =  10°. 


probability.  If  the  angle  of  incidence  do  =  10°,  we  have  the  following  set  of  inequalities: 

-q2(co)  <  -k^x  +  —  sin  90  <  -qx  (eu)  <  -k£/  +  7^0  -  sin  60  (8.2 a) 

c  c 

_  CO  /i\  _ CO 

q\ («)  <  kmn  +  760  -  sin 00  <  q2(w)  <  kn’x  +  T^o  -  sin d0.  (8.2 b) 

c  '  c 

Thus  the  wavenumbers  —  qi(a>)  and  q2{co)  are  inside  the  effective  coupling  window.  This 
means  that  a  surface  polariton  with  wavenumber  q\(co)  can  be  excited  more  effectively  in  the 
backward  direction,  while  a  surface  polariton  with  wavenumber  q2(u>)  can  be  excited  more 
effectively  in  the  forward  direction.  This  leads  us  to  the  conclusion  that  the  leaky  peaks 
should  be  more  intense  in  the  backward  direction  than  in  the  forward  direction,  because  the 
wavenumber  q\(a>)  corresponds  to  the  leaky  mode. 

A  similar  argument  can  be  applied  to  the  analysis  of  the  satellite  peaks.  The  more 
intense  satellite  peaks  in  reflection  and  transmission  should  occur  at  the  angles  given  by 
equations  (3.2)  and  (3.3),  where  we  choose  the  minus  sign  before  the  second  term  on  the 
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Figure  9.  The  differential  reflection  and  transmission  efficiencies  of  the  second  harmonic  light  in 
the  Kretschmann  geometry  with  a  randomly  rough  silver  film  characterized  by  a  Gaussian  power 
spectrum.  L  =  25.0  /im,  A  =  1.063  fi m,  6o  =  0°,  g  =  L/4,  8  =  7  nm,  a  =  600  nm,  D  =  50  nm, 
6o  =  1.5,  e(ftj)  =  — 56.9  +  i0.6,  e(2 co)  =  — 11.56  +  iO. 37,  Np  =  1000.  The  vertical  dotted 
lines  indicate  the  predicted  positions  of  the  resonance  peaks,  the  vertical  broken  lines  indicate  the 
positions  of  the  leaky  peaks. 


right-hand  sides  of  these  equations.  We  believe  that  this  mechanism  is  also  the  reason  that 
there  are  no  strong  enhanced  backscattering  and  transmission  peaks  in  this  case,  because  for  any 
scattering  event  the  excitation  of  a  surface  polariton  in  the  forward  direction  has  a  significantly 
different  probability  to  occur  than  the  probability  of  the  excitation  of  the  surface  polariton  in 
the  backward  direction. 
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8.2.  Results  at  the  harmonic  frequency 


In  figure  9  we  present  the  contributions  to  the  mean  differential  reflection  and  transmission 
efficiencies  from  the  incoherent  component  of  the  light  scattered  from  and  transmitted  through 
a  rough  silver  film  at  frequency  2 co,  when  the  lower,  random,  surface  is  characterized  by  the 
Gaussian  power  spectrum  (2.5)  and  the  roughness  parameters  8  =  7,  a  =  600  nm.  The  mean 
film  thickness  is  D  —  50  nm,  and  the  angle  of  incidence  0q  =  0°.  The  dielectric  constant  of 
the  prism  is  eo  =  1.5,  the  wavelength  of  the  incident  light  is  /.  =  1.063  /im,  and  the  dielectric 
constants  of  silver  at  X  and  X/2  are  e(co)  =  —56.9  +  i0.6  and  e(2co)  =  —11.56  +  i0.27, 
respectively.  Four  prominent  peaks  are  observed  in  both  reflection  and  transmission.  These 
peaks  occur  due  to  the  resonant  nonlinear  mixing  of  surface  plasmon  polaritons  of  frequency 
co  with  the  incident  light.  A  schematic  diagram  of  this  nonlinear  interaction  is  shown  in 
figure  10.  This  scattering  geometry  supports  two  surface  plasmon  polaritons,  and  they  can 
propagate  both  in  the  forward  and  backward  directions.  The  incident  light  can  excite  both 
surface  waves  at  the  fundamental  frequency,  which  then  interact  nonlinearly  with  the  incident 
light  (this  interaction  is  denoted  schematically  by  the  broken  circles  in  figure  10),  and  are 
converted  into  volume  electromagnetic  waves  at  the  harmonic  frequency.  This  process  gives 
rise  to  four  peaks  in  the  spectrum  of  the  incoherently  generated  second  harmonic  light,  both  in 
reflection  and  transmission.  The  positions  of  these  peaks  can  be  obtained  from  the  equations 

k±qU2(co)  =  q%>  (8.3  a) 

k±qU2(co)=q?rw  (8.3/7) 


where  k  —  ^/Hf,(co/c)  sin@o  is  the  xi-component  of  the  wavevector  of  the  incident  light, 
q\  2(o>)  are  the  wavenumbers  of  the  surface  plasmon  polaritons  of  frequency  co,  q]f!  = 
(2^/eotti/c)  sin@s  is  the  x\  -component  of  the  wavevector  of  the  scattered  second  harmonic 
light,  and  q~f  —  (2&>/c)sin0,  is  the  x\ -component  of  the  wavevector  of  the  transmitted 
second  harmonic  light.  For  the  parameters  chosen  the  real  parts  of  the  wavenumbers  of  the 
surface  polaritons  are  given  by 

qfco)  =  1.009-  q2((o)  =  1.242-  (8.4a) 

c  c 


qi(2co)  =  1.046—  q2(2co)  =  1.323—  (8.4 b) 

c  c 

where  <71  (co)  and  <71  (2 co)  are  the  wavenumbers  of  leaky  modes. 

We  note  that  this  process  is  not  mediated  by  surface  plasmon  polaritons  at  the  second 
harmonic  frequency,  since  the  particular  Gaussian  power  spectrum  we  used  ensures  the 
excitation  of  the  surface  polaritons  of  frequency  co,  while  the  excitation  of  surface  polaritons 
of  frequency  2 co  is  effectively  suppressed.  This  is  because  in  the  latter  case  the  wavenumber  of 
the  surface  polariton  lies  in  the  wings  of  the  power  spectrum  (especially  at  normal  incidence). 
However,  we  can  see  from  figure  9  that  even  the  weak  excitation  of  surface  plasmon  polaritons 
of  frequency  2 co  gives  rise  to  the  small  leaky  peaks  in  reflection  marked  by  the  broken  lines. 
The  positions  of  the  leaky  peaks  are  given  by 


qieakylf'ko)  — 


_ CO 

±2Vio-  sin  9ieakv 
c 


(8.5) 


where  qieaky(co)  is  the  wavenumber  of  the  leaky  surface  polariton,  and  9ieaky  is  the  angle  that 
defines  the  positions  of  the  leaky  peaks.  The  physical  mechanism  for  this  process  is  the  same 
as  that  discussed  in  section  3. 

In  figure  1 1  we  plot  the  contributions  to  the  mean  differential  reflection  and  transmission 
efficiencies  from  the  incoherent  components  of  the  light  scattered  and  transmitted  at  frequency 


Figure  10.  A  schematic  diagram  of  the  nonlinear  interaction  of  the  incident  light  with  a  surface 
plasmon  polariton  of  frequency  co  which  gives  rise  to  four  peaks  in  the  spectrum  of  the  second 
harmonic  light  in  both  reflection  and  transmission. 


2co  for  the  same  parameters  as  in  figure  9,  but  with  0q  —  5°.  The  positions  of  the  resonant 
peaks  are  shifted  according  to  equation  (8.3),  and  the  right-hand  peaks  are  more  intense  than 
the  left-hand  peaks.  The  leaky  peaks  retain  the  same  positions,  and  the  right  leaky  peak  is  more 
intense  than  the  left-hand  one.  This  leads  us  to  the  conclusion  that  the  surface  polaritons  of 
frequency  co  and  2a>  are  easier  to  excite  in  the  forward  direction  than  in  the  backward  direction. 

In  figure  12  we  use  the  same  parameters  as  in  figure  9  but  with  a  =  500,  5=10  nm,  so  that 
the  random  surface  is  rougher.  The  efficiencies  of  diffuse  scattering  and  transmission  are  more 
than  ten  times  larger  than  those  plotted  in  figure  9,  and  the  leaky  peaks  are  more  pronounced. 
This  is  a  consequence  of  the  fact  that  the  Gaussian  peak  in  the  power  spectrum  is  higher  and 
broader  than  the  one  used  in  obtaining  figure  9,  which  makes  it  easier  to  couple  the  incident  light 
into  the  surface  plasmon  polaritons.  We  should  also  point  out  that  if  9q  —  0°  only  a  dip  occurs 
in  the  direction  normal  to  the  mean  surface,  both  in  reflection  and  transmission.  This  is  due 
to  the  symmetry  of  the  nonlinear  polarization,  namely  the  second  harmonic  generation  in  the 
direction  normal  to  the  mean  surface  is  produced  by  the  nonlinear  mixing  of  contrapropagating 
surface  polaritons,  which  is  forbidden  by  this  symmetry. 

In  figure  13  we  plot  the  contributions  to  the  mean  differential  reflection  and  transmission 
efficiencies  from  the  incoherent  components  of  the  light  scattered  and  transmitted  at  frequency 
2co  when  the  lower,  random,  surface  of  the  film  is  characterized  by  the  West-O’Donnell  power 
spectrum  with  k^jn  =  0.86 co/c,  k ^  =  1.58®/c,  h\  =  1,  /z2  =  0,  8  =  7  nm.  The  mean  film 
thickness  is  D  —  50  nm,  and  the  angle  of  incidence  is  0O  =  0°.  The  dielectric  constant  of  the 
prism  is  eo  =  1 .5.  the  wavelength  of  the  incident  light  is  /,  =  1 .063  //m,  e(®)  —  — 56.9  +  i0.6 
and  6(2®)  =  —1 1.56  +  i0.27.  The  wavenumbers  of  the  surface  plasmon  polaritons  for  these 
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parameters  are  those  given  by  equations  (8.4).  The  inset  in  figure  13  magnifies  the  region  in 
the  vicinity  of  6S  =  0°  to  show  a  dip. 

Up  to  now  we  have  considered  only  small  angles  of  incidence.  However,  it  is  worthwhile 
to  study  the  case  in  which  the  angle  of  incidence  is  optimal  for  exciting  a  surface  plasmon 
polariton.  If  the  angle  of  incidence  is  optimal  the  incident  light  couples  directly  into  a  surface 
plasmon  polariton  even  if  the  film  has  planar  interfaces.  We  can  find  the  optimal  angle  by 
matching  the  xi  -component  of  the  wavevector  of  the  incident  light  with  the  wavenumber  of 
the  surface  plasmon  polariton, 

yio  —  sin  9opt  =  qi,2(co). 
c 


(8.6) 
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Figure  12.  The  differential  reflection  and  transmission  efficiencies  of  the  second  harmonic  light 
in  the  Kretschmann  geometry  with  a  randomly  rough  silver  film  characterized  by  a  Gaussian 
power  spectrum.  L  =  25.0  /im,  A.  =  1.063  /xm,  6q  =  0°,  g  =  L/A,8  =  10,  a  =  500, 
D  =  50  nm,  eo  =  1-5,  €(co)  =  —56.9  +  i0.6,  e(2 co)  =  11.56  +  i0.37,  Np  =  1000.  The  vertical 
dotted  lines  indicate  the  predicted  positions  of  the  resonance  peaks,  the  vertical  broken  lines  indicate 
the  positions  of  the  leaky  peaks. 


We  assume  the  following  parameters  for  the  scattering  system:  eo  =  16,  e(a>)  =  —  56.9  +  i0.6, 
D  =  50  nm.  For  these  parameters  we  find  q \(w)  =  1.009 a>/c  and  qiicj)  =  4-.13a>/c. 
Therefore,  there  is  only  one  optimal  angle,  6opt  =  14.61 1°.  To  verify  this  result  we  calculate 
the  reflectivity  and  transmittivity  of  this  system  as  functions  of  the  angle  of  incidence,  using 
equations  (B.25)-(B.29).  The  position  of  the  dip  in  reflectivity  or  the  position  of  the  peak 
in  transmittivity  defines  the  optimal  angle.  We  note  that  the  peak  in  the  transmissivity  in  the 
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Figure  13.  The  differential  reflection  and  transmission  efficiencies  of  second  harmonic  light 
in  the  Kretschmann  geometry  with  a  randomly  rough  silver  film  characterized  by  the  West- 
O’Donnell  power  spectrum.  kmin  =  0.8605tu/c,  krnax  =  1.58 co/c,  L  =  25.0  /im,  k  =  1.063  /im, 
6o  =  5 °,  g  =  L/4,  S  =  0.01  fim,  d  =  0.05  /im,  6o  =  1.5,e(cu)  =  —56.9  +  i0.6, 
e(2 co)  =  —1 1.56  +  i0.37,  Np  =  1000.  The  vertical  dotted  lines  indicate  the  predicted  positions  of 
the  resonance  peaks,  the  vertical  broken  lines  indicate  the  positions  of  the  leaky  peaks. 


vacuum  falls  into  the  non-radiative  region  since  sin  9,  =  sin  9opt  =  1 .009  >  1 .  From 
figure  14  we  find  that  the  optimal  angle  is  equal  to  14.613°,  which  is  in  good  agreement  with 
our  previous  estimate.  We  can  see  from  equation  (8.3)  by  using  the  condition  (8.6)  that  there 
must  be  a  resonance  peak  in  the  direction  normal  to  the  mean  surface  in  both  reflection  and 
transmission.  We  pointed  out  earlier  that  for  small  angles  of  incidence  the  positions  of  the 
resonance  peaks  shift  according  to  equation  (8.3),  and  thus  if  the  condition  for  the  optimal 
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Figure  14.  Plot  of  the  reflectivity  and  transmissivity  of  p-polarized  light  in  the  Kretschmann 
geometry  for  a  silver  film  with  planar  interfaces  versus  the  angle  of  incidence.  D  =  0.05  /xm, 
eo  =  16,  e(cu)  =  —56.9  +  i0.6.  The  vertical  arrows  indicate  the  predicted  positions  of  the  optimal 
angle. 
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Figure  15.  The  differential  reflection  efficiencies  of  the  second  harmonic  light  in  the  Kretschmann 
geometry  for  a  silver  film  with  a  randomly  rough  surface  characterized  by  a  Gaussian  power 
spectrum.  The  angle  of  incidence  is  optimal  for  exciting  the  surface  polariton.  L  =  30.0  /im,  N  = 
400,  X  =  1.063  fim,  6o  =  14.61°,  g  =  L/5,  <5  =  8  nm,  a  =  300  nm,  D  =  50  nm,  eo  =  15, 
€(co)  =  —56.9  +  i0.6,  6(2 co)  =  —11.56  +  i0.37,  Np  =  1000.  The  vertical  arrows  indicate  the 
predicted  positions  of  the  resonance  and  backscattering  peaks. 


excitation  of  surface  polaritons  is  satisfied,  then  one  of  the  right-hand  peaks  in  reflection  or 
transmission  occurs  at  a  scattering  angle  equal  to  zero. 

To  verify  these  qualitative  arguments  we  calculate  the  contributions  to  the  mean  differential 
reflection  and  transmission  efficiencies  of  the  second  harmonic  light  when  the  angle  of 
incidence  is  optimal,  6  =  14.61°.  The  roughness  of  the  lower,  random  surface  of  the  metal 
film  is  characterized  by  the  Gaussian  power  spectrum  (2.5)  and  the  roughness  parameters 
<5  =  8  nm,  a  —  300  nm.  We  further  assume  that  X  =  1.063  /tm,  €q  =  16,  Z)  =  50  nm, 
e(oj)  =  —56.9  +  i0.6,  e(2a>)  =  —11.56  +  i0.37.  For  these  values  of  the  parameters  we 
find  from  equation  (3.1)  that  qi(co)  =  1.009 (a>/c)  and  qiipj)  =  4.73(<w/c),  while  q\{2aX)  and 
q2(2a>)  do  not  exist.  The  results  plotted  in  figures  15  and  16  show  distinct  peaks  in  the  direction 
normal  to  the  mean  surface  both  in  reflection  and  transmission.  A  well  defined  peak  is  present 
in  the  retroreflection  direction,  but  there  is  no  enhanced  transmission  peak.  This  is  expected, 
because  for  these  parameters  the  enhanced  transmission  peak  should  occur  in  the  non-radiative 
region.  Thus  these  calculations  confirm  the  existence  of  peaks  in  the  direction  normal  to  the 
mean  surface.  Flowever,  the  amplitudes  of  the  peaks  can  be  very  small,  especially  in  reflection. 

9.  Conclusions 

In  this  work  we  have  studied  the  scattering  of  p-polarized  light  from,  and  its  transmission 
through,  a  thin  metal  film  at  both  the  frequency  co  of  the  incident  light  and  at  the  second 
harmonic  frequency  2 a>.  The  illuminated  surface  of  the  film  was  planar,  while  the  back  surface 
was  a  one-dimensional,  randomly  rough  surface  in  contact  with  vacuum.  In  the  calculations 
carried  out  at  the  fundamental  frequency  w,  two  cases  were  considered:  either  the  metal  film 
was  deposited  on  the  planar  base  of  a  dielectric  prism  through  which  the  light  was  incident 
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Figure  16.  The  differential  transmission  efficiency  of  the  second  harmonic  light  in  the  Kretschmann 
geometry  with  the  same  parameters  as  in  figure  15. 


(the  Kretschmann  attenuated  total  reflection  geometry),  or  it  was  a  free-standing  film.  In  the 
calculations  carried  out  at  the  harmonic  frequency  2 a>  only  the  Kretschmann  geometry  was 
considered. 

In  the  case  of  the  linear  scattering  and  transmission  problem  we  have  found  that  multiple¬ 
scattering  effects  in  reflection  are  not  as  well  pronounced  as  in  transmission.  This  is  due 
mainly  to  the  fact  that  in  order  for  constructive  interference  of  multiply  scattered  optical  paths 
to  occur  in  reflection,  each  interfering  optical  path  must  cross  a  strongly  attenuating  film  at  least 
twice,  while  in  transmission  it  must  do  so  only  once.  Another  reason  is  that  single-scattering 
processes  (the  leaky  peaks)  contribute  a  large  portion  of  the  reflected  intensity.  Thus,  the 
multiple-scattering  effects  are  not  well  manifested  in  reflection. 

We  illustrated  the  latter  argument  by  comparing  the  contributions  to  the  mean  differential 
reflection  and  transmission  coefficients  from  the  incoherent  components  of  the  scattered  and 
transmitted  light,  for  the  Kretschmann  geometry  and  for  a  free-standing  film.  In  both  cases 
the  back  interface  was  a  one-dimensional  random  surface  characterized  by  a  Gaussian  power 
spectrum.  The  only  difference  between  these  two  geometries  was  that  in  the  former  case  the 
medium  of  incidence  was  a  dielectric  prism,  while  in  the  latter  case  it  was  vacuum.  However, 
this  difference  is  essential,  because  the  Kretschmann  geometry  supports  a  leaky  surface  mode, 
while  the  free-standing  film  does  not.  In  transmission,  weak,  but  well  defined,  satellite  peaks 
were  observed  for  both  geometries,  while  in  reflection  they  were  observed  only  for  the  free¬ 
standing  film.  The  enhanced  backscattering  and  transmission  peaks  were  not  well  pronounced 
in  both  geometries. 

To  enhance  the  multiple-scattering  effects  we  utilized  the  West-O’ Donnell  power 
spectrum  to  characterize  the  roughness  of  the  random  surface  of  the  film.  Strong  enhanced 
backscattering  peaks  were  observed  in  the  Kretschmann  geometry.  The  intensity  of  the 
enhanced  backscattering  peak  was  approximately  twice  that  of  the  background  at  its  position.  If 
the  non-zero  region  of  the  West-O’Donnell  power  spectrum  included  the  wavenumber  of  only 
one  of  the  surface  plasmon  polaritons  supported  by  the  Kretschmann  geometry,  no  satellite 
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peaks  were  observed.  If  the  wavenumbers  of  both  surface  plasmon  polaritons  fall  within 
this  region,  well  defined  satellite  peaks  were  observed.  These  results  confirm  the  physical 
mechanism  for  the  origin  of  the  satellite  peaks  as  the  constructive  interference  of  two  multiple- 
scattering  sequences  mediated  by  two  degenerate  surface  plasmon  polaritons  with  different 
wavenumbers. 

Our  study  of  the  generation  of  second  harmonic  light  in  the  Kretschmann  geometry 
was  stimulated  by  recent  experimental  studies  of  this  effect,  in  which  a  peak  in  the  angular 
dependence  of  the  intensity  of  the  transmitted  second  harmonic  light  was  observed  in  the 
direction  normal  to  the  mean  scattering  surface  [21,23],  at  the  same  time  that  no  peak  in 
this  direction  was  observed  in  another  such  study  [22],  In  our  work  it  was  assumed  that 
the  second  harmonic  radiation  is  generated  in  the  prism-metal  and  metal-vacuum  interfaces, 
where  the  components  of  the  electromagnetic  fields  can  vary  rapidly  in  the  directions  normal 
to  these  interfaces.  The  results  presented  in  section  8.2  indicate  that  if  the  angle  of  incidence 
is  very  small,  then  four  resonance  peaks  occur  in  the  angular  dependence  of  the  intensity 
of  the  second  harmonic  light,  both  in  reflection  and  in  transmission.  These  peaks  arise  from 
resonant  processes  in  which  surface  plasmon  polaritons  of  frequency  a>  mix  nonlinearly  with  the 
incident  light.  Through  the  surface  roughness  the  incident  light  excites  two  surface  plasmon 
polaritons  of  frequency  &>,  which  propagate  in  the  forward  and  backward  directions,  and 
then  interact  nonlinearly  with  the  incident  light  to  produce  four  peaks  at  angles  of  scattering 
and  transmission  defined  by  equations  (8.3a)  and  (8.3 b),  respectively.  When  the  angle  of 
incidence  is  optimal  for  exciting  the  surface  plasmon  polaritons,  as  was  the  case  in  the 
experimental  studies,  one  of  these  resonance  peaks  is  in  the  direction  normal  to  the  mean 
scattering  surface.  These  peaks  are  well  defined.  However,  their  amplitudes  are  small.  We 
also  observe  a  peak  in  the  retroreflection  direction,  whose  amplitude,  however,  is  small. 
No  enhanced  transmission  peak  is  observed,  because  it  should  occur  in  the  non-radiative 
region.  Thus,  our  results  confirm  the  existence  of  peaks  in  the  retroreflection  and  normal 
directions. 

We  emphasize  that  the  work  presented  here  covers  only  several  aspects  of  multiple- 
scattering  phenomena  in  second  harmonic  generation.  The  analytical  and  numerical  study 
of  the  second  harmonic  generation  of  light  in  three-layer  geometries  is  far  from  over.  The 
analytical  theories  are  limited  by  the  necessary  assumption  of  weak  roughness.  On  the  other 
hand,  the  numerical  approach  needs  to  be  improved  to  handle  the  long  mean  free  paths  of 
surface  polaritons  that  are  often  the  case  for  weakly  rough  surfaces. 

Finally,  we  have  demonstrated  the  efficacy  of  a  new  numerical  approach  to  the  solution  of 
the  integral  equations  for  the  source  functions  arising  in  a  rigorous  approach  to  the  scattering 
of  light  from  a  one-dimensional  random  surface.  Based  on  the  Gauss-Legendre  numerical 
integration  scheme,  this  approach  gives  accurate  results  for  large  values  of  eo  and  e(&>),  and 
provides  an  efficient  set  of  abscissas  in  coordinate  space  for  a  particular  scattering  problem, 
whose  number  can  be  significantly  smaller  than  when  a  set  of  uniformly  spaced  abscissas 
is  used  to  obtain  the  same  level  of  accuracy.  One  of  the  possible  future  applications  of  this 
method  is  to  the  non-uniform  rescaling  of  a  long  segment  of  the  scattering  surface  into  a  shorter 
segment,  which  can  be  useful  for  scattering  problems  with  grazing  angles  of  incidence,  or  with 
the  excitation  of  surface  or  guided  waves  with  long  mean  free  paths. 
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Appendix  A.  Kernels 

The  kernels  appearing  in  equations  (5.3)— (5.6)  are  defined  by 


H?D(x  t|xj 
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Appendix  B.  The  non-uniform  grid  method 

The  systems  of  equations  (5.3)— (5.6)  and  (7. 1)— (7.4)  for  the  source  functions  at  the  fundamental 
and  harmonic  frequencies,  respectively,  are  solved  by  converting  them  into  matrix  equations. 
This  is  done  in  two  steps  [7].  In  the  first,  the  infinite  range  of  integration  is  replaced  by  the 
finite  range  (— L/ 2,  L /2).  In  the  second,  integration  over  this  interval  is  replaced  by  summation 
through  the  use  of  a  numerical  quadrature  scheme.  In  this  paper  we  have  carried  out  the  second 
step  in  a  somewhat  non-standard  way,  which  we  describe  in  this  appendix  and  compare  with 
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the  more  usual  approach  [7],  To  simplify  the  presentation,  without  loss  of  generality  we  apply 
it  to  an  inhomogeneous  Fredholm  equation  of  the  second  kind 


H(x  1)  =  G(a'i)  +  f  dx',  K{x\\x[)H{x[)  a  ^  xi  ^  b.  (B.l) 


The  kernel  in  this  equation  has  one  of  two  forms.  It  is  either 
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In  these  expressions  e  is  either  eo,  e(f2),  or  1 , )?  is  a  positive  infinitesimal,  and  we  are  interested 
in  the  limit  as  i]  — >  0+.  We  note  that  both  K\(x\\x J)  and  A^Ohl-x'i)  are  singular  along  the 
diagonal  line  x\  =  x\ . 

In  a  common  approach  to  the  solution  of  equation  (B.l)  [7]  the  interval  (a,  b )  is  divided 
into  N  intervals  of  equal  length,  and  the  integral  in  it  is  written  as 


I (x\)  —  f  dx[  K(xi\x[)H(x[) 


dx[  K(xi\x[)H(x[) 


(B.4) 


where  xn  =  a  +  (n  —  ^)Ax  and  Ax  =  (b  —  ci)/N .  Then,  on  the  assumption  that  H(x[)  is  a 
slowly  varying  function  of  x[  in  each  of  the  N  intervals  ( xn  —  7  Ax,  x„  +  \  Ax),  we  evaluate 
it  at  the  midpoint  of  each  interval,  and  remove  it  from  the  integral: 

N  f  »x„+  iAx  | 

7 Oh)  =  j  /  dxj  K(xi\x[)  \  H{xn ) 
n=  1  l*0„-iA.Y  J 

N  {  f^AX  1 

—  W  duK{xi\xn  +u)  j  H{xn).  (B.5) 

In  general,  the  integral  over  u  in  this  result  is  evaluated  to  the  lowest  non-zeroth  order 
in  Ax.  When  equation  (B.5)  is  substituted  into  equation  (B.l),  and  xi  is  replaced  by  xm 
(m  —  1,2,...,  N),  we  obtain  the  N  x  N  matrix  equation 

N  \  1 

H(xm)  —  G(xm)  +  >  <  /  du  K (xm\xn  +  u)  \  H (x„)  m=  1,2,  ...,1V  (B.6) 

S'  |  J — 5  A.v  J 

for  determining  the  values  of  H(x)  at  the  points  {xm}. 

One  of  the  advantages  of  the  method  of  solution  described  is  that  its  implementation 
is  straightforward.  Another  advantage  is  that  the  singularity  of  the  kernel  can  be  treated 
analytically.  However,  in  the  evaluation  of  the  singular  diagonal  elements  analytically,  care 
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must  be  exercised.  To  see  this  consider  the  evaluation  of  the  diagonal  elements  for  the  kernel 
K\{x\x').  We  have  that 


d  Li  K\  ( xm  \xm 


+  u) 


i 

4 


d u  H^(am\u\)  +  0((A.r)3) 


(B.7) 


where  am  =  sfe(G./c)[  1  +  (^(Jj,))2]1^2.  If  we  use  the  result  that  for  small  zHq\z)  = 
(2i/jr )  [lnCz/2)  +  y]  +1  +  0(z2  In  z),  and  rewrite  the  right-hand  side  of  this  equation  as 


i 

2^m 


d u  Hq1)(u ) 


(B.8) 


we  see  that  to  obtain  a  diagonal  matrix  element  when  \^fe\  >  1  that  is  comparable  in  accuracy 
to  its  value  when  |^/e|  =  1,  we  either  have  to  keep  higher-order  terms  in  Ax  on  the  right- 
hand  side  of  equation  (B.8),  which  erodes  the  simplicity  of  the  implementation  of  the  approach 
described,  or  we  have  to  reduce  Ax  by  a  factor  of  |^/e| .  If  the  limits  of  integration  are  kept  fixed 
at  xi  =  ±L /2,  the  latter  option  means  that  the  number  of  abscissas  {xm }  must  be  increased 
from  N  to  (,/el N.  Although  the  difficulties  arising  in  calculations  in  which  a  large  value  of 
|^/e|  is  present  can  be  avoided  by  the  use  of  an  impedance  boundary  condition  [39,40],  there 
are  limitations  on  the  use  of  such  a  boundary  condition  [39,40] .  A  final  drawback  of  the  method 
based  on  a  set  of  uniformly  spaced  abscissas  is  its  slow  rate  of  convergence  as  the  number 
of  abscissas  N  is  increased.  Similar  problems  arise  in  the  evaluation  of  the  diagonal  matrix 
elements  of  the  kernel  Kz(x t  \x[).  Therefore,  it  is  useful  to  have  a  computational  method  that 
is  free  from  these  difficulties. 

It  is  known  [41]  that  it  is  often  possible  to  obtain  more  accurate  results  in  the  numerical 
evaluation  of  an  integral  by  the  use  of  irregularly  spaced  abscissas,  as  in  Gauss-Legendre 
integration,  than  when  the  same  number  of  equally  spaced  abscissas  is  used.  Thus,  in  what 
follows  we  consider  the  use  of  Gauss-Legendre  integration  for  converting  equation  (B .  1 )  into  a 
matrix  equation.  However,  this  approach  easily  allows  changing  of  the  integration  rule  without 
substantial  changes  in  the  algorithm. 

A  straightforward  application  of  an  n -point  numerical  integration  rule  to  equation  (B.l) 
results  in  the  matrix  equation 

N 

Hjn  —  G m  ^  '  KmnWnHn  (B.9) 

n=  1 


where  Hm  =  H(xm),Gm  —  G(xm),  Kmn  =  K(xm \x„),  {xm}  are  the  abscissas  of  the 
integration  scheme  adopted  and  {wm}  are  the  corresponding  weights.  In  the  present  case 
such  a  straightforward  application  of  the  Gauss-Legendre  method  fails,  because  the  kernel 
K(x i\x[)  is  evaluated  at  the  singular  points  xm  —  x„.  To  overcome  this  problem  we  use  the 
method  of  subtraction  of  singularities  [42] .  In  this  method  we  write  the  integral  term  on  the 
right-hand  side  of  equation  (B.l)  in  the  form 


dx[  K (x\\x[) H (x[) 


dx[  K (x\\x[)[H {x[)  —  H(x i)]  +  H(xi)R(xi) 


where 


R(x\)  =  f  dx[  K(x\\x[). 


(B.10) 
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We  first  consider  the  evaluation  of  R(x i),  which  we  rewrite  as 

px\  — <5/2  pb  px\+8/2 

R(x i)  =  /  dx[  K{xi\x[)  +  /  dx[  K(x\\x[)  +  /  dxj  Al(xi|xJ). 
2a  Jxi+S/2  Jxi-S/2 


(B.12) 


The  contribution  to  (x  i )  from  the  first  two  terms  on  the  right-hand  side  of  this  equation  can 
be  calculated  numerically  by  applying  the  standard  Gauss-Legendre  rule  in  the  open  intervals 
(a,  X\  —  8/2 )  and  (X|  +  S/2,  b).  For  these  calculations  we  use  S  =  10~6L.  The  last  term  on 
the  right-hand  side  of  this  equation  requires  an  analytic  evaluation  for  each  of  the  two  types  of 
kernels  appearing  in  the  integral  equations  for  the  source  functions,  K\ (x  \  \x[)  and  K 2 (x \  \x[). 
In  the  former  case  we  have 
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Consequently,  we  can  neglect  this  contribution  for  the  small  value  of  S  we  have  assumed.  Thus, 
we  obtain  the  result  that 


pb  pb 
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J  ci  J  a 


(B.14) 


where  P  denotes  the  Cauchy  principal  value,  and  the  integral  is  evaluated  numerically  in  the 
manner  indicated  above.  For  the  second  type  of  kernel  we  find  that 
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Thus,  we  have  the  result  that 


pb  pb 

/  dx[  K2(x\ \x\)  =  ^  +  P  dx[  K2(x1\x[). 
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(B.16) 


We  next  turn  to  the  evaluation  of  the  first  term  on  the  right-hand  side  of  equation  (B.10). 
We  assume  that  H(x  1)  is  continuous  and  has  a  continuous  derivative  for  x\  in  the  interval 
(a,  b).  We  then  write  this  term  as 
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Under  our  assumptions  the  product  K  (x\\x[)[H  (x[)  —  H(x i)]  has  a  weaker  singularity  at 
x\  —  x\  than  does  K(x\\x[)  itself.  Thus  we  have  that 

p  x\+8/ 2 
Jx\-8/2 


tx  i-S/2 
<*8/2 


/a/z 

d u  K(x\\x\  +  u)[uH'(x i)  +  \ u2H"(x\ )  +  •••]. 

-8/2 


I -8/2 

For  the  first  type  of  kernel  we  find  that 

~  fs/2 

Ji(xi)  =  H'(xi)  I  Au  uK\{x\\x\  +  u)  +  jH" {x\)  /  Au  uzK\(x\\x\  +  u) 


J-S/2 

i  rS/ 2 

=  -H 


fS/2 

'  /  ‘ 

J-S/2 


4  c  2<p(x\ 

r*/2 


— 1 —  [  Au\u\u2h[1^(  sfi—cl){xi)\u\\ 

l)  J-6/2  V  C  / 


1  i  (  £2 

-H"(x 0-  /  dwn2ff0(1)(  Ve—  0(*i)|r 

2  4  J_5/ 2  V  c 


+-j 
2 

=  0(<53  In 5). 

For  the  second  type  of  kernel  we  find  that 


u  +  • 


r< 5/2 

'  /  ‘ 

J-8/2 


Ji{x\)  =  H’{x\)  I  AuuK'i{x\\xi+u)  +  ljH"{x\)  I  Au  uz K2(x\\x\  +  u) + 


rs/ 2 

'  /  ‘ 

J-S/2 


=  lim 


//'(xi)?;  [s/2i 


L 


Au 


1(^0+  27T  J-S/2ri  <p2(Xl  )u2  ~  2t/'(Xi)u  +  1 

rtxotf'ou)  z^2 


£ 


dw  w  +  0(<53). 


(B.18) 


(B.19) 


(B.20) 


4tt02(xi)  J_3/2' 

Thus  72 (x'i)  =  0(53)  because  the  first  integral  vanishes  as  i]  —*■  0+,  and  the  second  term  is 
exactly  zero.  As  a  result,  we  can  set  /i,2(xi)  equal  to  zero  for  the  small  value  of  <5  we  have 
assumed,  and  we  obtain 

/  dx',  K(xi\x[)[H{x[)  —  H(xi)]  —P  Ax[  K  (xi\x\)[H  (x[)  -  H(Xl)].  (B.21) 

J  a  J  a 

When  we  put  together  the  preceding  results  we  find  that  the  matrix  equation  equivalent  to 
equation  (B.l)  is 


Hm  —  Gm  +  'jr  |  K^wn  +  [R,„  -  K/j vJt\Smn  H„ 


(B.22) 


n=  1 


i=  1 


in  the  case  that  the  kernel  is  A'i(xi|Xj),  where Hm  =  H(xm),Gm  —  G(xm),K^  —  K\(xm\xn), 
with  K(Jl  =  0,  and 


Rm  — 


-L 


Xm-8/2 


dxj  K  \ (xm  |  x  | )  + 


L 


Xm+8/2 


dxj  Ki(xm \x[). 


(B.23) 


In  the  case  that  the  kernel  is  Ki(x\\x[)  we  obtain  the  matrix  equation 


Hm  =  2 Gm  +2J2\  K%>wn  +  [Rm  -  KfiaWilSmn  H„ 


(B.24) 


n=  1 


1=  1 
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Figure  Bl.  The  density  of  points  on  the  surface.  The  total  number  of  sampling  points  N  =  800. 
The  surface  is  divided  into  40  equally  spaced  intervals.  The  curve  with  the  circles  represents  the 
density  of  points  for  grid  1.  The  curves  with  the  squares  represent  the  density  of  points  for  grid  2. 
(This  figure  is  in  colour  only  in  the  electronic  version,  see  www .  iop .  org) 


where  K™  =  K2(xm\xn),  with  K^m  =  0,  and  Hm,  Gm,  and  Rm  are  defined  as  in  the  case 
of  the  kernel  K\(x\\x[).  The  difference  between  equations  (B.22)  and  (B.24)  arises  from  the 
presence  of  the  first  term  on  the  right-hand  side  of  equation  (B.16). 

With  the  original  integral  equation  (B.l)  transformed  into  an  equivalent  matrix  equation, 
we  turn  to  the  question  of  the  optimal  choice  of  the  abscissas  to  be  used  in  defining  the 
elements  Hm ,  Gm ,  R,„  and  Kmn .  We  require  that  they  be  highly  dense  in  the  vicinity  of  the 
central  point  x\  =  0.  This  is  a  necessary  condition  because  the  incident  beam  has  a  Gaussian 
form.  Hence  the  surface  is  most  strongly  illuminated  in  the  centre.  In  figure  Bl  we  plot 
the  density  of  abscissas  for  the  Gauss-Legendre  rule  for  the  interval  —0.5  <  x\  <  0.5  (the 
curve  with  circles).  We  use  the  rescaled  interval  —0.5  <  xi  <  0.5  instead  of  the  usual 
interval  —1  <  x\  <  1  because  it  is  convenient  to  have  the  total  length  of  the  surface  equal 
unity  in  dimensionless  units.  In  obtaining  this  figure  we  have  assumed  that  the  total  number 
of  abscissas  is  N  —  800,  and  have  divided  the  surface  into  40  equally  spaced  intervals 
(grid  1).  The  density  of  abscissas  is  therefore  the  number  of  abscissas  in  a  given  one  of 
these  intervals.  We  can  see  that  this  set  of  abscissas  has  a  high  density  at  the  edges  (80 
points  per  interval),  but  the  most  important  region,  in  the  centre,  is  not  covered  effectively 
(13  points  per  interval).  To  increase  the  number  of  abscissas  in  the  centre  of  the  surface  we 
rescale  the  Gauss-Legendre  rule  into  the  interval  —0.5  <  xi  <  0,  using  N / 2  =  400  abscissas 
(grid  2).  Then  in  the  interval  0  <  x\  <  0.5  we  use  the  same  set  of  abscissas  reflected  about 
the  origin  of  coordinates.  In  figure  Bl  we  plot  the  density  of  the  abscissas  obtained  in  this 
way  (the  curve  with  squares).  The  central  region  now  has  the  same  density  of  abscissas  as  the 
edges  do  (57  points  per  interval).  After  the  abscissas  {x„,}  have  been  determined  as  the  zeros 
of  Pn /2 (x i  )  in  the  rescaled  interval  —0.5  <  xi  <0  and  then,  by  reflection,  in  the  interval 
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0  <  x\  <  0.5,  the  corresponding  weights  { w„  )  are  obtained  by  the  use  of  standard  recursive 
algorithms  [37], 

It  is  now  necessary  to  generate  the  surface  profile  function  f  (x; )  at  the  values  of  the 
abscissas  that  were  generated  in  the  manner  just  described.  We  do  this  by  using  a  numerical 
technique  [7]  that  generates  t;(xi )  and  its  derivatives  at  a  set  of  Np  equally  spaced  points  within 
the  finite  interval  of  integration  (— L/2,  L /2).  We  assume  that  Np  is  at  least  twice  as  large  as  N. 
Then  by  interpolation  we  obtain  ( (x \ )  and  its  derivatives  ('(x\ )  and  £"(a'i)  at  any  intermediate 
point  between  those  at  which  they  are  generated.  The  matrix  elements  for  each  of  the  kernels 
given  by  equations  (A.l)  can  now  be  evaluated  readily. 

To  check  the  accuracy  of  the  non-uniform  grid  method  relative  to  that  of  the  uniform 
grid  method,  we  apply  both  methods  to  a  problem  for  which  an  analytic  solution  is  known, 
namely  the  reflectivity  ( R )  and  transmissivity  (T)  of  a  metal  film  with  planar  surfaces  in  the 
Kretschmann  geometry.  We  define  R  and  T  as  the  ratios  of  the  total  time-averaged  scattered 
and  transmitted  fluxes  to  the  total  time-averaged  incident  flux.  Assuming  the  incident  field  to 
be  a  plane  wave,  we  have  the  results  that 


R  =  \r(k) |2  T  =  e0oi0(k)  \t(k)\2 

~~  \A(k)\2  ~  ap(k)  |  A  (A')  | 2 

where 

r(k )  =  [e(a>)c/p(k)a(k)  —  epe(a>)oi(k)aQ(k)]  cos[a(A:)D] 

+i[epot2{k)  —  e2(a>)ap(k)ap(k)]  sin[a(k)Z)]  (B.26) 


t(k)  =  2  e(to)ap(k)a(k)  (B.27) 


A  (k)  =  [€(a>)ap(k)a(k)  +  €p€(a))a(k)aQ(k)]cos[a(k)D] 


— i[eoa'2(^')  +  e2(co)i 

yp(k)ap(k)]  sin[a(A)Z)] 

(B.28) 

and 

ap(k)=[ep(w/c)2-k2]1/2 

R eap(k)  >  0 

Im ap(k)  >  0 

(B.29a) 

a(k)  =  [e  (&>)(&>/<:) 2  —  &2]1/2 

Re  a  (  A)  >  0 

Ima(l)  >  0 

(B.29  b) 

a0(k)  =  [(«/c)2  -  £2]1/2 

Reaofk)  >  0 

ImaoW  >  0- 

(B.29c) 

The  wavenumber  k  here  is  related  to  the  angle  of  incidence  6p  in  the  prism  by  k  — 

V^o  (w/c) 

sin  6p.  If  we  assume  for  the  experimental  parameters  the  values  A,  =  612.7,  D 

=  48  nm, 

ep  =  9,  e(&>)  =  —17.2  +  i0.498  and  L  =  12.6  /xm,  it  follows  from  equation  (B.25)  that 
at  normal  incidence  ( k  —  0)  R  —  0.941  and  T  =  0.002  83.  The  results  based  on  the 
uniform  and  non-uniform  grid  methods  with  N  —  500  are  R  —  0.899,  T  —  0.002  00 
and  R  —  9.939,  T  =  0.002  85,  respectively,  when  a  plane  wave  is  used  for  the  incident 
field.  The  results  obtained  by  the  non-uniform  grid  method  are  much  closer  to  their  analytical 
counterparts. 

We  have  tested  the  non-uniform  grid  method  for  different  parameters,  and  have  found  that 
in  many  cases  it  gives  more  accurate  results  than  the  uniform  grid  method  does.  In  particular, 
the  solution  is  robust  in  the  range  of  large  values  of  ep  and  e(co),  where  the  utility  of  uniform 
grid  methods  can  be  limited. 
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Abstract 

We  study  the  possibility  of  the  strong  localization  of  surface  plasmon  polaritons  propagating  along  a  metal  surface 
a  finite  part  of  which  is  randomly  rough.  The  surface  roughness  is  such  that  the  roughness-induced  conversion  of 
a  surface  plasmon  polariton  propagating  on  it  into  volume  electromagnetic  waves  in  the  vacuum  above  the  surface  is 
suppressed.  ©  2001  Elsevier  Science  B.V.  All  rights  reserved. 

Keywords:  Localization;  Surface  plasmons;  Polaritons;  Random  surfaces 


1.  Introduction 

Since  the  prediction  of  localization  of  electrons  in 
a  disordered  random  system  [1],  there  has  been 
a  great  interest  in  localization  phenomenon  in  the 
physics  community.  Although  this  phenomenon 
was  predicted  for  “quantum”  waves,  it  is  not  re¬ 
stricted  to  these  kinds  of  waves,  and  should  in 
particular  also  apply  to  classical  waves  in  random 
media.  For  example,  the  experimental  observation 
of  the  localization  of  light  was  reported  recently  in 
a  bulk  disordered  semiconductor  [2,3].  In  the  pres¬ 
ent  work  we  discuss  the  Anderson  localization  of 
another  type  of  classical  wave  by  disorder  of  a  dif¬ 
ferent  nature,  namely  the  localization  of  surface 
plasmon  polaritons  on  a  randomly  rough  metal 
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surface  in  contact  with  vacuum.  This  effect  has  been 
believed  to  be  difficult  to  observe  due  to  its  being 
masked  by  competing  effects  such  as  roughness- 
induced  conversion  of  the  surface  plasmon  polar¬ 
iton  into  volume  waves  in  the  vacuum  above  the 
surface  (leakage),  and  ohmic  losses  due  to  the  non¬ 
vanishing  imaginary  part  of  the  dielectric  function 
of  the  metal  [4-6].  In  this  work  we  show  how  to 
circumvent  this  problem  by  using  a  specially  de¬ 
signed  randomly  rough  surface  that  suppresses 
leakage. 

The  Anderson  localization  length  of  a  surface 
plasmon  polariton  of  frequency  co  propagating 
along  a  one-dimensional  randomly  rough  surface 
of  a  metal  in  contact  with  vacuum  can  be  deter¬ 
mined  by  calculating  the  amplitude  t(co,L)  of  the 
surface  plasmon  polariton  transmitted  through 
a  finite  length  L  of  the  random  surface.  The  surface 
plasmon  polariton  transmission  coefficient  is  then 
given  by  T(to,L )  =  |t(co,L)|2.  For  large  L  the  aver¬ 
age  of  the  self-averaging  quantity  In  T(co,L)  over 
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the  ensemble  of  realizations  of  the  random  surface, 
<ln  T(m,L)>,  is  expected  to  display  a  linear  depend¬ 
ence  on  L, 

<ln  T(co,L ))  =  const.  —  L//T(co),  (1.1) 

where  the  characteristic  length  /t(oj)  is  called  the 
Lyapunov  exponent.  It  is  not  the  localization 
length  of  the  surface  plasmon  polariton  tf(co),  but 
can  instead  be  related  to  the  latter  by 

f-  V)  =  r  V)  +  C  'M  +  cJ(co),  (1.2) 

where  tfE(co)  and  /rad(co)  are,  respectively,  the  char¬ 
acteristic  decay  lengths  associated  with  the  leakage 
and  ohmic  losses  [7], 

In  the  present  paper  we  analyze  analytically  and 
numerically  the  propagation  of  surface  plasmon 
polaritons  along  a  metal  surface  a  finite  part  of 
which  is  randomly  rough.  This  random  roughness 
is  chosen  to  constitute  a  random  process  that  sup¬ 
presses  leakage,  i.e.  the  roughness-induced  conver¬ 
sion  of  a  surface  plasmon  polariton  propagating  on 
it  into  volume  electromagnetic  waves  in  the  vac¬ 
uum  above  the  surface.  The  use  of  a  random  surface 
that  suppresses  leakage  facilitates  the  investigation 
of  the  strong  localization  of  surface  plasmon  polar¬ 
itons  by  random  surface  roughness  by  removing 
the  contribution  (or)  from  the  expression  for 
rT\co)  (Eq.  (1.2)). 

In  the  approach  to  the  suppression  of  leakage 
taken  by  Sornette  and  his  colleagues  [4,5],  it  was 
assumed  that  the  random  surface  was  not  planar  on 
average,  but  periodic,  so  that  the  dispersion  curve 
of  the  surface  plasmon  polaritons  supported  by  the 
mean  surface  displays  a  gap  at  the  boundary  of 
the  one-dimensional  first  Brillouin  zone  defined  by 
the  period  of  the  mean  surface.  Leakage  should 
then  either  vanish  or  decrease  significantly  for  the 
surface  plasmon  frequency  at  the  band  edge.  How¬ 
ever,  this  was  not  observed  in  the  numerical  simula¬ 
tion  calculations  of  leakage  carried  out  in  Refs. 
[6,8], 

In  this  work  we  first  present  an  approach  to 
designing  a  one-dimensional  random  surface  that 
suppresses  the  leakage  of  a  surface  plasmon  polar¬ 
iton  as  it  propagates  across  it  that  differs  from  that 
proposed  by  Sornette  et  al.  [4,5].  Although  the 
power  spectrum  of  the  resulting  surface  is  nonzero 


in  a  narrow  range  of  wave  numbers,  that  surface  is 
not  periodic  on  average.  However,  as  with  the  sur¬ 
face  proposed  by  Sornette  et  al.  our  surface  is 
specific  to  the  frequency  of  the  surface  plasmon 
polariton  propagating  across  it:  if  that  frequency  is 
changed,  a  new  surface  has  to  be  designed. 

For  a  weakly  rough  random  surface  of  this  na¬ 
ture  we  analyze  the  possibility  of  the  localization  of 
surface  plasmon  polaritons  by  an  analytic  ap¬ 
proach.  In  the  case  of  a  strongly  rough  surface  we 
solve  the  problem  of  surface  polariton  propagation 
numerically. 


2.  The  transmitted  field 

We  study  the  scattering  of  a  p-polarized  surface 
plasmon  polariton  of  frequency  co  propagating  in 
the  x,  -direction  that  is  incident  on  a  segment  of 
a  one-dimensional  randomly  rough  surface  defined 
by  the  equation  x3  =  'C(x\ ).  The  surface  profile 
function  ((-xq)  is  assumed  to  be  a  single-valued 
function  of  xt  that  is  nonzero  only  in  the  interval 
-  L/2  <  Xl  <  L/2  (Fig.  1). 

The  region  x3  >  C(x, )  is  vacuum  and  the  region 
x3  <  C(Xi)  is  a  metal  characterized  by  an  isotropic, 
frequency-dependent,  complex  dielectric  function 
ti(aj)  =  s i  (oj)  +  ie2(co).  We  are  interested  in  the  fre¬ 
quency  range  in  which  Siico)  <  —  1,  e2(a>)  >  0, 
within  which  surface  plasmon  polaritons  exist. 
We  write  the  surface  profile  function  c(X) )  in  the 
form 

C(x1)  =  r(x1)s(x1),  (2.1) 

where  s(x2)  is  a  single-valued  function  of  x,  that 
is  differentiable  and  constitutes  a  stationary, 

x3 


/ 

x3  =  £(X,) 
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Fig.  1.  The  scattering  system  considered  in  the  study  of  Ander¬ 
son  localization  of  surface  plasmon  polaritons  on  a  random 
surface. 
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zero-mean,  Gaussian  random  process  defined  by 

<s(x1)>=0,  (2.2a) 

<s(x1)s(x'1)>  =  d2W(\xi  —  x\\),  (2.2b) 

<s2(x!)>  =  S2.  (2.2c) 

The  angle  brackets  in  Eqs.  (2.2)  denote  an  average 

over  the  ensemble  of  realizations  of  s(.Xi),  8  is 
the  rms  height  of  the  roughness,  and  W( |xi  —  x\  |) 
is  the  surface  height  autocorrelation  function. 
The  form  of  the  power  spectrum  of  the  surface 
roughness,  which  is  defined  by 


m\)  = 


q~'Qx'W{\xi\), 


(2.3) 


appropriate  for  our  purposes  will  be  specified  be¬ 
low.  The  function  T(Xi )  serves  to  restrict  the  non¬ 
zero  values  of  C{xx)  to  the  interval  —  L/2  <  x3  < 
L/2.  One  form  /’(x'l )  can  have  is 


r(xi)  =  +  xijo(L  -  Xi ), 


(2.4a) 


where  0(xi)  is  the  Heaviside  unit  step  function. 
A  smoother,  differentiable  version  of  T(x  i)  is  pro¬ 
vided  by 


r{xi)  = 


1  +  cosh(l/2)?cL 
cosh  kx  ,  +  cosh(l/2)fcL’ 


(2.4b) 


where  the  parameter  k  controls  the  range  of 
Xi  values  over  which  r(Xi)  decreases  from  1  to  0.  In 
view  of  the  factor  r(x1 )  in  Eq.  (2.1),  the  surface 
profile  function  C(x  i )  is  not  a  stationary  random 
process  even  though  s(.Xi)  is. 

We  assume  that  the  surface  roughness  is  suffi¬ 
ciently  weak  that  the  surface  profile  function  C(xi ) 
satisfies  the  conditions  for  the  validity  of  the 
Rayleigh  hypothesis  [9].  In  this  case  the  single 
nonzero  component  of  the  magnetic  field  in  the 
vacuum  region  x3  >  c(x,  )max  can  be  written  as  the 
sum  of  the  fields  of  the  incident  and  scattered  waves 

Hi  (xi,x3|&>)  =  exp[i fcxj  -  p0 (fc,to)x3] 

f°°  dg 

+  — R>(^m)exp[i^x1  -  ^0(«,£o)x3],  (2.5a) 

.  -oo27l 


while  in  the  region  of  the  metal,  x3  <  C(x t  )n 
Hi  (x i ,  x3  |ro)  =  exp[ikxi  +  P(k,  oj)x3] 
dq . 


+ 


-0,271 


R<(<jf,(u)exp[i<jx1  +  p(q, co)x3].  (2.5b) 


In  Eqs.  (2.5)  k  is  the  wave  number  of  the  incident 
surface  plasmon  polariton, 


c 


£  (to) 

e{co)  +  1 


1/2 


=  A  i  (oj)  +  i  k2(co). 


(2.6) 


while  the  functions  R  >(q,oj)  and  R<(q,co)  are  the 
scattering  amplitudes  of  the  surface  plasmon  polar¬ 
iton  in  the  vacuum  and  in  the  metal,  respectively, 
and 


co 


2  \  1/2 


Po{q,co)  =  yq  -~2 
Im  p0(q,co)  <  0, 


RejS0  (q,(o)  >  0, 


or 


2\  1/2 


P(q,  co)  =  y  q  -  s(co)  —~2  )  Re  P(q,  co)  >  0, 
Im  p(q,  co)  <  0. 


(2.7a) 


(2.7b) 


The  scattering  amplitude  R>(q,co)  satisfies  the 
reduced  Rayleigh  equation  [10] 

R>(p,co)  =  G0(p)lv(p\k)J(P(p,co)  -  p0(k,co)\p  -  k) 


+ 


>c°  dq 

—v(p\q)J(P(p,co) -P0(q,co)\p  -  q)R  (q,co)}, 

-0,271 


where 

J(y\Q)  = 

and 


dxi  e~iQx' 


evC(*i)  _  i 

y 


v(p\q)  =  ,t{U\pq  -  P{p,(o)Po{q,(o)~], 


e(co) 


while 

Goip)  = 


e(co) 


e(co)Po(p,co)  +  P(p,co) 


(2.8) 


(2.9) 


(2.10) 


(2.11) 
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is  the  Green’s  function  of  surface  plasmon  polar- 
itons  associated  with  the  planar  surface.  We  note 
that  G0(p)  has  simple  poles  at  p  =  ±  k. 

If  we  introduce  the  transition  matrix  T(p\k)  by 
the  relation 


^>(P,«)  =  G0(p)T(p\k), 
then  Eq.  (2.8)  takes  the  form 
d  q 


(2.12) 


T(p\k)  =  V(p\k)  + 


2n 


V(p\q)G0(q)T(q\k),  (2.13) 


where 


1 

2k2(co) 


(2.20) 


is  the  propagation  length  of  the  surface  plasmon 
polaritons  due  to  the  ohmic  losses  in  the  metal,  and 
gives  the  fraction  of  the  flux  entering  the  random 
segment  of  the  metal  surface  at  x2  =  —  L/2, 
P inc(  —  E/2),  that  leaves  it  at  x3  =  L/2,  Ptr(L/2). 

From  Eq.  (2.19)  we  find  that 


where  the  scattering  potential  V(p\q)  is  given  by 
V{p\q )  =  v{p\q)J(P(p,co)  -  Po(q,co)\p  -  q ).  (2.14) 

From  Eqs.  (2.5a)  and  (2.12)  we  see  that  the  scat¬ 
tered  field  in  the  vacuum  region  can  be  written  in 
the  form 


<ln  Tip, L)>  =  <ln|f(m,  L)|2>  -  -±-  (2.21) 

G:(0J) 

We  can  rewrite  Eq.  (2.21)  in  the  form 

<ln  T(a>,L)>  =  2Re  <ln  [f(m,L)]>  -  -A-.  (2.22) 

G:(0J) 


H/(xi,x3\oj)sc 


■°°  d q 

-  oo  2u 


G0(q)T(q\k)e'CIXl 


Therefore,  in  view  of  Eqs.  (1.1)  and  (1.2),  and  in  the 
absence  of  leakage,  we  expect  that 


(2.15) 

The  field  of  the  scattered  surface  plasmon  polariton 
in  the  region  >  L/2  is  given  by  the  contribution 
from  the  pole  in  the  integrand  of  the  integral  in  Eq. 

(2.15),  and  has  the  form 


L 

2Re  <ln  [t(®,  L)]  )  =  const.  — - — (2.23) 

((CO) 


3.  The  random  surface 


H/(x{  >  L/2,x3\co)sc  =iCT(k\k)ekXle~Mk’ca)X3, 

(2.16) 

where 


Before  proceeding,  several  remarks  on  the  prop¬ 
erties  of  the  rough  surface  have  to  be  made.  From 
Eq.  (2.5a)  it  follows  that  the  total  power  scattered 
into  the  vacuum  above  the  surface  is 


c  _  V  -  eV) 

n2(o>)  —  1 


(2.17) 


CO 

%%t  2 

CO  „  \ 

Pso  ^2  a  r  2 

16  n\ 

dfis  cos2  8S 

-71/2 

R  (—  sin 0S, col 

is  the  residue  of  the  Green’s  function  G0(q)  at 
q  =  +  k.  The  amplitude  of  the  transmitted  surface 
polariton  is  therefore 

t(co,L)=  1  +iCT(k\k).  (2.18) 


The  surface  plasmon  polariton  transmission  coef¬ 
ficient  T(co,L)  is  then  defined  by 


T(co,L) 


PtAL/2) 

Einc(  -  L/2) 


\t(co,  L)|2exp 


(2.19) 


(3.1) 

where  L2  the  length  of  the  surface  along  the  x2- 
axis.  The  scattering  angle  8S,  measured  clockwise 
from  the  x3-axis,  is  related  to  the  wavenumber  q  by 
q  =  (a>/c)sin0s.  Since  the  integrand  in  Eq.  (3.1)  is 
non-negative,  we  see  that  the  only  way  in  which 
leakage  can  be  suppressed,  i.e.  the  only  way  in 
which  Psc  can  be  made  to  vanish,  is  to  design  a  one¬ 
dimensional  random  surface  for  which  the  ampli¬ 
tude  R>(q,m)  is  identically  zero  for  —  (co/c)  <  q  < 
(co/c).  Several  ways  to  design  surfaces  that  give  rise 
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to  specified  angular  distributions  of  the  scattered 
intensity  have  been  proposed  recently  [11,12].  To 
suppress  the  leakage  we  will  use  a  surface  charac¬ 
terized  by  the  power  spectrum  [13] 

g(\Q\)  =  ^lO(Q-kmin)6(km.*-Q) 

+  9(  —  Q  —  kmin)0(kmax  +  0]; 

(3.2) 

where 

kmin  =  2k, (co)  -  Ak, 

(3.3a) 

kmax  =  2k, (co)  +  Ak, 

(3.3b) 

and  Ak  must  satisfy  the  inequality 

Ak  <<;  k,(co)  —  (co/c). 

(3.4b) 

That  a  surface  characterized  by  the  power  spec¬ 
trum  (3.2)  suppresses  leakage  can  be  seen  from  the 
following  argument:  The  incident  surface  plasmon 
polariton  has  a  wave  number  whose  real  part  is 
k  [  (oj).  After  its  first  interaction  with  the  surface 
roughness  it  will  be  scattered  into  waves  the  real 
parts  of  whose  wave  numbers  lie  in  the  two  inter¬ 
vals  (3k,  (oj)  —  A k,  3k,  (oj)  +  A k)  and  (  —  k,  (oj)  —  A k, 

—  k ,  (oj)  +  Ak).  This  is  because  the  wave  numbers 
in  the  spectrum  of  the  surface  roughness  with 
which  k ,  (oj)  can  combine  lie  in  the  intervals 
(2k1(co)  —  Ak,  2k,(co)  +  Ak)  and  (  —  2k,  (oj)  —  Ak, 

—  2/c,  (oj)  +  Ak).  For  the  same  reason,  after  the 
scattered  waves  interact  again  with  the  surface 
roughness  the  real  parts  of  the  wave  numbers 
of  the  doubly  scattered  waves  will  lie  in  the 
three  intervals  (5k, (co)  —  2Ak,  5k, (co)  +  2Ak), 
(k1(co)  —  2Ak,k1(co)  +  2Ak),  and  (  —  3k, (co)  —  2A k, 

—  3/c  i  (oj)  +  2Ak).  After  the  third  interaction  with 

the  surface  roughness  the  real  parts  of  the 
wave  number  of  the  scattered  waves  will  he  in  the 
four  intervals  (7k,  (oj)  —  3Ak,7k,  (oj)  +  3A  k), 
(3k, (to)  -  3Ak,3k, (co)  +  3 Ak),  (  -  k,  (co)  -  3 Ak, 

—  k,  (oj)  +  3Ak),  and  (  —  5k,(co)  —  3Ak, 

—  5k,  (co)  +  3Ak),  and  so  on.  Thus,  for  example, 
if  —  k,(co)  +  3Ak  <  —  (co/c),  so  that  Ak  <  i(k,(co)  — 
(co/c)),  after  triple  scattering  the  surface  plasmon 
polaritons  will  not  be  converted  into  volume  elec¬ 
tromagnetic  waves.  In  general,  if  we  wish  the  sur¬ 
face  plasmon  polariton  to  scatter  n  times  from  the 


surface  roughness  without  being  converted  into 
volume  electromagnetic  waves,  we  must  require 
that  Ak  <  (l/n)(ki(co)  —  (co/c)).  It  is  clear  that  the 
strongest  scattering  processes  are  those  whose  final 
states  are  backward  or  forward  propagating  sur¬ 
face  plasmon  polaritons,  since  they  result  in 
propagating  excitations  while  all  others  final  states 
are  strongly  decaying  electromagnetic  waves. 

A  randomly  rough  surface  with  a  power  spec¬ 
trum  of  the  form  of  two  Gaussian  peaks  centered  at 
q  =  ±  2k, (co)  has  been  assumed  in  Ref.  [14]  in 
a  search  for  the  localization-induced  enhancement 
of  the  surface  plasmon  polariton  field.  However, 
such  a  power  spectrum  is  nonzero  in  the  range 
\q\  <  (co/c)  and,  therefore,  such  a  surface  does  not 
suppress  leakage. 


4.  Analytical  arguments 


Let  us  consider  Eq.  (2.13)  for  the  transition 
matrix  T(q\k).  In  deriving  this  equation  we  have 
assumed  that  the  conditions  for  the  validity  of 
Rayleigh  hypothesis  are  satisfied.  The  scattering 
potential  V(q\p),  given  by  Eq.  (2.14),  does  not  have 
any  poles  in  the  complex  plane  of  the  variables  q 
and  p,  and  the  inequality  (e<M*.“»-/Mfc.<»))C On)  _  i) 

1  is  satisfied.  In  view  of  the  power  spectrum  of  the 
surface  roughness  assumed,  the  main  contribution 
to  the  integral  term  in  Eq.  (2.13)  comes  from  the 
poles  of  the  Green’s  function  G0(p).  In  the  pole 
approximation  for  the  Green’s  function  [15]  we 
can  rewrite  Eq.  (2.13)  as 


T(q\k)  =  V(q\k )  +  iCV(q\k)T(k\k) 

+  iCV(q\  -  k)T(  -  k\k),  (4.1a) 

T(k\k)  =  iCV(k\  -  k)T(  -  k\k),  (4.1b) 

T(  -  k\k)  =V(-  k\k)  +  i CV(  -  k\k)T(k\k).  (4.1c) 


From  Eqs.  (4.1)  we  obtain 


V(q\k)  +  iCV(q\  -  k)V(  -  k\k) 
1  +  C2V(k\  -  k)V(  -  k\k) 


and 


T(k|fc) 


iCV(k\  -  k)V(  -  k\k) 

1  +  C2V(k\  -  k)V(  -  k\k) 


(4.2a) 


(4.2b) 
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Therefore,  from  Eq.  (2T8)  we  find  that  the  ampli¬ 
tude  of  the  transmitted  field  is  given  by 


1  +  C2V(k\  -  k)V(  -  k\k) 


(4.3) 


Using  Eq.  (4.3)  we  can  calculate  the  desired 
quantity  <ln  T(<y,L)>, 


<ln  T(co,L)}  =  2Re<lnf(ct>,L)) 

=  -  2Re<ln[l  +  C2V(k\  -  k)V(  -  fe|fe)]>.  (4.4) 

In  order  to  calculate  the  average  in  the  second 
line  of  Eq.  (4.4)  we  shall  use  the  Taylor  expansion  of 
the  logarithm 

<ln[l  +  C2V(k\  -  k)V(  -  /c|/c)]> 

oo  /  _  i  \n  —  1 

=  z  - - C2"<[F(k|  —  k)V(  —  k\k)J'},(4.5) 

n= 1  » 

and  calculate  the  moments  <[F(k|  —  k)V(  —  fc|/c)]">. 
From  Eq.  (2.14)  it  follows  that 


<[F(/c|  -  k)V(  -  k\k)T>  =  [v(k\  -  k)v{  -  k\k)J 


x  < Jn(P(k,c» )  -  p0(k,(Q)\2k)J\P{k,(o) 

—  Po(k,a>)\  —  2k)}.  (4.6) 


and  so  on.  As  a  result,  the  cumulants  of  any  odd 
numbers  of  J  functions  from  Eq.  (4.6)  are  found  to 
be  proportional  to  at  least  one  factor  sinc(fc1L), 
which  is  small  when  k^L  >  1.  Only  the  cumulant 
averages  of  products  of  even  numbers  of  J  func¬ 
tions,  which  contain  equal  numbers  of  J(y\2k)  and 
J(y|  —  2k),  do  not  contain  this  small  factor. 

When  the  length  of  the  rough  part  of  the  surface 
is  not  very  large,  so  that  L82  4,  |e(m)|A3,  where 
X  =  ( 2nc/(o ),  the  main  contribution  to  the  average 
of  the  product  of  J  functions  comes  from  the  prod¬ 
ucts  of  pair  cumulant  averages,  so  that  the  mo¬ 
ments  are  found  to  be  given  by 

<Jnm,(D)  -  p0(k,a))\2k)Jn(P(k,(o)  -  p0(k,co)\  -  2/c)> 

*  n\lOW(k,co)  -  p0(k,a>)\2k) 

x  J(fi{k,o>)  -  P0(k,co)\  -  2 fc)>c]" 

=  n\f(2k,  -  2k).  (4.10) 

With  the  use  of  Eq.  (4.10)  we  can  rewrite  the  infinite 
series  in  Eq.  (4.5)  as 

<ln[l  +  C2V(k\  -  k)V(  -  fc|/c)]> 

oo 

=  C2v(k\  -  k)v(  -  k\k)  Z  (  -  l)"n!C2" 

«  =  o 


To  calculate  these  moments  we  use  their  repres¬ 
entation  in  terms  of  cumulant  averages  [16,17].  In 
doing  so  we  will  use  the  fact  that  due  to  the  non- 
stationarity  of  the  surface  the  cumulant  average  of 
J(y|0  is  given  by 


<7(yl0>c  =  L  sine 


Q 


’  (e’ 2,52/2  -  1), 
7 


(4.7) 


the  cumulant  average  of  the  product  7(y|Qi  )./(y|0 ) 
is  given  by 


x  [i)(fc| 
=  C2v(k\ 


x 


*00 

dw 

o 


-  k)v(  -  k\k)j(2k,  -  2k)Y 

-  k)v(  —  k\k)j(2k,  —  2k) 

e““ 

1  +  C2v{k\  —  k)v(  —  k\k)j(2k, 


2  k)u 

(4.11) 


In  the  limit  of  a  weakly  rough  surface,  S  4  X^J\ e(m)|, 
the  function  g(r)  can  be  approximated  by 
g(2k)  =  h2gr(|r|),  so  that  j(2k,  —  2k)  takes  the  form 


<J(y\Qi)J(y\Q2)>o  =j(QuQ2 

=  L2 


00  dr  . 

—sine 

-0,271 


\Qi  -  r)L 
2 


x  sine 


(0  +  r)L 


where 


g(r)  = 

7 


d ue~irule52y2w(M)  - 


g(r),  (4.8) 


(4.9) 


j(2k,  -  2k)  =  L282 


00  dr 
-m27t 


g(\r\) 


x  sine 


21  (2k  -  r)± 


(4.12) 


When  the  length  of  the  rough  part  of  the  surface  is 
small,  so  that  the  conditions  LAk  4  1  and  k2L  4  1 
are  satisfied,  the  function  j(2k,  —  2k)  becomes 
j(2k,  —  2k)  =  L282/ 2.  Since  in  this  case 

C2v(k\  —  k)v(  —  k\k)j(2k,  —  2k)  4  1, 


—  00 


1] 


(4.13) 


A.A.  Maradudin  et  al.  / Physica  B  296  (2001)  85-97 


91 


the  integral  in  Eq.  (4.11)  can  be  replaced  by  unity, 
and  therefore,  we  obtain 

<ln  7>,L)>  «  -  Re[_C2L2S2v(k\  -  k)v(  -  k\kj]. 

(4.14) 

To  illustrate  these  results  we  assume  that 
surface  polaritons  of  frequency  co  corresponding 
to  a  wavelength  2  =  {2nc/a>)  =  457.9  nm  propagate 
along  the  silver  surface,  whose  dielectric  function  at 
this  wavelength  is  e(ra)  =  —  7.5  +  i0.24.  Let  the 
surface  roughness  be  characterized  by  the  para¬ 
meters  Afc  =  0.3(/c i  (oj)  —  (cn/c))  oc  0.15ro/(c|e(ra)|) 
and  the  rms  height  d  =  3  nm.  For  these  parameters 
the  two  main  characteristic  lengths  of  the  problem 
are  /corr  s  1/(A k)  =  42  and  =  1/2 k2(co)  =  30.1/i. 
Therefore,  to  satisfy  the  condition  LAk  1  the 
length  of  the  surface  should  be  of  the  order  of  a  few 
wavelengths.  Then,  since  L  <  2eff  =  5.32,  where 
<Ce[f(co)  =  {Re[C2i)(fe|  —  k)v{  —  fc|fc)]}_1/2,  the  condi¬ 
tion  at  which  Eq.  (4.14)  have  been  obtained  is 
satisfied,  and  the  average  logarithm  of  the  transmis¬ 
sion  coefficient  of  surface  plasmon  polaritons  has 
the  form  <ln  T(L))  =  const.  —  (L//eff(ra))2. 

Flowever,  when  studying  the  localization  of 
classical  waves  we  are  interested  in  the  limit 
L  ->  oo .  Therefore,  in  this  limit  LAk  |>  1,  and  the 
function  j(2k\  —  2k)  has  the  form 

2n 

j{2k\  —  2k)  =  L—d2.  (4.15) 


If,  in  addition,  the  condition  (4.13)  is  satisfied,  we 
obtain  the  expression  for  the  averaged  logarithm  of 
the  transmission  coefficient  in  the  form 


<ln  T(co,L)} 


-  Re 


C2L^-S2v(k\ 

Ak 


k)v(  —  k\k)  , 


(4.16) 


and  coincides  with  the  scattering  length 
C  V)  =  2  ds»,  (4.19) 


where  dsc(ra)  is  the  roughness-induced  decay  rate  of 
surface  plasmon  polaritons.  Indeed,  let  us  intro¬ 
duce  the  exact  Green’s  function  G(q\p)  in  accord¬ 
ance  with  Ref.  [18]  by  the  relation 

da 

G0(p)T(p\k)  =  ——G(p\q)V  (q\k).  (4.20) 

J  —  00  2k 

In  the  limit  LAk  |>  1  the  stationarity  of  the  surface 
is  almost  restored  and  the  average  Green’s  function 
G{q),  which  is  then  defined  by  (G{q\p)}  =  G{q)2nS 
( q  —  p),  has  the  form 


G(q) 


1 

Go\q)  -  M(qY 


(4.21) 


where  M(q)  is  the  averaged  self-energy  defined  by 
<M(q|p)>  =  M(q)2nd(q  —  p).  The  self-energy  M(q\p ) 
satisfies  the  equation  [18] 


M(q\k)  =  V(q\k)  + 


V(q\p)G0(p)[M(p\k ) 


-  <M(p\k)>].  (4.22) 


In  the  pole  approximation  the  averaged  self-energy 
can  be  obtained  in  the  same  manner  in  which  we 
calculated  the  transition  matrix  T(q\k).  The  result  is 


<M(fc|fc)>  = 

<iCF(fc|  -  k)V(  -  k\k)/[\  +  C2V(k\  -  k)V(  -  fc|k)]> 
<[1  +iCV(k\  -fc)]/[l  +C2V(k\  -k)V(-k\k)-])  ' 

(4.23) 


In  the  limit  in  which  Eq.  (4.16)  was  obtained  the 
averaged  self-energy  is  given  by 


<M(fc|fc)>  a  iCv(k\  -  k)v(  -  k\k)j(2k\  -  2k).  (4.24) 


<ln  T(co,  L)> 
where 


L 

Am)’ 


{  U(o)  =  Re 


cfk5Mk\ 


k)v(  —  k\k) 


Therefore,  dsc(ra)  =  1m  CM(k),  and  is  indeed  the 
(4-12)  roughness-induced  decay  rate  of  surface  plasmon 
polaritons. 

For  example,  for  the  case  where  the  rms  height  of 
the  surface  roughness  is  8  =  3  nm  while  the  length 
(4  18)  rough  Paft  of  the  surface  is  small  L  <  202,  the 

length  C  (ct>)  turns  out  to  be  (  x  82,  and  is  smaller 


92 


A.A.  Maradudin  et  al.  / Physica  B  296  (2001)  85-97 


than  the  propagation  length  of  surface  plasmon 
polaritons  associated  with  the  ohmic  losses.  How¬ 
ever,  the  exponential  decay  of  the  transmission 
coefficient  of  surface  plasmon  polaritons  does  not 
necessarily  imply  that  they  are  localized.  For  such 
a  weakly  rough  surface,  although  the  scattering  by 
surface  roughness  leads  to  a  strong  damping  of  the 
surface  waves,  nevertheless  they  remain  propa¬ 
gating  electromagnetic  waves,  since  k2(co)  + 
dsp(o>)  k1(co).  And  if  the  rough  surface  is  not  very 
long,  the  surface  polaritons  can  escape  the  rough 
part  of  the  surface. 

The  situation  is  different  when  the  surface  is 
moderately  rough,  or  the  length  of  the  rough  part 
of  the  surface  increases,  so  that  d2L  P  |e(<n)|A3.  In 
this  limit  the  main  contribution  to  the  average  of 
the  product  of  nJ  functions  comes  not  from  the 
products  of  pair  cumulants  but  from  the  cumulant 
average  of  largest  order  that  is 


Therefore,  we  obtained  the  linear  dependence 


<ln  T(co,L)y 
where 


L 

7(o7y 


(4.28) 


r\to)  =  2Re 


C2v(k\  —  k)v(  —  k\k)g(2k)  ) 

1  +  C2v(k\  —  k)v(  —  k\k)g2(2k)) 


(4.29) 


For  a  rough  surface  with  an  rms  height  <-)  =  10  nm, 
we  find  that  C2v(k\  —  k)v(  —  k\k)g2(2k)  1.  There¬ 

fore,  instead  of  Eq.  (4.27)  we  can  write 


<ln  T(o),  L)> 


-  2L  Re 


1 


(4.30) 


so  that 


O'WkM  -  Po(k,co)\2k)Jnm,co)  -  Po (k,co)\  ~  2k)} 


{  1  (oj)  =  2Re 


1 

g(2k) 


(4.31) 


*  <Jnm,co)  -  P o  (k,co)\ 2k)J"(P(k,co) 

-  p0(k,co) |  -  2 fc)>c  =  Lng2"-  >(2/c),  (4.25) 

where  g(q)  is  given  by  Eq.  (4.9).  In  this  case  we 
can  sum  the  infinite  series  in  Eq.  (4.5)  with  the 
result 


<ln[l  +C2V(k\  —k)V(  —  k\ky\y  =  L  £  (  -1)"C2,,+2 

n  =  0 


Thus,  in  this  case  the  localization  length  is 
f(co)  k  0.1  A.  In  this  case,  the  surface  polariton  field 
is  overdamped  and  the  waves  cease  to  propagate. 
As  in  the  case  of  a  weakly  rough  surface  the  length 
{(a)  coincides  with  the  roughness  induced  decay 
length  of  surface  plasmon  polaritons,  /(&>)  = 
l/(2dsc(m)),  where  dsc(ct>)  =  Im  CM(k),  since  in  this 
limit  the  average  self  energy,  Eq.  (4.23)  is 


M(k)  = 


i 

Cg(2k) 


(4.32) 


x  L\_v(k\  -  k)v{  -  k\k)']n+1g2n+1(2k) 

_  2L  cMk\  -  m  -  kmik) 

1  +  C2v(k\  —  k)v(  —  k\k)g2(2k) 

The  average  of  the  logarithm  of  the  transmission 
coefficient  in  this  case  takes  the  form 

<ln  T(o),  L)>  =  —  2L  Re 

C2v(k\  —  k)v(  —  k\k)g(2k)  ) 

1  +  C2v(k\  —  k)v(  —  k\k)g2(2k)]' 

(4.27) 


Several  remarks  have  to  be  made  concerning  the 
pole  approximation  we  have  used  here.  When  using 
the  pole  approximation  and,  thus,  reducing  the 
integral  equations  (2.13)  to  a  system  of  algebraic 
equation,  we  lose  the  contributions  from  the  non¬ 
singular  part  of  the  integrand.  This  might  be  signifi¬ 
cant  if  the  transition  matrix  T(q\k)  has  strong 
peaks.  However,  the  heights  of  the  peaks  can  be 
expected  to  be  of  the  order  of  l/dsc(ct>)  and  1/Afc. 
Since  dsc(ct>)  k2(co)  and  A k  k2(co),  the  contribu¬ 
tions  of  these  possible  peaks  to  the  integral  part  of 
Eq.  (2.13)  are  much  smaller  than  the  contribution 
from  the  poles  of  the  Green’s  function  G0(q)  and 
can  be  neglected. 
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In  the  analytical  approach  described  above  we 
assumed  that  the  surface  is  weakly  rough,  so  that 
h^/efra)  X.  In  the  case  when  the  surface  roughness 
is  quite  strong,  so  that  8^/e(co)  ^  X,  but  the  condi¬ 
tions  for  the  validity  of  the  Rayleigh  hypothesis  are, 
nevertheless,  satisfied,  to  study  the  localization  of 
surface  plasmon  polaritons  we  solved  Eq.  (2.13) 
numerically. 


5.  Numerical  solution 


In  order  to  solve  the  equation  for  the  transition 
matrix  care  has  to  be  taken.  We  recall  that  our 
ultimate  goal  is  calculate  the  transmission  ampli¬ 
tude  t(co,L )  defined  in  Eq.  (2.18),  i.e.  essentially  to 
obtain  T(co,L)  from  a  numerical  solution  of  the 
inhomogeneous  Fredholm  integral  equation  of  the 
second  kind  satisfied  by  the  transition  matrix.  In 
doing  so  one  is  facing  at  least  two  major  challenges: 
(i)  How  to  calculate  the  transition  matrix  T(p\k)  at 
the  wave  number  of  the  surface  plasmon  polariton 
p  =  k,  which  is  complex  due  to  the  non-vanishing 
imaginary  part  of  the  dielectric  function  of  the 
metal,  and  (ii)  how  to  handle  the  poles  of  G0(q )  at 
q  =  ±k.  The  numerical  technique  used  to  calcu¬ 
late  T(k|k)  numerically  is  a  two  step  process.  It  is 
started  by  observing  that  for  a  real  (absorbing) 
metal  there  will  be  no  poles  located  directly  on  the 
real  axis.  Therefore,  at  least  in  principle,  one  can 
calculate  T(p\k)  for  all  real  arguments  p.  Since  the 
kernel  is  well  defined  for  all  real  q  s,  this  is  done  by 
converting  the  integral  equation  into  a  set  of  linear 
equation  that  can  be  solved  by  standard  techniques 
[19].  For  step  2  we  notice  that  the  integral  equation 
(2. 13)  is  valid  for  all  momenta  p  and  q,  both  real  and 
complex.  Thus,  one  can  calculate  the  desired 
transition  matrix  at  p  =  k  by  integrating  along  the 
real  q- axis  because  here  T{q\k)  is  already  known 
from  the  preceding  step,  i.e.  one  calculates 


T(k\k) 


00  da 

*  V(k\q)G0(q)T(q\k). 
-00  271 


(5.1) 


Note  that  the  scattering  potential  vanishes  at 
q  =  k,  V(q\k)  =  0,  since  /j(k,o>)/j0(k,a>)  =  k2. 

Although  the  poles  are  not  located  on  the  real 
axis,  they  are  still  rather  close  to  it.  Therefore,  in  the 


vicinity  of  q  =  +  k, ,  where  the  poles  are  closest  to 
the  real  axis,  the  integrand  in  Eq.  (5.1)  changes 
rapidly.  Furthermore,  T(q\k)  might  have  weaker 
peaks,  due  to  multiply  scattered  surface  plasmon 
polaritons,  located  at  q=  ±  (2n  +  l)ki(o>) 
n  =  1,  2,  3 ....  It  is  therefore  beneficial  not  to  use 
a  uniform  discretization  grid,  so  that  a  higher  den¬ 
sity  of  points  can  be  used  around  these  wave  num¬ 
bers.  This  was  done  by  first  replacing  the  upper  and 
lower  limits  in  the  integral  in  Eq.  (5.1)  by  finite 
values  and  then  subdividing  this  resulting  region  of 
integration  into  subintervals  where  different  densit¬ 
ies  of  points  were  allowed  for.  The  integration 
range  was  divided  into  a  total  of  27  subintervals 
and,  in  particular,  small  intervals  with  high  den¬ 
sities  of  points  were  chosen  around  +  k,  (o>), 
+  3k  i  (oj),  and  +  5k,  (oj).  Within  each  subinterval 
the  grid  points  corresponding  to  different  densities 
were  obtained  by  the  classic  Gauss-Legendre 
method  [19].  The  total  number  of  points  used  in 
the  integration  was  N  =  1850. 

In  this  way  we  solved  the  integral  equation  (5.1) 
satisfied  by  the  transmission  matrix  T(k|k)  needed 
to  calculate  e.g.  the  transmission  coefficient  of  sur¬ 
face  plasmon  polaritons  as  a  function  of  the  length 
L  of  the  rough  part  of  the  surface,  for  each  particu¬ 
lar  realization  of  the  surface.  In  numerical  calcu¬ 
lations  the  function  r(x1)  which  serves  to  restrict 
the  nonzero  values  of  s(x , )  to  the  interval 
—  L/2  <  Xi  <  Lj 2,  was  taken  in  the  form  given  by 
Eq.  (2.4b)  with  k  =  100L  so  that  s(xj)  was  cut  off 
smoothly. 

The  traditional  way  of  generating  randomly 
rough  surfaces  with  a  well-defined  power  spectrum 
and  Gaussian  height  distribution  is  to  use  the  so- 
called  Fourier  filtering  method  [20,  Appendix  A], 
This  method  consists  of  generating  Gaussian  un¬ 
correlated  random  variables  that  are  filtered  with 
the  desired  (decaying)  power  spectrum.  By  Fourier 
transforming  this  filtered  sequence  back  into  real 
space  one  obtains  a  randomly  rough  surface  with 
the  desired  statistical  properties.  In  most  imple¬ 
mentations  of  this  algorithm,  it  is  beneficial  to  take 
advantage  of  the  fast  Fourier  transform  for  per¬ 
forming  the  inverse  transform  needed.  However,  to 
generate  numerically  surfaces  that  suppress  leakage 
as  defined  in  the  preceding  sections,  the  use  of  the 
fast  Fourier  transform  (FFT)  is  not  necessarily  the 
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best  option.  The  reason  for  this  is  that  the  power 
spectrum,  according  to  its  definition,  is  nonvanish¬ 
ing  only  in  a  very  narrow  interval  of  width  2A k 
about  +  2k ,  (to),  where  kx  (m)  is  the  real  part  of  the 
wave  number  of  the  surface  plasmon  polaritons 
supported  by  the  planar  surface.  This  has  the  con¬ 
sequence  that  the  number  of  points  needed  in  order 
to  resolve  the  nonvanishing  part  of  the  power  spec¬ 
trum  in  a  satisfactory  matter  is  very  large.  Since  it  is 
the  widths  of  the  rectangles  contained  in  the  power 
spectrum  that  makes  the  surface  randomly  rough, 
we  want  a  rather  good  resolution  here.  For 
example  for  the  numerical  results  for  silver  to  be 
shown  later,  Ak  ~  10  ~  2  ct>/c  and  the  number  of 
points  needed  in  order  to  generate  surfaces  in  a  sat¬ 
isfactory  manner  by  using  the  FFT  was  N  ^  104. 
The  FFT  for  this  number  of  points  is  a  computa¬ 
tionally  costly  algorithm,  and  we  therefore  cal¬ 
culated  the  Fourier  transform  by  straightforward 
numerical  integration  for  which  a  high-density  dis¬ 
cretization  in  momentum  space  is  possible  at  lower 
computational  costs.  Another  advantage  of  this 
numerical  integration  approach  is,  as  we  will  see 
below,  that  the  surface  now  may  be  generated  dir¬ 
ectly  on  a  non-uniform  grid  without  any  need  for 
any  interpolation.  In  Fig.  2  an  example  of  a  surface 


realization  generated  by  the  method  just  described 
is  presented. 

6.  Numerical  results 

We  start  our  discussion  of  the  numerical  results 
by  presenting  a  result  that  explicitly  shows  that  the 
surfaces  generated  in  the  way  described  above  sup¬ 
press  leakage,  i.e.  that  the  scattering  amplitude  van¬ 
ishes  in  the  radiative  region  \q\  <  co/c.  In  Fig.  3  we 
present  a  plot  of  (co/c)1(]R>(q,to)\2y  as  a  function  of 
cq/co  for  a  silver  surface  where  the  rough  portion 
had  a  length  L  =  20A.  The  result  plotted  in  Fig. 
3  was  calculated  from  the  analytical  expression  for 
the  transition  matrix  T(q\k),  Eq.  (4.2a),  obtained  in 
the  pole  approximation  for  the  Green’s  function. 
No  expansion  in  powers  of  the  surface  profile 
function  s(xi)  was  used  when  averaging  |.R>(g,<y)|2. 
The  vacuum  wavelength  of  the  surface  plasmon 
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Fig.  3  .  Plot  of  (co/c)2<|R>(q,oj)|2>  as  a  function  of  cq/co  cal¬ 
culated  by  averaging  analytically  the  expression  (5.1)  for  the 
transition  matrix  T(q\k )  for  a  silver  surface  characterized  by  the 
parameters  A k  =  03(kx(oo)  —  ( co/c ))  and  5  =  3  nm.  The  rough 
portion  of  the  surface  has  length  L  =  202.  The  wave  number  of 
the  surface  plasmon  polariton,  fc(co)  =  fci(co)  +  ifc2(co)  = 
(1.0741  +  i0.0026 )m/c,  corresponds  to  a  vacuum  wavelength  of 
X  =  457.9  nm,  and  the  dielectric  function  of  silver  at  this  fre¬ 
quency  is  e(oj)  =  —  7.5  +  i0.24. 
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polaritons  was  taken  to  be  X  =  (Inc/co)  = 
457.9  nm,  so  that  the  dielectric  function  of  silver 
at  this  frequency  is  s(co)  =  —  7.5  +  i0.24.  The  cor¬ 
responding  wave  number  of  the  surface  plasmon 
polariton  is  k(co)  =  k1(cu)  +  i  k2(co)  =  (1.0741  + 
i0.0026)®/c.  The  surface  roughness  was  character¬ 
ized  by  the  parameters  A k  =  0.3(k1(ra)  —  (co/c))  and 
h  =  3  nm.  With  this  value  of  A k  the  surface  should 
suppress  leakage  due  to  scattering  processes  of  up 
to,  and  including,  third  order.  We  observe  from  Fig. 
3  that  <|7?>(q, ®)|2)  is  indeed  suppressed  in  the 
radiative  region.  The  analogous  results  obtained  by 
means  of  a  numerical  solution  of  Eq.  (2.13)  is  pre¬ 
sented  in  Fig.  4  for  the  case  where  the  rms  height  of 
the  surface  roughness  was  taken  to  be  3  =  30  nm. 
From  this  figure  we  see  that  although  <| i?>(q,  co)|2) 
is  heavily  suppressed  in  the  region  of  small  values  of 
q  (co/c),  it  is  far  from  zero  for  almost  grazing 
directions  of  radiation  q  ^  (co/c).  This  is  due  to  the 
strong  higher-order  scattering  processes  which  are 
possible  for  such  a  strongly  rough  surface.  Only 
six  peaks  corresponding  to  +  ki(ra),  ±  3k1(co), 
and  +  5ki(o>)  are  easily  seen  in  this  figure.  It 


-10  -5  o  5  10 


qc/co 

Fig.  4.  The  same  as  in  Fig.  3  but  calculated  by  means  of 
a  numerical  solution  of  Eq.  (2.13).  The  rms  height  of  the  surface 
roughness  is  5  =  30  nm.  The  results  for  50  realizations  of  the 
surface  profile  function  were  averaged  numerically  to  obtain  the 
results  plotted  in  this  figure. 


should  also  be  noted  that  when  \q\  ^  lco/c, 
(<y/c)2<(|.R>(<5(|k)|2)  becomes  flatter.  This  flatness  is 
due  to  leakage  setting  in  for  such  scattering  wave 
numbers,  and  they  are  no  longer  restricted  to  well- 
defined  values  as  is  the  case  for  |q|  ^  lco/c.  The 
reason  for  the  rapid  dip  at  q  x  k ,  (oj)  is  caused  by 
the  vanishing  of  the  scattering  potential  V(k\q)  at 
q  =  k. 

By  numerically  solving  Eq.  (2.13),  and  calculating 
T(k\k)  by  numerical  integration  in  Eq.  (5.1),  the 
transmission  amplitude  t(co,L)  defined  in  Eq.  (2.18), 
and  the  transmission  coefficient  T(co,L)  defined  by 
Eq.  (2.19)  could  be  calculated  for  different  values  of 
the  length  L  of  the  rough  portion  of  the  surface. 
From  this  equation  we  also  recall  that  the  decay 
due  to  ohmic  losses  in  the  metal  could  be  factored 
out  leaving  only  possible  leakage  or  Anderson  loc¬ 
alization  in  the  quantity  \t(co,L)\2.  In  Fig.  5  we  show 
numerical  simulation  results  (filled  circles)  for 
<ln  T(co,  L))  as  a  function  of  the  length  of  the  rough 
portion  of  the  surface.  The  remaining  parameters 
are  those  used  to  obtain  the  results  of  Fig.  4.  The 
error  bars  indicate  errors  due  to  the  use  of  a  finite 
number  of  samples.  These  errors  tend  to  increase 
with  increasing  system  size  L  because  of  numerical 
difficulties  related  to  the  peaks  that  can  be  seen  in 
Fig.  4  becoming  narrower  and  higher. 

We  observe  from  Fig.  5  that  the  behavior  of 
<ln  T(co,L ))  within  the  error  bars  is  consistent  with 
the  behavior  predicted  in  Eq.  (2.23),  i.e.  with  an 
exponential  decay  of  the  surface  plasmon  polariton 


Fig.  5.  Numerical  simulation  results  for  <lnT(oj,L))  versus  the 
length  of  the  rough  portion  of  the  surface  L. 
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transmission  coefficient.  The  solid  line  in  Fig.  5  rep¬ 
resents  a  x2_fit  [19]  to  the  simulation  data.  We 
recall  that  in  the  absence  of  leakage  the  slope  of  this 
straight  line  gives  according  to  Eq.  (2.23)  the  in¬ 
verse  of  the  Anderson  localization  length,  f(co).  The 
numerical  value  that  we  obtain  in  this  way  is 

*f(co)  =  (5319  ±  905)1  (6.2) 

Thus,  by  large-scale  numerical  simulations  we  have 
shown  that  for  such  a  strongly  rough  random  sur¬ 
face  the  average  logarithm  of  the  transmission  coef¬ 
ficient  is  a  linear  function  of  the  length  of  the  rough 
part  of  the  surface.  However,  in  this  case  the  char¬ 
acteristic  length  of  the  decay  of  the  transmission 
coefficient  f(to)  is  of  the  order  of  many  thousands  of 
wavelengths.  As  we  have  seen  in  Fig.  4  in  this  case 
the  bulk  electromagnetic  waves  are  quite  efficiently 
radiated  into  the  vacuum  in  the  directions  almost 
parallel  to  the  surface.  These  scattered  bulk  waves 
are,  in  their  turn,  scattered  by  the  surface  roughness 
and  excite  surface  plasmon  polaritons.  Just  these 
processes  of  reexcitation  of  surface  plasmon  polar¬ 
itons  lead  to  such  a  long  decay  length  /(co).  Thus,  in 
this  case,  although  the  scattering  length  /sc(m) 
might  be  quite  small,  any  possibility  of  localization 
is  destroyed  by  the  strong  reexcitation  of  surface 
plasmon  polaritons. 

7.  Conclusions 

In  this  paper  we  have  presented  an  approach  to 
generating  a  one-dimensional  random  surface  that 
suppresses  leakage.  The  suppression  of  leakage  is 
essential  for  being  able  to  observe  the  localization 
of  surface  plasmon  polaritons  on  a  randomly  rough 
surface.  We  have  shown  that  in  the  case  of  a  weakly 
and  moderately  rough  surface  the  transmission  co¬ 
efficient  T(co,L)  of  surface  plasmon  polaritons 
decays  exponentially  with  the  length  L  of  the  rough 
part  of  the  surface.  The  inverse  of  the  characteristic 
length  of  the  decay  /“1(m)  is  determined  by  the 
roughness-induced  decay  rate  of  the  surface  plas¬ 
mon  polaritons  1  (oj)  =  2Asc(co)  =  2lmCM(k).  In 
the  case  of  a  weakly  rough  surface  and  when  the 
length  L  of  the  rough  part  of  the  surface  is  small, 
although  the  localization  length  is  smaller  than  the 
propagation  length  tfjoj),  which  is  due  to  the  ohmic 


losses  in  the  metal,  it  is  large  enough  to  ensure  the 
propagative  nature  of  the  surface  plasmon  polar- 
iton  field.  With  the  increase  of  the  strength  of  the 
surface  roughness,  the  localization  length  becomes 
considerably  smaller  than  the  vacuum  wavelength 
of  the  surface  plasmon  polariton.  In  this  case  the 
surface  plasmon  polaritons  lose  their  wave-like  na¬ 
ture  and  their  field  is  localized.  With  a  further 
increase  of  the  mis  height,  the  scattering  processes 
of  higher  order  (higher  than  the  third)  become 
efficient.  These  processes  lead  to  the  appearance  of 
leakage  and,  more  important,  to  the  processes  of 
reexcitation  of  surface  plasmon  polaritons.  By 
large-scale  numerical  simulations  we  showed  that 
the  localization  length  in  this  case  is  of  the  order  of 
many  thousands  of  wavelengths.  This  is  because  in 
this  case  the  surface  plasmon  polaritons  which 
propagate  along  the  planar  surface  away  from  the 
rough  part  of  the  surface  (xi  >  Lj 2)  are  actually 
not  the  transmitted  surface  plasmon  polaritons  but 
can  be  regarded  as  the  surface  plasmon  polaritons 
excited  by  the  effective  modes  of  the  rough  surface: 
coupled  multiply  scattered  surface  plasmon  polar¬ 
itons  and  bulk  electromagnetic  waves. 
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By  means  of  Green’s  second  integral  identity  in  the  plane  and  a  parametrization  of  the  surface  profile 
function,  the  dispersion  relation  for  surface  electromagnetic  waves  guided  by  a  straight  channel  cut  into  the 
otherwise  planar  surface  of  a  solid  in  contact  with  vacuum  has  been  determined  numerically.  The  solid  can  be 
either  a  metal  or  a  dielectric  medium  and  is  characterized  by  an  isotropic,  real,  frequency-dependent  dielectric 
function  e(co)  that  is  negative  in  some  range  of  frequencies.  The  resulting  propagating  bound  electromagnetic 
modes  are  called  channel  polaritons. 
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I.  INTRODUCTION 

The  ability  to  confine  surface  electromagnetic  waves  in 
the  plane  perpendicular  to  their  direction  of  propagation 
could  make  these  waves  useful  in  device  applications  such  as 
signal  transmission  and  routing  and  in  the  construction  of 
couplers  and  power  splitters.1  This  possibility  has  stimulated 
recent  experimental  and  theoretical  investigations  of  struc¬ 
tures  that  give  rise  to  such  confinement.  Thus,  Bozhevolni  el 
al.2  have  studied  experimentally  the  guiding  of  surface  plas- 
mon  polaritons  by  line  defects  in  400-nm-period  triangular 
lattice  structures  formed  from  ~200-nm-wide  and  ~45-nm- 
high  gold  scatterers  on  a  gold  film  deposited  on  a  glass  sub¬ 
strate.  Subsequently,  Berini1  has  studied  theoretically  the 
bound  electromagnetic  modes  of  propagation  supported  by  a 
structure  consisting  of  a  thin  lossy  metal  film  of  finite  width 
on  a  dielectric  substrate  and  covered  by  a  different  dielectric 
superstrate.  More  recently  Weeber  et  al.  have  studied 
experimentally3  and  theoretically4  the  guiding  of  surface 
plasmon  polaritons  along  thin  metal  films  of  finite  width 
(metal  stripes)  deposited  on  a  glass  substrate. 

In  this  paper  we  obtain  the  dispersion  relation  for  the 
bound  electromagnetic  modes  of  propagation  supported  by  a 
much  simpler  structure:  namely,  a  straight  channel  cut  into 
an  otherwise  planar  surface  of  a  solid  in  contact  with 
vacuum.  The  solid,  which  can  be  either  a  metal  or  a  dielec¬ 
tric  medium,  is  characterized  by  a  real,  isotropic,  frequency- 
dependent  dielectric  function  e( to)  that  is  negative  in  a  cer¬ 
tain  frequency  range.  The  restriction  to  a  real  dielectric 
function  is  not  essential  to  the  calculations  reported  here,  but 
is  justified  by  the  fact  that  the  mean  free  path  of  surface 
plasmon  polaritons  on  a  planar  silver  surface,  due  to  Ohmic 
losses,  exceeds  100  pm  for  wavelengths  of  light  in  the  near 
infrared  and  is  approximately  21  pm  at  the  wavelength  of  a 
He-Ne  laser.  These  are  long  enough  that  such  electromag¬ 
netic  modes  can  be  useful  in  integrated  optical  circuits  oper¬ 
ating  at  telecommunications  wavelengths.2  We  have  called 
these  electromagnetic  modes  channel  polaritons.  The  present 
work  is  thus  an  extension  of  an  earlier  study5  in  which  the 
same  problem  was  studied  in  the  electrostatic  limit. 

The  outline  of  this  paper  is  the  following.  In  Sec.  II  the 
problem  of  electromagnetic  waves  guided  by  a  channel  is 
formulated  as  a  waveguide  problem,  and  the  equations  satis¬ 
fied  by  the  components  of  the  electric  and  magnetic  fields  in 


the  system  parallel  to  the  axis  of  the  channel  are  obtained, 
together  with  the  boundary  conditions  satisfied  by  these  field 
components  at  the  vacuum-solid  interface.  In  Sec.  Ill  we 
describe  a  procedure  for  the  parametrization  of  the  surface 
profile  function.  This  procedure  was  first  introduced  in  Ref. 
6,  in  which  light  scattering  by  a  reentrant  one -dimensional 
surface  was  studied.  These  results,  together  with  Green’s  sec¬ 
ond  integral  identity  in  the  plane,7  are  used  in  Sec.  Ill  to 
obtain  a  set  of  four  coupled,  homogeneous  integral  equations 
for  the  values  of  the  components  of  the  electric  and  magnetic 
fields  parallel  to  the  channel  and  of  their  normal  derivatives 
evaluated  at  the  vacuum-solid  interface.  The  solvability  con¬ 
dition  for  this  system  of  equations  is  the  dispersion  relation 
for  channel  polaritons.  The  numerical  solution  of  the  disper¬ 
sion  relation  and  the  calculation  of  the  fields  for  a  single 
mode  are  outlined  in  Sec.  IV,  and  results  obtained  by  this 
approach  are  presented  in  Sec.  V  for  three  different  forms  of 
the  cross  section  of  the  channel.  In  Sec.  VI  a  discussion  of 
the  results  obtained  concludes  the  paper. 

II.  MAXWELL’S  EQUATIONS  AND  THE  BOUNDARY 
CONDITIONS 

The  physical  system  studied  in  this  paper  consists  of  a 
vacuum  in  region  I  [jr3  >  jc  j)  ]  and  a  solid  characterized  by 
a  real,  isotropic,  frequency-dependent,  dielectric  function 
e{a>)  in  region  II  [x3<^’(x1)],  as  shown  in  Fig.  1.  The  sur¬ 
face  profile  function  fix  , )  is  assumed  to  be  either  a  single¬ 
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valued  or  a  multivalued  function  of  x1;  and  we  further  as¬ 
sume  that  it  is  an  even  function  of  xl5  £(  — Xi)  =  £(x , 
although  this  is  an  unessential  simplification. 

We  seek  solutions  of  the  Maxwell  curl  equations 

1  d 

VXE  (x;/)= - H(x;f),  (2.1a) 

C  dt 


1  d 

VXH(x;f)= - D(x;f),  (2.1b) 

C  dt 


in  this  system  in  the  form 


-I 

IT 

co 

H 

a 

II 

X 

$ 

a=  1,2,3, 

(2.2a) 

H a(x;t)  =  H a(x !  ,x3\k,(o)eikX2~‘‘°>, 

a—  1,2,3, 

(2.2b) 

which  reflects  the  invariance  of  our  system  against  displace¬ 
ments  along  the  x2  axis.  From  Eqs.  (2.1)  and  (2.2),  together 
with  the  Maxwell  equation  V-H=0,  we  obtain  the  equations 
satisfied  by  the  components  of  the  magnetic  and  electric  field 
amplitudes  parallel  to  the  generators  of  the  surface, 
H2{x\  ,x$\k, a>)  and  E2(x\  ,*3 1 k,<o),  respectively.  In  region  I 
these  components  satisfy  the  equations 

I  d2  d2  ,  W ^(x1,x3|k,<w)| 

—  +—  -P20(k,a>)  =0. 

\  dx\  dx\  )  [  E\ (xy  ,x3\k,co)  J 

(2.3a) 


The  remaining,  transverse,  components  of  the  magnetic 
and  electric  fields  can  be  obtained  in  terms  of 
H2{x\  ,x3|k, u>)  and  E2(xl  ,x3|k,  w)s 

-  i  I  „  co  „  „  \ 

Hl  =  72 - 37 7  ~  kV±H2-  e -[x2XV±E2]\ , 

k  -ew~/c  \  c  I 

(2.5a) 

/v  i  I  „  CO  A  A  \ 

Ex  =  — - —  UVL£,2  +  -[x2XVLtf2]  ,  (2.5b) 

k  —  ear /c  \  c  I 

where  e  is  the  dielectric  constant  of  the  medium  in  which  the 
fields  are  being  calculated,  V±  =  (d/dx\  ,0,d/ dx3)  and  the 
subscript  _L  denotes  the  field  components  transverse  to  the  x2 
axis. 

Thus,  in  what  follows  we  will  regard  H2{x\ ,x3 1 k,w)  and 
E2{x\ ,x3\k,cj)  as  the  primary  field  components  and 
E\ 3(x!  ,x3|k,  co)  and  Hl3{xx,x3\k,a>)  as  the  derived  field 
components.  Therefore,  we  next  seek  the  boundary  condi¬ 
tions  at  the  solid-vacuum  interface  in  terms  of 
H2(xi  ,x3\k,(o)  and  E2{xx  ,x3|k, co)  alone.  These  boundary 
conditions  (not  all  independent)  can  be  written  in  the  forms 

nXE>  =  nXE<,  n-E>=e(&>)n-E<,  (2.6a) 

nXH>  =  nXH<,  n-H>  =  n-H<,  (2.6b) 

where  n  is  the  unit  vector  normal  to  the  interface  at  each 
point,  directed  from  the  solid  into  the  vacuum.  From  Eqs. 
(2.5)  and  (2.6)  we  obtain  the  following  boundary  conditions: 


In  region  II  they  satisfy  the  equations 


Id2  d2  \\H2(xl,x3\k,(o)) 

—  +  — ~P2(k,ar)  =0, 

(ohj  dx3  )  [  E2{x\  ,x3\k,a>)  J 

(2.3b) 

where 


and 


Po(k,a>) 


(2.4a) 


E2=E2,  (2.7a) 

H2=H2,  (2.7b) 

d  „  .  p2(k,co)  d  „ . I  e(u))  — 1\  u>k  d  „ 

—Ef = - irE>  -  — tt-  —5 - ^ . 

dn  e(o)/320{k,(0)  dn  \  e(w)  Jcpl{k,or)  dt  - 

(2.7c) 


—h;  = 


P 2{k,0j)  d 


dn  Pl(k,(o)  dn 


—h2  +[e(w)-l] 


< ok 


■—E', 


cp-0(k,o>)  dt 


(2.7d) 


where  di  dn  and  dt  dt  are  the  normalized  derivatives  along 
the  normal  and  the  tangent  to  the  interface  at  each  point. 
Explicit  expressions  for  them  will  be  given  in  Sec.  III. 


P(k,w) 


k2- 


£{m) 


Re  P(k,o))>  0, 


Im  P(k, oj)<0.  (2.4b) 

We  denote  components  of  the  electromagnetic  field  in  region 
I  by  a  superscript  “>”  and  those  in  the  region  II  by  a  super¬ 
script  “<.”  We  seek  solutions  of  Eqs.  (2.3a)  that  vanish  as 
x3— >°°,  since  we  seek  solutions  in  the  nonradiative  region 
\k\>co/c,  where  /3q  is  positive.  Similarly  we  seek  solutions 
of  Eqs.  (2.3b)  that  vanish  as  x3— >  — 00  [since  e(w)  is  negative, 
p1  is  always  positive]. 


IH.  DISPERSION  RELATION 

We  begin  the  derivation  of  the  dispersion  relation  for 
channel  polaritons  by  introducing  two  Green’s  functions 
G0(x!  ,x3|xj  ,x3)  and  Ge(x1,x3  |xj,x3),  which  satisfy  the 
equations 

d2  d2  \ 

—:+  — -z-pl(k,a>)  G0(x1,x3|x[,x3) 
dx1  dx3  I 

=  —  477<5(x1  —  xj)<?(x3  —  x3)  (3.1a) 

and 
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<r  a1  .  \ 

—  +  —  -p-(k,to)  \Ge(xi,x3 \x[,x3) 
dx j  dx 2  J 

=  —  4ttS(x1  —  x[)S(x3— X3),  (3.1b) 


0/(x)4,>(x1  ,x3 1  k,u>) 


f  \ 

d 

ds'{ 

- -G o(X!,X3  x;,Xj) 

[ 

.dn 

respectively.  Gq(x\ ,x3|x]  ,Xj)  satisfies  vanishing  (/?o>0)  or 
outgoing  (/30<  0)  wave  boundary  conditions  at  infinity, 
while  Ge(x'i  ,x'3|xj  5X3)  satisfies  vanishing  boundary  condi¬ 
tions  at  infinity  [recall  that  e(  oj)  is  negative  so  that  (i1  is 
always  positive].  Explicit  expressions  for  G0(x1  ,x3|xj  ^3) 
and  Ge(x[  ,x3|x[  ,x'3)  are 


G0(x  1  ,x3|xj  ,x'i)  =  2K0{/30(k,w)[(xl-x[)2 

+  (X3-Xj)2]1/2}  (3.2a) 

=  G0(x[  jX^X!  ,x3),  (3.2b) 


G e(x \  ,x3\x [  ,x 3)  —  2  A"0{/?(^,  *u)[(x  1  x  [)2  4-  (a-3  X3)2] l/2} 

(3.3a) 


=  Ge{x[,x3\xl,x3),  (3.3b) 

where  K0(z )  is  a  modified  Bessel  function. 

The  derivation  of  the  dispersion  relation  is  based  on 
Green’s  second  integral  identity  in  the  plane:7 


X <f)>(x]  ,x'3\k, a>)  —  G0(xj  ,x3|xj  ,x3) 


X 


d  _ 

- 4>>(x!  ,x\\k,u>) 

dn' 


where  x=(xi,0,X3)  and 


(3.5) 


fl  if  x  e  I, 

^-(o  otherwise.  <3'6) 

Because  of  the  vanishing  boundary  conditions  at  infinity  sat¬ 
isfied  by  <J>>(x1  ,X3|fc, w)  and  Gq(xi,x3\x[,x3),  there  is  no 
contribution  to  the  right-hand  side  of  Eq.  (3.5)  from  the  in¬ 
tegral  along  the  curve  C+0°.  We  have  also  used  the  symmetry 
of  G0(x1,x3 |xj,X3),  Eq.  (3.2b),  in  writing  Eq.  (3.5). 

We  next  apply  Eq.  (3.4)  to  region  II.  The  curve  C  in  this 
case  is  the  union  of  the  curve  s  and  a  semicircle  of  infinite 
radius  in  the  lower  half-plane,  which  we  denote  by  C  00 .  We 
choose  for  w(x!,x3)  the  function  <!><(x1  ,x3\k,o>),  which  is 
either  ,x3\k, u>)  or  E^(x:  ,x3\k,co),  and  assume 

u(x!,X3)  to  be  Ge(xi  ,X3|x]  ,X3).  Then  in  view  of  Eqs. 
(2.3b)  and  (3.1b),  we  obtain  from  Eq.  (3.4)  the  result  that 


dn(x)<$><(xl  ,x3\k,  w) 


u(xl  ,x3) 


<?2  <?2\ 

-^  +  —  }v(x1,x3)-v(x1,x3) 
dx  j  dx  2  J 


X 


d2  a 2  \ 
dx\  dx\ ) 


u{x\ ,x3) 


1 

477 


—  Ge(x1,X3|x;,X3) 
dn 


4><(x[  ,x'3\k,oj) 


-Ge(x1)x3|x[,X3) 


a 

- <^<(x[  ,x3\ k,u>) 

dn ' 


(3.7) 


where 


d  d 

n (x  1  ,x3)t  v(x\  ,x3)-u(x1  ,x3)—m(x1  ,x3) 
0 v  ~  dv 


(3.4) 


where  u(x ,  ,X3)  and  v(xt  ,x3)  are  two  arbitrary  functions  of 
X]  and  x3  that  are  continuous  and  have  continuous  deriva¬ 
tives  in  an  area  A  bounded  by  a  closed  curve  C.  The  element 
of  arc  length  along  this  curve  is  ds,  and  the  derivative  d!  dv 
is  taken  along  the  normal  to  the  curve  C  at  each  point,  di¬ 
rected  away  from  the  area  A. 

We  first  apply  Eq.  (3.4)  to  region  I.  The  curve  C  is  then 
the  union  of  the  curve  X3=  ^(x^,  which  we  denote  by  s,  and 
a  semicircle  of  infinite  radius  in  the  upper  half-plane,  which 
we  denote  by  C+0°.  If  we  choose  for  m(x1;x3 )  the  function 
<f)>(xi  ,x'3|k, u>),  which  is  either  H^(x\ ,x3\k,u>)  or 
E2  (Xi  ,x3\k,u>),  and  assume  u(xi,x'3)  to  be 
Go(xi  ,X3 |x J  5X3),  then  in  view  of  Eqs.  (2.3a)  and  (3.1a),  we 
obtain  from  Eq.  (3.4)  the  result  that 


0lI(x) 


1 

0 


if  xeH, 
otherwise. 


(3.8) 


Again,  because  of  the  vanishing  boundary  conditions  at  in¬ 
finity  satisfied  by  4><(x1  ,X3|k,co)  and  Ge(xi,x3\x[,x3), 
there  is  no  contribution  to  the  right-hand  side  of  Eq.  (3.7) 
from  the  integral  along  the  curve  C~“.  We  have  also  used 
the  symmetry  of  Ge(xj  ,x3|xj  ,x3),  Eq.  (3.3b),  in  writing  this 
equation. 

Since  we  have  assumed  that  the  surface  profile  function 
£(x ! )  can  be  a  multivalued  function  of  x , ,  we  next  describe 
the  method  of  the  parametrization  of  the  surface  profile  with 
the  notation  introduced  in  Ref.  6.  We  consider  that  the  sur¬ 
face  profile  is  a  curve  with  a  finite  number  of  singular  points. 
This  curve  can  be  characterized  in  terms  of  a  parameter  ,v  that 
is  chosen  as  the  arc  length  along  the  curve.  The  coordinates 
of  each  point  of  this  curve  are  defined  by  a  single-valued 
vector  function  R(  ,v)  which  has  at  least  second  derivatives  at 
each  regular  point.  The  vector  R(  ,v )  is  given  by 
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R(s)  =  (f(s),0,7(s)),  (3.9) 

where  f ( ,v )  and  77 (s)  are  parametric  functions  of  .v.  The  nor¬ 
mal  and  tangential  derivatives  to  the  interface  at  each  regular 
point  in  terms  of  s  are  defined  by 


0I(x)£|’(x1  ,x3|  k,u>) 


1 

4-7T 


- 7G0(x1,x3|^(s'),77(s')) 

dn' 


(3.10a) 

X£,(s'|fc,co)-G0(x1,x3|£(,s'),  r)is'))F{s'\k,w)y 

d  d 

(3.11b) 

-Z'is)  —  +V’is)  —  . 
d%  d  v 

(3.10b) 

where  we  have  defined  the  four  source  functions 

The  prime  in  Eqs.  (3.10)  denotes  differentiation  with  respect 
to  s.  The  two  equations  represented  by  Eq.  (3.5)  can  then  be 
written  explicitly  in  the  forms 

0l(x)H2(xl,x3\k,oj ) 

— ;G0(x1,x3|^(s'),97(s')) 
dn 

XH(s'\k,ct))  —  Gq(x\  ,x3|£(s'),  7/(j'))L(j'|fc,w)| , 

(3.11a) 


H{s\k, co)  =  H2  vis) | k,w),  (3.12a) 

L(s\k,(o)=  —H2^is),vis)\k,(o),  (3.12b) 

E(s\k, co)=E2(€(s),  v(s)\k,co),  (3.12c) 

F(s\k,(o)=  -—E2^is),vis)\k,(o).  (3.12d) 

on 

Turning  now  to  the  two  equations  represented  by  Eq.  (3.7), 
we  write  them  out  explicitly,  using  the  boundary  conditions 
(2.7)  with  the  results  that 


0//(x)H^(x1  ,x3|  k,(o)=  ■ 


?yH 

/32(k,a>) 

P  l(k,(o) 


— -Ge(x1,x3|^(s'),77(s')) 
dn' 


H(s'\k,u>) 


Ge(xi,x3\^is'),vis'))L{s'\k,(n) 


[e(w)-!]— — - -Gfr(x1,x3|^(s'),?7(s'))— £,^>(^(s'),?7(s')|^,w) 


cPo(k,<o) 


dt 


(3.13a) 


and 


f  [ 

d 

M 

- -Ge(x!,x3  ^(5'), 77(5')) 

dn 

E(s'\k,a>) 


/3~{k,co) 

- Y - -Ge(x1,x3|^(s'),77(s'))F(s'|A:,w) 

e((o)(3o(k,w) 


+ 


e(a>)—\  a>k 


- — - y, - Ge(x1,x3|^(s'),?7(s'))— H2(i;(s'),v(s')\k,(o)  . 

c/3o(k,co)  dt'  ) 


(3.13b) 


At  this  point  we  note  the  results  that 


—E2(%(s),v(s)\k,aj) 


-H2^is),vis)\k,(n) 


d 

ds 

d 

ds 

d 

ds 


:E2^is),vis)\k,(n) 

(3.14a) 

-E(s\k,u>), 

(3.14b) 

-H2^is),vis)\k,M) 

(3.14c) 
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=  —H(s\k,  (o). 
as 


(3.14d) 


When  the  results  given  by  Eqs.  (3.14)  are  substituted  into  Eqs.  (3.13),  after  an  integration  by  parts  we  obtain  a  second  pair  of 
equations  containing  the  source  functions 


8II{x)H2{xl,xi\k,co)=  —  — — f,ds’' 


— yGe(xi,x3ji(s'),T/(s')) 
dn' 


f 32(k,co ) 

H(s'\k,a)) - - - Ge(jc1,x3|^(s'),?7(s'))L(s'|A-,w) 

/3l(k,w) 


+  [<?(«)-!] 


a>k 


c/3l(k,o) 


—  Gfr(x1,X3|^(5'),77(i')) 

dt 


E(s'\k,a)) 


(3.15) 


and 


1  r  f 

d 

— -Ge(x1,x3|f(i'),77(s')) 
dn 

E(s ' \k,co) 


P2(k,u> ) 


.  2/  -Ge(x1,x3|^(i'),J7(i'))F(j'|A:,tl)) 

e(w)/3z0{k,co) 


e(w)— 1  a>k 


e(w)  cPl(k,(o) 


—  Ge(x1,x3|^(s'),77(s')) 
dt 


H(s’\k,w) 


(3.16) 


To  complete  our  derivation  of  the  dispersion  relation  for  channel  polaritons  we  set  x=R(s)  +  rn,  where  v  is  a  positive 
infinitesimal,  in  Eqs.  (3.11),  (3.15),  and  (3.16),  to  obtain 


0  = 


I;*’ 


0  = 


He(s\s'  )H(s'\k,a>) 
776(s|s')E(.s'|k,to)  — 


H(s\k,  a>)=  J  —  T0(i|s,)L(i  '\k,  «)], 

E(s\k,a>)  =  J  o(s|s').ff (s' |k,&>)]— Louis' )^(5',|£,a,)]> 

P2(k,co) 


Pi  (k,co) 
P2(k,ct)) 


Le(s|s')L(s'|k,£o)  +  [e(to)  —  1] — - AIe(s|s')£(s'|fc,«) 


e{(o)pl(k,(a) 


Le(s\s')F(s'\k,co)  — 


cP0(k,(o) 
e(w)  — 1\  a>k 


(3.17a) 

(3.17b) 

,  (3.17c) 


lcPl(k,co) 


Ne(s\s')H(s'\k,a>) 


where  the  kernels  are  given  by 


ho(s\s')=^it 


— ;G0(xi,x3|^(s'),77(s')) 


dn 


,  xl=  g(s)~v  v'(s),  x3=ij(s)  +  vi;'(s). 


1 

^o(-s]s')=  ^[G0(xi,x3|^(s'),77(s'))],  xl  =  ^(s)-V7j'(s),  x3=  y  (s)  +  u£'(s), 


He(sW)=^ 


— 7G6(x1,x3|^(s'),97(s')) 
dn' 


,  x1  =  £(s)-vy'(s),  x3=y(s)  +  vi;'(s). 


Lc(s\s')=  —  [Ge(x1,x3|f(i'),77(s'))],  xi  =  ^(s)-u  y'(s),  x3=  y(s)  +  vi;'(s). 


Ne(sW)=^ 


—  Ge(xi,x3|^(s'),77(s'» 
dt' 


,  xl  =  ^(s)-vy'(s),  x3=y  (s)  +  vij'(s). 


(3.17d) 

(3.18a) 

(3.18b) 

(3.18c) 

(3.18d) 

(3.18e) 
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Equations  (3.17)  constitute  a  set  of  four  coupled,  homoge¬ 
neous  integral  equations  for  the  four  source  functions 
H(s\k,a>),  L(s\k,a>),  E(s\k,co),  and  ,F(s|&,<w).  The  solv¬ 
ability  condition  for  this  system  of  equations  is  the  disper¬ 
sion  relation  for  channel  polaritons. 


j  (°)_ 

umn 


f  Aj/2 

duL0(sm\sn  +  u). 

J  -  As/2 


(4.6) 


In  this  way  we  convert  the  four  equations  (3.17)  into  the 


,,,  .  .  r  .,  .  .  following  matrix  equations: 

We  now  turn  to  the  numencal  solution  of  this  system  of  b  M 

equations.  N 


IV.  NUMERICAL  SOLUTION  OF  THE  DISPERSION 
RELATION 

To  solve  the  system  of  equations  (3.17)  we  begin  by  re¬ 
placing  the  infinite  range  of  integration  by  the  finite  range 
(0,2L  +  As),  where  L=NAs  is  a  half-length  of  the  surface 
curve  and  N  is  a  large  positive  integer.  We  next  introduce  the 
set  of  2 N+  1  equally  spaced  points  {s„},  where 

1 


s„  =  As|  -  +  n+N\,  n  =  -N,~N+l,  .  .  . 


(4.1) 


and  rewrite  Eq.  (3.17a)  as 


H(s\k,w)  = 


s  r 

i=-N  Js„- 


sn  +  As/2 


..  -As/2 

—  L0(s|s')L(s'|fc,«)]. 


ds '  [H 0(s\s '  )H (s '  \  k ,  w) 


(4.2) 


On  the  assumption  that  H(s\k,a> )  and  L(s\k,(o)  are  slowly 
varying  functions  of  s  in  each  interval  (s„  — j  As,s„ 
+  | As),  we  replace  Eq.  (4.2)  by 

"  f  j„  +  Aj/2 

H(s\k,a>)=  2  ds'\HQ(s\s')H(sn\k,a>) 

n  =  —N  Jj„-Aj/2 


-L0(s\s')L(s„\k,co)]. 


(4.3) 


By  replacing  s  with  sm  and  s'  with  s,,  +  u,  we  obtain  the 
matrix  equation 

N 

H{sm\k,u>)=  2  [H(im,H(sn\k,oi)-L(°/lL{sn\k,(o)], 

n  =  —  N 

(4.4) 


where 


7/(0)  = 

mn 


f  As/2 

a 

J  -Aj/2 


duH0(sm\sn  +  u), 


(4.5) 


H(sm\k,(o)=  2  [Ht£)nH(sn\k,(o)-L(£)nL(sn\k,(o)], 

n  =  —  N 

(4.7a) 

N 

E{sm\k,a>)=  2  lHm)nE(sn\k,(o)-L(£)nF(sn\k,(o)], 


n=-N 


(4.7b) 


o=-  2 


,  /32{k,u) 

H^nH{sn\k,(o)  -  — - -L^lL(s„\k,w) 

Po(k,oj) 


(ok 


+  [<?(«)- 1] 

c(320(k,a>) 


o=-  2 


Em!,H(sn\k,u>)  - 


N^nE(sn\k,w) 


(32{k,co) 

e(v)Po{k,a>) 


€{(o)~  l\  cjk 


lc/320{k,co ) 


N%H(sn\k,a) 


(4.7c) 


lS*F{sn\k,w) 


(4.7d) 


where 


H{£)  = 

mn 


L(e)  = 

L-‘ mn 


N(e)  = 

'  mn 


Aj/2 

Aj/2 

Aj/2 

Aj/2 

Aj/2 

Aj/2 


duHe(sm\sn  +  u),  (4.8a) 


duLe(sm\sn  +  u),  (4.8b) 


duNe(sm\sn  +  u).  (4.8c) 


The  matrix  elements  H\£)n  and  L]^n  have  been  evaluated  by  a 
standard  method9  and  to  the  lowest  nonzero  order  in  As  are 
given  by 


J 


„(e)  As  Ki(/3(^,w){[^(s,„)-^(s„)]2  +  [?7(sm)- 7(s„)]2}1/2) 

~  V(uI)[f('Sm)-£('S „)]}  (m¥=n) 

1  .  v'\smW{sm)-^"{sm)n'{sm) 

=  -  +  As - — -  (m  =  n). 


(4.9a) 

(4.9b) 


As 


Lmn=^~ K0(P(k,(o){[^{sm)-^{sn)y  +  [rf(sm)- y(sn)Y}V2)  (, mi=n ) 

2  77 


(4.10a) 
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As  /  B(k,co)As\ 

=  277  \  2e - )  {m  =  n) ■  (4'10b) 

The  matrix  elements  H(^l  and  are  obtained  from  H„l  and  by  setting  /3(k,u>)  =  /30(k,co)  in  them.  The  matrix  element 
N^l  is  given  to  first  order  in  As  by 


N%  =  ^-f(k,ao) 

Z  77 


As 


Ki(/3(k,(o){[£{sm)-£{s„)]-  +  [rj(sm)~ 7(s„)]‘}  ) 


/3(&>“){[£(sm)-£(s„)]~  +  [57(sJ-  y{sH)f} 


2-11/2 


+  v' (■*„)[  v{sm)~  ?7(5„)]}  (m  +  n) 


(4.11a) 


=  0  ( m  =  n ). 


(4.11b) 


We  can  simplify  Eqs.  (4.7)  by  using  the  symmetry  of  the 
problem.  Because  we  have  assumed  that  the  surface  profile 
function  is  an  even  function  of  x ,  or  (s  —  L),  then  £(s  m) 
=  —  £(sm)  and  rj{s-m)=  rj(sm).  We  can  see  from  Eqs.  (4.9) 
that  the  matrix  elements  have  the  following  properties: 


L(0 

^ mn 

>=  r  (0) 

t  —  m,  —  n  ’ 

r(e)=  r(£) 

^  mn  —  m,  —  r 

!  5 

Hm 

mn 

=  H(0) 

—  m,  —  n  ’ 

H(e)=H{e) 

mn  — m ,  — 

71  ’ 

(4.12) 

At(e)=-At(e) 
mn  —m,  —  n 

By  introducing  the  even  and  odd  functions 

H(e\sm  | 

a>,k)  =  H(sm  | 

w,k)  +  H(s_m 

|  w,^), 

H(o\sm\ 

&>,£)  =  //(s„,| 

\aj,k)  —  H(s_m 

I  «,£), 

(4.13) 

EM(sm  | 

w,A:)  =  £,(sm| 

co,k)  +  E(s -m  | 

oo, k). 

E(o\sm 

\u,k)  =  E(sm 

|  < o,k)—E(s-m 

|  w,A:) 

and 

F(e\sm  | 

(o,k)  =  F(sm  | 

co.k)  +  F(j_„,| 

oo, k). 

f(o)(*J 

w,fe)  =  E(i,„| 

w,^)-E(i_m 

oo, k). 

(4.14) 

L(e)(sm  | 

w,fe)  =  L(sm| 

w,A:)  +  L(s_m| 

oo,  k). 

L(o\sm 

£ 

II 

S' 

_3^ 

|  a>,k)—L(s-m 

|  <u,fc) 

for  the  i 

mode  in  which  the  electric  field  is  an  even  function  of 

(s  —  L) 

and  the 

magnetic  field  is  an  odd 

function 

of  (s 

—  L),  we  can  rewrite  Eqs.  (4.4)  and  (4.7)  as 


N 


2 

n  =  0 


H 


even(e) 


E(£\s„\ 


w,k) 


P\k,ao) 

e(oj)/3l(k,co) 


even(e)F(e)(  I 
mn  1  v,3«l 


oo,k) 


[e(w)—  l]a>£ 
e(a>)c  /3l{k,co) 


N 


2  [• Kdn(£)H(°\sn\<O,k)]  =  0 , 


N 

2 

n  —  1 


n 


°mdnd(£)HM(sn\ w,k)-^J^-C  °mdndi£)LM(sn\a,k) 


Po(k,o>) 


[e(w)—  l]<w£ 


2  [MZn(£)E(e\snW,k)^= 0. 


c/3Q{k,u>)  n=  1 

For  brevity  we  will  call  this  mode  an  EU‘,H(")  mode.  The 
matrix  elements  are  defined  by 


-\j  everne, u;  _  rj(e,u)  _  oo 
nm0  ~Hm  0  0’ 


f  even(e, 0)  _  j_f(e,0)  _ 

'  mO 

jjeven(efi)  =  H(e,0)+H(e,0)  _  +  £  \  \^n^N 

'  L  mn  mn  m,  —  n  iy\iymn  1  ^m,  —  nJi  x 


-ftodd(e,0)  =  H(e,0)-H(e,0)  -  g(  g  -g  )  l^n^N 
'  L  mn  mn  m,  —  n  V  mn  ^ m,  —  n /’  A  -tT» 


c 


n  even(e,0)  __  u(e, 0) 
^mO  n  mO  ’ 


euen(e,0)  _  t  (e,0)i  r  (e,0) 


=  L^  +  L£!”,  l^JV,  (4.16) 


’  odd(e,0)_  t  (e,0)_  r  0,0)  1  <  ri  <  /V 

'  mn  ^ mn  ^ m.  —  n »  1  n  iV’ 


a/-: 


even(e,0)  _  jy(e,0) 


aa; 


cue«(e,0)_  »r(e,0)  ,  »r(e,0) 


=  AP  ,u;  +  AP  ,u;  l^n^N 

ly  mn  y  m,—n  ’  *  “ 


2  [w*r(0)^(e)(^i  “.*)  -  £  rn(0)^w(^k^)] = o, 

n  =  0 


2  [W ®^d(0^(°)(sll|  (o,k)  —  £ "^0)L(o)(sll|  w, A:)]  =  0, 


(4.15) 


Kjodd(e, 0)  _  jor(efi)  _  *t(  e,0) 
*/v  mn  iy  mn  iy  m,  —  n » 


1  ^n^N, 


where  the  superscript  (e,0)  can  be  either  e  or  0;  5=1  if  the 
superscript  is  0;  and  5=0  if  the  superscript  is  e.  The  size  of 
the  supermatrix  in  Eq.  (4.15)  is  (4iV—  2)  X  (4N—  2),  essen¬ 
tially  half  the  size  of  the  supermatrix  defined  by  Eq.  (4.7). 
The  solvability  condition  for  the  matrix  equation  (4.15) 
yields  the  dispersion  curve  for  the  E{e)H{°^  mode.  For  the 
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E(o)H{e)  mode,  in  which  the  magnetic  field  is  an  even  func¬ 
tion  of  ( s  —  L ),  while  the  electric  field  is  an  odd  function  of 
( s  —  L ),  the  supermatrix  is  defined  by 

N 

2  [n^d(0)E^\Sn\oj,k)-Cldf0)F^\S„\oj,k)]  =  ^ 

n  =  1 


to  zero.  In  fact,  these  source  functions  are  the  components  of 
the  eigenvector  of  this  matrix  with  the  corresponding  eigen¬ 
value  \  =  0,  which  can  be  calculated  by  using  a  standard 
numerical  routine.  We  normalize  the  source  functions  assum¬ 
ing  that  the  norm  of  this  eigenvector  is  unity.  The  same  pro¬ 
cedure  applies  to  the  mode. 


N 


2  YHZnmHie)(sn\ co,k)-C Zn(0)L(e\sn\u,k)-]  =  0, 

71  =  0 


2 

72  =  0 


H°We)E*\sn\w,k) 

~  C^F^\snW,k) 

e(«)/3o  (£,&>) 


(e(<y)—  1  )u>k  .  ^ 

+ -  ~  2  [Uzn(e)H{°\s„w,k)]=o, 


6(  (o) C /3q(Ic ,  0))  n  =  0 


N 


2 

n  =  0 


H 


even(e)Tj(e)(  I 
mn  11  v-5 « I 


( o,k ) 


f32(k,w) 

^  r  event  e)j  (c)/ 

n-i  i  Zmn  ^  I 

f3Q(k,M) 


a>,k) 


(e(w)—  \  )u>k 
e(w)c  /3q(£,co) 


N 


2  [Kuf(e,E^\s 


w,/t)]  =  0. 


(4.17) 


The  solvability  condition  for  this  matrix  equation  gives  the 
dispersion  curves  for  the  £,(o)/7(c)  channel  polaritons.  The 
determinant  of  the  matrix  is  a  function  of  k  and  oj.  The  roots 
of  this  function  define  the  branches  of  the  dispersion  curve. 

The  numerical  approach  to  finding  of  the  roots  is  the  fol¬ 
lowing.  First,  we  assume  a  value  of  k  and  increase  w  sys¬ 
tematically  until  the  determinant  of  the  supermatrix  changes 
its  sign.  Second,  by  the  method  of  dichotomy  we  limit  the 
interval  in  which  the  determinant  changes  its  sign  to  obtain 
the  required  accuracy.  Then  we  continue  increasing  u>  to  get 
all  roots  of  the  determinant  for  a  given  value  of  k.  By  repeat¬ 
ing  this  procedure  for  different  values  of  k  we  find  all 
branches  of  the  dispersion  relation. 

Now  we  turn  to  the  calculation  of  the  coordinate  depen¬ 
dences  of  the  fields  of  a  channel  polariton.  Based  on  the 
preceding  results  we  can  choose  any  point  on  a  branch  of  the 
dispersion  relation.  To  illustrate  the  field  patterns  of  a  chan¬ 
nel  polariton  we  take  points  on  the  distinct  branches.  Every 
point  on  a  branch  defined  by  a  frequency  and  wave  number 
{w,k)  of  a  channel  polariton  characterizes  a  particular  single 
mode.  First,  we  consider  an  E<e)  II1"1  mode.  The  fields  every¬ 
where  in  our  system  can  be  obtained  from  Eqs.  (4.7a)  and 
(4.7b)  and  Eqs.  (2.5),  where  the  source  functions 
E(e\sm\ u>,k)  and  //(o)(s,„|  u>,k)  are  the  solutions  of  the  ma¬ 
trix  equations  (4.15).  Here  w  and  k  define  a  point  on  the 
branch,  and  therefore  the  determinant  of  this  matrix  is  equal 


V.  RESULTS 

The  dispersion  relation  for  the  E^H^0’  modes  obtained 
from  Eq.  (4.15)  and  the  dispersion  relation  for  the 
modes  obtained  from  Eqs.  (4.17),  each  has  an  infinite  num¬ 
ber  of  branches.  This  can  be  understood  most  simply  by 
considering  the  limit  as  k— »°°,  where  the  electrostatic  ap¬ 
proximation  is  valid.  In  this  limit,  as  was  shown  in  Ref.  5, 
each  branch  is  related  to  an  eigenvalue  of  an  AX  A  matrix,  in 
the  limit  as  A— >°°.  Thus  the  number  of  branches  tends  to 
infinity  in  this  limit.  In  our  numerical  calculations,  to  sim¬ 
plify  the  resulting  figures,  we  considered  only  six  branches 
for  every  case  considered,  which  for  a  given  value  of  the 
wave  number  k  were  the  three  lowest-frequency  branches 
and  the  three  highest-frequency  branches. 

In  Fig.  2  we  plot  the  branches  of  the  dispersion  curve  for 
channel  polaritons  guided  by  a  channel  defined  by  a  Gauss¬ 
ian  surface  profile  function  £(xt)  =  —  A  exp(—  x\lR2),  with 
AIR  =  8 .  We  assume  that  the  substrate  is  a  metal  and  take  for 
its  dielectric  function  the  simple  free  electron  form  e(a>) 
=  1  —  (top oj2),  where  top  is  the  plasma  frequency  of  the 
electrons  in  the  bulk  of  the  metal.  We  can  vary  one  indepen¬ 
dent  dimensionless  parameter  of  the  system,  a=u>pR/c. 
Here  a  =  0  is  the  electrostatic  case,  which  was  considered  in 
Ref.  5.  The  results  for  a  =  0. 1 ,0.5, 1 .0  are  presented  in  Figs. 
2(a)-2(c),  corresponding  to  the  mode.  For  these 

values  of  a  there  are  branches  with  frequencies  above  and 
below  cop/^2,  which  is  the  limiting  frequency  as  k— >°°  of 
surface  plasmon  polaritons  at  a  planar  vacuum-metal  inter¬ 
face.  In  Figs.  2(d)-2(f)  the  results  are  plotted  for  the  same  a 
but  for  electric  fields  that  are  odd  functions  of  xl  and  mag¬ 
netic  fields  that  are  even  functions  of  X\.  For  a  =  0.1  there 
are  some  branches  that  lie  above  a>p/\l 2,  but  the  increase  of 
a  shifts  all  dispersion  curves  well  below  u>p  /  y2 .  The  fre¬ 
quencies  of  all  branches  lie  inside  the  range  0<  cj<a>p ,  and 
all  of  them  tend  to  wp/\/2  as  k— This  is  because  as  k 
becomes  infinite  and  the  wavelength  of  the  channel  polariton 
becomes  smaller  than  any  linear  dimension  characterizing 
the  channel,  the  channel  polariton  “sees”  a  locally  planar 
surface,  and  the  frequency  of  each  branch  tends  to  the  k 
— limiting  frequency  of  surface  polaritons  at  a  planar 
vacuum-metal  interface.  This  limiting  behavior  occurs  for  all 
of  the  channel  profiles  considered  in  this  paper. 

We  also  note  that  although  we  have  plotted  the  dispersion 
curves  for  six  branches,  in  Figs.  2(a)-2(c)  the  second  and 
third  branches,  counted  from  the  lowest-frequency  branch, 
are  degenerate  on  the  scale  of  the  figure,  while  in  Fig.  2(d) 
the  fourth  and  fifth  branches  are  degenerate  on  the  same 
scale.  Consequently  only  five  branches  appear  to  be  plotted 
in  these  figures. 

In  each  figure  we  have  also  plotted  for  comparison  the 
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FIG.  2.  The  branches  of  the  dispersion  curve  for  channel  polaritons  guided  by  a  channel  on  a  metallic  substrate  defined  by  the  profile 
function  £(xl)  =  —  A  exp(— jq/R2),  A/R= 8.  The  left  side  of  the  plot  corresponds  to  the  E{e)H''°)  modes  while  the  right  side  corresponds  to  the 
modes,  (a)  and  (d)  ar=0.1;  (b)  and  (e)  o,=0.5;  (c)  and  (f)  o,=  1.0,  where  a=(opR/c.  The  dark  dashed  curve  in  each  figure  is  the 
dispersion  curve  for  surface  plasmon  polaritons  at  a  planar  vacuum-metal  interface. 


dispersion  curve  for  surface  plasmon  polaritons  on  a  planar 
vacuum-metal  interface  obtained  from  the  dispersion  relation 
Hi  =  a,w[(w2-l)/(2(i)2-l)]1/2,  where  u>=(o/u>p. 

In  Fig.  3  we  plot  the  amplitude  of  the  second  component 
of  the  electric  field  of  a  channel  polariton  along  the  x3  axis 
for  the  four  highest  modes  in  the  system  with  the 

same  parameters  as  in  Fig.  2(c),  with  wave  number  q=  HR 
and  frequencies  given  by  co/cop  =  0.883,  0.774,  0.732,  and 
0.707.  The  field  for  the  lower-frequency  modes  has  a  larger 
number  of  nodes  across  the  channel.  The  field  decreases  so 


rapidly  with  increasing  x3  that  it  is  practically  zero  at  the 
mouth  of  the  channel  and  in  the  vacuum  above  it. 

In  Figs.  4-7  we  present  contour  plots  of  the  squared 
modulus  of  the  second  component  of  the  electric  field  inside 
the  channel.  The  lighter  regions  correspond  to  the  larger  val¬ 
ues  of  the  electric  field.  The  most  intense  field  is  concen¬ 
trated  in  the  vicinity  of  the  tip  of  the  groove.  From  these 
figures  we  also  see  that  the  electric  field  is  strongly  confined 
to  the  channel.  For  all  practical  purposes  it  vanishes  outside 
the  channel. 
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FIG.  3.  The  amplitude  of  the  electric  field  of  a  channel  polariton 
for  four  modes  in  the  system  with  the  same  parameters  as 

in  Fig.  2(c),  with  the  wave  number  q=l/R  and  the  frequencies 
given  by  wlu>p  —  0.883  (solid  line),  0.774  (dotted  line),  0.732 
(dashed  line),  and  0.707  (long  dashed  line). 


FIG.  4.  A  contour  plot  of  the  squared  modulus  of  the  second 
component  of  the  electric  field  in  a  channel  defined  by  a  Gaussian 
profile.  The  wave  number  of  the  electric  field  is  q—  l/R,  and  the 
frequency  is  given  by  a>liop  =  0.883.  X\  and  x3  are  expressed  in 
units  of  R. 
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FIG.  6.  The  same  as  in  Fig.  4,  but  with  the  frequency  of  the 
electric  field  given  by  d)/cop  =  0.732. 

In  Fig.  8  we  present  the  branches  of  the  dispersion  curve 
for  channel  polaritons  guided  by  a  channel  defined  by  the 
surface  profile  function 


£(*i 

2cosh2(/3w/4) 

^  cosh(  /3w/2)  +  cosh  (3x ,  ' 

(5.1) 

In  the  limit  as  (3— this  profile  defines  the  rectangular 
channel  of  width  vv  and  depth  d  whose  surface  profile  func¬ 
tion  is  given  by 

£C*i  )  =  ~d  (lxil<y) 

(5.2a) 

=°  (w>y). 

(5.2b) 

For  this  profile  we  vary  a  dimensionless  parameter  a 
=  cjpw/c.  Figures  8(a)-8(c)  present  dispersion  curves  with 
a  =  (0. 1,0.5, 1.0),  corresponding  to  electric  fields  that  are 
even  functions  of  X\  and  magnetic  fields  that  are  odd  func¬ 
tions  of  Xj.  In  Figs.  8(d)-8(f)  we  plot  the  dispersion  curves 
with  the  same  a  corresponding  to  electric  fields  that  are  odd 
functions  of  x1  and  magnetic  fields  that  are  even  functions  of 
xt.  As  in  the  case  of  the  Gaussian  profile  function  the  modes 
supported  by  this  channel  are  dispersive,  and  for  large  k  their 
frequencies  tend  to  a>p  /  \J2. 


xIO'3 
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FIG.  5.  The  same  as  in  Fig.  4,  but  with  the  frequency  of  the 
electric  field  given  by  iolu>p  =  0.774. 


FIG.  7.  The  same  as  in  Fig.  4,  but  with  the  frequency  of  the 
electric  field  given  by  (o/cop  =  0.707. 
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FIG.  8.  The  branches  of  the  dispersion  curve  for  the  surface  polaritons  guided  by  a  channel  on  a  metallic  substrate  defined  by  the  profile 
function  £( )—  —2d  cosh^/lwM^coshf/Jw/TI  +  coshf/Jx-!)],  d/w=  1,  f3w  =  24.  The  left  side  of  the  plot  corresponds  to  the  EMHM  modes, 
while  the  right  side  corresponds  to  the  £,(o)H<c)  modes,  (a)  and  (d)  rr  =  0.1;  (b)  and  (e)  rr  =  0.5;  (c)  and  (f)  a=  1 .0,  where  a=  topw/c.  The 
dark  dashed  curve  in  each  figure  is  the  dispersion  curve  for  surface  plasmon  polaritons  at  a  planar  vacuum-metal  interface. 


To  illustrate  the  power  of  the  method  of  the  parametric 
representation  of  the  surface  profile  we  have  also  calculated 
the  dispersion  curves  for  channel  polaritons  guided  by  the 
truncated  cylindrical  channel  depicted  in  Fig.  9.  The  radius 
of  the  cylindrical  channel  is  R0,  and  the  angle  subtended  by 
its  throat  is  0o=  30°.  The  resulting  dispersion  curves  are 
plotted  in  Fig.  10  for  the  case  where  the  dimensionless  pa¬ 
rameter  a=a>pR0/c  is  equal  to  unity.  In  Fig.  10(a)  the  sec¬ 
ond  and  third  branches  are  degenerate  on  the  scale  of  the 
figure,  while  in  Fig.  10(b)  the  fourth  and  fifth  branches  are 
degenerate  on  the  same  scale. 


VI.  CONCLUSIONS 

In  this  paper  we  have  extended  the  definition  of  channel 
plasmons5  to  the  electromagnetic  case.  We  have  called  the 
resulting  guided  waves  channel  polaritons  and  have  obtained 
their  dispersion  relation.  Using  the  symmetry  of  the  surface 
profile  functions  assumed,  we  have  distinguished  two  differ¬ 
ent  types  of  modes.  The  first  type  corresponds  to  electric 
fields  that  are  even  functions  of  x1  and  magnetic  fields  that 
are  odd  functions  of  i|.  The  second  type  corresponds  to 
electric  fields  that  are  odd  functions  of  x  l  and  magnetic  fields 
that  are  even  functions  of  xx.  We  have  made  calculations  for 
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FIG.  9.  A  truncated  cylindrical  channel. 

channels  defined  by  a  deep  Gaussian  profile  function,  a  rect¬ 
angular  channel,  and  a  truncated  cylindrical  channel.  The 
frequencies  of  the  modes  supported  by  these  channels  are 
dispersive  and  are  well  separated  from  the  frequency  of  a 
surface  plasmon  polariton  on  a  planar  vacuum-metal  inter¬ 
face. 

We  have  calculated  the  coordinate  dependences  of  the 
fields  of  a  channel  polariton  and  have  plotted  two- 
dimensional  charts  of  the  squared  modulus  of  the  second 
component  of  the  electric  field  inside  the  channel  defined  by 
a  Gaussian  profile.  The  results  show  that  channel  polaritons 
are  well  localized  to  the  immediate  vicinity  of  the  channel. 

Finally,  we  note  that  the  present  treatment  has  been  based 
on  the  assumption  that  the  dielectric  function  e(  &>)  of  the 
material  into  which  the  channel  is  cut  is  real.  This  means  that 
the  mean  free  path  of  the  channel  polaritons  is  infinitely 
long.  If  the  dielectric  function  is  assumed  to  be  complex, 
their  mean  free  path  will  become  finite  due  to  their  attenua¬ 
tion  by  Ohmic  losses.  To  estimate  what  the  mean  free  path  of 
a  typical  channel  polariton  on  a  lossy  metal  surface  might  be, 
we  have  studied  the  case  of  a  channel  polariton  on  a  silver 
surface  whose  wavelength  is  that  of  a  He-Ne  laser,  X 
=  632.8  nm.  The  dielectric  constant  of  silver  at  this  wave¬ 
length  is  e(a>)=  —  15.8836+  1.075  73/,  obtained  by  interpo¬ 
lation  from  the  data  of  Palik.10  The  propagation  constant  of  a 
surface  plasmon  polariton  at  a  planar  vacuum-silver  interface 
at  this  frequency  is  obtained  from  the  relation  R el(w) 
=  (<w/c)Re{e(w)/[e(<w)  +  1  ]} 1/2  and  has  the  value  Rek(w) 
=  10.26  /im_1.  The  mean  free  path  of  this  surface  plasmon 
polariton  is  given  by  /(«)  =  [ 2  Imk(&>)]  ,  where  Iml(a) 

=  (<w/c)Im{e(to)/[£(<y)+ 1  ]} 1/2,  and  has  the  value  l(u>) 
=  21.54  fi m.  For  the  same  value  of  the  frequency,  u> 
=  2.979X  1015  s  1 ,  we  searched  for  the  complex  roots  of  the 
dispersion  relation  for  E(e)H<'°'>  modes  obtained  from  Eqs. 
(4.15).  The  surface  profile  function  was  given  by  ^(xi) 
=  —  A  exp(— x\/R~),  with  AIR  =  8.  These  calculations  are  dif¬ 
ficult,  and  we  cannot  claim  great  accuracy  for  the  imaginary 
parts  of  these  roots,  but  they  should  have  the  correct  order  of 


kR0 


FIG.  10.  The  branches  of  the  dispersion  curve  for  the  surface 
polaritons  guided  by  a  truncated  cyclindrical  channel.  a=  (opR0/c 
=  1 .  The  dark  dashed  curve  in  each  figure  is  the  dispersion  curve 
for  surface  plasmon  polaritons  at  a  planar  vacuum-metal  interface. 


magnitude.  Two  modes  at  this  frequency  had  the  complex 
wave  numbers  kR  =  0.3028  +  0.000  495/  and  kR  =  0.3368 
+  0.000776/.  If  we  require  that  the  propagation  constant  of  a 
channel  polariton  be  larger  than  that  of  light  in  vacuum — i.e., 
that  it  should  be  in  the  nonradiative  region  Re  k(  to) 
>(a>/c ) — the  value  of  R  must  be  smaller  than  R 
«»0.03  /tm.  For  a  value  of  R  =  0.025  gm  the  propagation 
constants  of  these  two  channel  polaritons  are  12.11  and 
13.47  /rm  ,  respectively,  while  their  mean  free  paths  are 
25.25  and  16.11  gm,  respectively.  The  latter  are  comparable 
to  the  mean  free  path  of  the  surface  plasmon  polariton  of  the 
same  frequency  at  a  planar  vacuum-silver  interface.  The  rea¬ 
son  that  the  mean  free  path  of  a  channel  polariton  can  be 
longer  than  that  of  a  surface  plasmon  polariton  on  a  planar 
surface  would  seem  to  be  the  strong  localization  of  its  elec¬ 
tromagnetic  field  to  the  vicinity  of  the  channel,  which  re¬ 
duces  the  volume  within  which  the  dielectric  losses  occur, 
relative  to  that  for  a  planar  surface. 
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The  chief  result  obtained  in  Ref.  1,  namely,  that, 
when  the  width  /  of  the  gap  between  a  metal  and 
a  lossless  dielectric  shrinks  to  zero,  the  coefficient 
of  heat  transfer  from  the  heated  metal  to  the  colder 
dielectric  is  finite,  is  correct.  However,  this  result 
was  already  obtained  many  years  ago  by  Levin  et  al. 2 
They  also  showed  that,  if  the  dielectric  is  lossy,  the 
heat  transfer  diverges  as  l~2  as  l  — 1 ►  0.  Consequently, 
the  criticism  in  Ref.  1  of  earlier  work,  in  particular, 
that  of  Loomis  and  Maris,3  for  not  yielding  a  finite 
heat  transfer  in  this  limit  is  unjustified,  because  in 
Ref.  3  the  dielectric  medium  was  assumed  to  be  lossy. 
In  fact,  the  results  reported  in  Ref.  3  are  consistent 
with  those  of  Levin  et  al. 
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